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NAS RK is pleased to announce that News of NAS RK. Series physico-mathematical journal
has been accepted for indexing in the Emerging Sources Citation Index, a new edition of Web of
Science. Content in this index is under consideration by Clarivate Analytics to be accepted in the
Science Citation Index Expanded, the Social Sciences Citation Index, and the Arts & Humanities
Citation Index. The quality and depth of content Web of Science offers to researchers,
authors, publishers, and institutions sets it apart from other research databases. The inclusion of
News of NAS RK. Series of chemistry and technologies in the Emerging Sources Citation Index
demonstrates our dedication to providing the most relevant and influential content of chemical
sciences to our community.
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SOME PROBLEMS IN DESCRIBING VARIOUS PHYSICAL PROCESSES WITH SIMILAR
NONLINEAR WAVE PROPAGATION MODELS

Abstract. The article provides a generalized presentation of the results of the authors’ research to identify
typical situations in the construction of mathematical models of various physical processes that can lead to
equations with solutions in the form of moving nonlinear waves.

The problems of taking into account relaxation times and long-range interactions of structural elements
of media in the mathematical description of the phenomena of mass, heat and momentum transfer are of
great scientific and practical interest. The analysis shows that these issues are especially relevant when
creating adequate mathematical models of high-intensity fast technological processes in conditions when
the correctness of using methods of equilibrium thermodynamics becomes problematic. For the first time,
sufficient conditions were established for the derivation of the perturbed KdV and Witham equations
describing nonlinear wave propagation for transport phenomena in physico-chemical systems in the case of
a low-intensity bottom mass source and with a quadratic relaxation function.

It is shown that the presence of a weak spatial nonlocality of the medium plays a fundamental role in the
derivation of Whitham-type equations. The properties of a nonlocal integral relation for the flow of matter in
a physicochemical system with a small deviation from the equilibrium state for a nonlinear relaxation have
been established.

The kinetic equations of aggregation processes in the nonlocal form have been studied too. Comparing
the obtained equations with the previously known kinetic equations for the aggregation processes, it can be
concluded that account of different time delays for clusters of different orders significantly changes the form
of the kinetic equations. This circumstance can especially manifest itself at the initial moment.

Key words: Physical and chemical processes, dissipative fluxes, transport equations, viscous liquids.

Introduction. The paper gives a generalized presentation of the authors’ research results on identifying
the typical situations while building mathematical models of various physical processes which can lead to
equations with solutions in the form of moving nonlinear waves [1-4].

Examples of four different physical problems are considered, demonstrating a deep hidden analogy
in the process of mathematical modeling. The derivations of the constitutive equations of the models and
predictive analysis of the behavior of the solutions have been submitted. The methods for their asymptotic
study developed by the authors applying to the considered problems have been also described.

The first problem is the derivation of a new basic equation for the propagation of nonlinear waves in an
isothermal thin layer of an in viscid fluid in the presence of a source of low intensity mass on the reference
surface of the flow and the active free surface, as well as the asymptotic study of solutions of the derived
equation for describing the evolution of single nonlinear waves [4-6]. The novelty of the problem statement is
due to the account of the activity of the free surface, which, in turn, is induced by the course of mass transfer
processes at the interface between the liquid and vapor phases. This interpretation of surface activity opens up
prospects for the practical use of the results of this section as the basis for engineering methods for calculating
mass transfer equipment.
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The second problem is to derive a new basic equation for wave propagation in viscous nonisothermal
condensate films and to give an asymptotic study of its wave solutions [5-7].

The novelty of this formulation of the problem is due to taking into account the combined effect of the
source of mass and appropriate increase in the flow rate of the liquid in the layer induced by the phase transition
at the “liquid-vapor” interface, and of influence of the variable viscosity due to the non-isothermality of the
liquid film.

The practical significance of this problem lies in the possibility of using the developed mathematical
model as a basis for engineering methods for calculating condensation and evaporation processes in thin
layers of viscous liquids [7, 8].

The third problem is the derivation and asymptotic analysis of the behavior of solutions of the equation
described propagation of nonlinear waves in systems with nonlocal effects in the form of a modified integro-
differential Whitham equation [9-12]. The novelty of the problem statement is due to the nonlinearity of the
supposed relaxation function in the kernel of the integral operator [13, 14].

The fourth problem is the derivation and asymptotic study of nonlinear equations of evolution of the
concentration of clusters of different orders in systems with nonlocality effects in the aggregation processes
[15-20]. The novelty of the problem statement is due to taking into account synchronized and asynchronous
delays in the growth of clusters, as well as taking into account the influence of their ages on aggregation
activity.

The deep unity of the all four problems and appropriate mathematical models is due to the consideration
of the influence of variable control parameters of mathematical models on the form of basic evolutionary
equations describing the propagation of nonlinear waves in systems, as well as on the form and behavior of
the solutions. The content of this unity is revealed when interpreting the variability of the control parameters
in terms of the presence of sources and nonlocality effects.

Materials and methods. A review of the literature and an analysis of the known results show that both the
increase in mass in the liquid flow and the non-isothermal nature of the process can have a great influence on
the stability of the waveless regime of the thin layer liquid flow. This is especially true for flows accompanied
by heat and mass transfer processes, as well as phase transitions [25-30].

The problem of the potential flow of a horizontal thin layer of an ideal fluid along the supporting surface
with a weak source of mass at the bottom is considered. The equations describing such a flow with a free
surface read as follows.

Continuity equation

Boundary condition on a solid wall (with no adhesion condition in the presence of a bottom mass source)
o +0,=¢ y=—h(x) @)

Dynamic boundary condition on a free surface

1
¢t+qn+§(¢f+¢i)=0- (3)
Kinematic boundary condition on a free surface

n+en.—¢, =0, 4)

where ¢ is the potential of the fluid velocity; ¢ - density of mass flux through a solid surface; y = —h(x)

- the equation describing the bottom profile; n(x,l) - perturbed free surface profile.

The value of the mass flux density depends on the physical mechanism of the processes occurring in
the bottom area. The simplest form of the corresponding functional dependence can be obtained from the
condition:

V. =kV_. (5)
Physically, a similar condition can be interpreted as the proportionality of the washout rate (i.e., the
normal component of the fluid velocity immediately near the bottom) and the tangential component of the
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fluid velocity in the bottom area. This condition has a physical meaning, since the no-slip condition is not
imposed for an ideal fluid.
Let’s consider further long-wave approximation and introduce two small parameters:

W/l =u< 1.

a/hy=e< 1.

Let us assume also that both small parameters are of the same order of smallness, and the intensity factor
of the mass flow at the bottom is of a higher order, i.e.

k=keu,e=u. (6)

Under the assumption of weak nonlinearity, the bottom profile should change slowly, i.e. 1 = h(éx).
The appropriate dimensionless variables read

x—>xl , o> < Jeh t—>t !
5 —48 0 5
hy V&h,
Let’s introduce now a special self-similar variable 8 depending on slow coordinates X =e&x,T =&f .
By eliminating the secular terms in the second and higher orders, we obtain the basic equation of wave
propagation in the layer

308 HO (g Ve, [ 6-HO +0,(k—H,) v, @®
2 H 4 3 2HO,

For the obtained relation (8) to be satisfied in the zero order, the following equality, playing the role of the
dispersion relation, should be fulfilled

6> —HO> =0. ©)

Thus, for the accepted order of smallness of the density of the mass source at the bottom, its effect on the
nature of the propagation of nonlinear waves on the surface of the layer is described within the framework

, Y= Yhy, n—>na, h— hh, (7

of the general structure of the perturbed Korteweg-de Vries equation (when choosing @, <0 and 6, >0).

If we assume a lower order of smallness for the source of mass, the structure of the evolutionary
equations (8, 9) will be destroyed. In the following orders, we obtain a system of linear recurrent equations;
these equations describe decreasing or increasing disturbances. In any case, the structure of the nonlinear
evolutionary equations is destroyed, which can be interpreted as the damping effect of the mass source on
the nonlinear wave regime.

The structure of the nonlinear evolutionary equation can change significantly under the influence of
effects occurring on the free surface. Then, after similar transformations, from the conditions for excluding
secular growth, we arrive at an evolutionary equation that differs from the perturbed Korteweg-de Vries
equation obtained above.

0,0,
H

T

3
Ur=3

Ho,

Using the expansion of differential operators in the vicinity of the critical values of the control parameters
and then excluding the secular terms, we arrive at amplitude equations (3) of the type that describe various
nonlinear wave processes with dispersion. However, there are no soliton solutions to such equations.

The stability of such wave flows depends on the order of the control parameter

_ @—H@XH%%—hQ)U+o@ U (10)
2HO, 2 ”

_ oY
Y 2H0,
As a conclusion from this analysis and (11), we can conclude that the nature of propagation and evolution
of nonlinear waves in systems with sources of mass depends significantly both on the order of the intensity

(11)
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of the sources and on the type of boundary conditions. Moreover, in different situations, even the form of
evolutionary equations can change significantly [6,8,10].

Evolution equations for nonlinear waves in viscous condensate films

Earlier it was shown that when a condensate film flows down, a situation may arise when the stationary
Nusselt problem has no solution, and it can be assumed that nonlinear waves can be generated in regions of
high temperature and viscosity gradients. The complexity of the analysis of wave solutions in the case of film
condensation is that in the presence of a mass source, the film consumption increases. As a result, there are
no constant solutions. It is also necessary to take into account the fact that in the mathematical modeling of
film condensation we are dealing with an essentially dissipative system and, secondly, the resulting systems
of equations cannot be decoupled in principle due to the presence of sources.

The equations of motion and continuity in the long-wave approximation:

&+U@+V@ é’( wJ-i— J+gdKS. (12)
a & F I\ G p dx
£+ﬁ:0. (13)

& @

Here K is the surface curvature.
Equation of material balance for condensate

al+ﬁ:]n15 (14)
ot ox

The intensity of the source of mass reads

A or

I, =——
J(con)
.,
Integrating the equation of motion over the thickness, after a series of transformations, we obtain

(;hdz (15)

Q+—jUd U(ﬁ’ gj:_vw o h

a o a & "G
Let’s looking for the velocity profile over the film thickness in the form

U=Usf(.x:h).

y=0

The resulting integral evolutionary relation linked the film thickness and flow rate reads

Lo B et -1) g e B (16
a &\ n) fh b dx

At a sufficient distance from the initial point, the intensity of the mass source during film condensation is,

as a rule, low. This made it possible to introduce into consideration a new small parameter & = AAT/rp < j0>

in the work, where ]0> is the averaged flow rate of condensate in the undisturbed film in the area under
consideration. This approach is additionally justified due to the large values of the phase transition heat.

To construct mathematical models capable of describing the evolution of wave perturbations of the
condensate film profile, an asymptotic analysis of (5) was carried out using the methods of secular perturbation

theory.
In contrast to previously known works, second-order terms are retained to describe the evolution of a wave

packet in the weakly nonlinear approximation. As a result, we get

oh é’3h
@+a1@+a2—1+a3 PE +a4]1+a5h =B = ﬁl +:Bz + ﬁ3]1 +:B4h12’
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X=a, T=g" (17)

If the temperature of the support surface is not constant, then it is necessary to include the dependence on
the film thickness in the expression for the self-similar velocity profile [12].

The paper establishes the following features of the developed mathematical model.

First, in addition to the usual convective nonlinearities, nonlinear terms appear in the equations due to the
pumping of energy and mass due to an increase in the flow rate of the liquid in the film.

Secondly, energy is pumped into the system due to another source - gravitational forces. Due to this
and other reasons, the resulting system cannot be decoupled within the framework of formal mathematical
calculations.

However, in this work, this was done on the basis of the results of the analysis of the linearized problem and
remaining within the framework of an adequate description of the qualitative behavior of small perturbations
of the stationary solution.

There were introduced new stretched variables X =&, T =& and fast variabler] = H(X T ) E.
In this work, the conditions for the solvability of the resulting system are established in the form of a new
dispersion relation:

A 50 o0 (aef
—to—+a, a,—+o,|—| +ta
O X X X

) )

_ __Z1

X ar

=0, (18)

As a result, the new basic equation for the evolution and spatial variation of the condensate film thickness
has been obtained

M BLIL, T &h,
a a,+a,/L  FE a +a,/L FE

—(a4 +6Zs/[’)hl +(ﬂ3L+ﬂ4/L)h12 : (19)

The newly obtained equations (18,19) is structurally close to the Korteweg-de-Vries equation with
a nonlinear perturbation of the right-hand side and slowly varying coefficients. The presence of such a
perturbation leads to the fact that the dispersion relation of the last equation contains a nonzero imaginary
part, and an undamped wave solution can exist only on the neutral line and in the region of increasing
amplitudes. According to the well-known classification, the instability of the solution to the obtained problem
belongs to the category of dissipative instability.

Results. The problems of taking into account relaxation times and long-range interactions of structural
elements of media in the mathematical description of the phenomena of transfer of mass, heat and momentum
are of great scientific and practical interest. Similar problems arise when describing the development of
internal stresses and the formation of cracks in solids. The analysis shows that these issues are especially
relevant when creating adequate mathematical models of high-intensity fast technological processes in
conditions when the correctness of using the methods of equilibrium thermodynamics becomes problematic.
It was previously discovered [12] that an equation of this type can be obtained by describing the propagation
of nonlinear waves in media with spatial nonlocality by the method of relaxation transfer kernels in the case
of a linear relaxation function. However, this assumption does not agree well with the general nonlinear
nature of the developed models.

The main scientific contribution of this section is that sufficient assumptions were established for the
correct derivation of the modified Whitham equation describing the nonlinear propagation of waves in
transport phenomena in physicochemical systems. It is shown that the presence of spatial nonlocality of the
medium can play a fundamental role in the derivation of Whitham-type equations [2, 3, 4]. The questions of
physical interpretation of the investigated model are also considered. It is shown that the manifestation of
nonlocal effects in the systems under study can be substantiated and obtained as a result of the presence of
domains with a complex spatial structure, as well as the presence of heat and mass sources.

The driving force of substance transfer is the local deviation of the control parameteru of the process,

107



NE WS oftheNationalAcademy of Sciences of the Republicof Kazakhstan

which characterizes the state of equilibrium of the system. Temperature is such a parameter for thermal
processes; for mass transfer processes - chemical potential; for the propagation of internal defects in solids,
these are equilibrium internal stresses.

Av=u.

Then the expression for the flow of matter at small deviations from equilibrium, but taking into account
various kinds of non-local effects, in particular, in media with memory, can be written in the form [12]:

J= _[N(H,M)Vu(s,t)ds .
Q
Here N is the kernel of the integral operator,
We denote the derivative of the kernel in the integral operator of the equation as
) ON(6,u)

G(H,u =7,
00

The use of the conservation law leads to the following equation

u, = Vf(z G )a’s =1. (20)
o\ k

For the successful implementation of further transformations, it is necessary to specify the commutation
condition for the differentiation and convolution operators in equation (1). Since at this stage of transformations
the form of the kernels of the integral operator is unknown, this condition will need to be additionally checked
for a specific type of physically significant kernels. Then equation (20) can be rewritten as

u+ E[z[;(kH)G(,{)u"}@ds s @1

Further development of the theory requires a refinement of the form of the kernels of the operator in
equation (21). In order not to violate the logic of the nonlinear approach, in our work for the first time, in
contrast to the work of Brener [12], the relaxation equation is written in a general form.

%Gm(ﬁﬁ B ®(G(0))=0. 22)

®(s) must be a positive non-decreasing function.
Then it can be shown that the physically significant form of the equation looks as follows

d
%Gw(@ﬁ Y, (0G0 (0)£ Y, ,1Giy(0)=0, (23)

where, ¥ ;) 20and¥, ,, >0.

It can be shown that since the kernels of the integral operator in the transport equation are obtained under
the assumption of weak nonlocality, the system (21, 23) has a natural small parametere =, /R.

Here 7,,, is the maximum radius that should be taken into account when describing the nonlocal interaction,
R is the characteristic scale of the macroscopic system.

It was proved by us with the help of the detail consideration that the commutation condition for the
differentiation and convolution operators for the kernels of all the considered quadratic forms is fulfilled.

In accordance with the chosen strategy of excluding members of a higher than the second order, the
following basic equation was obtained

u, + [ G (Ou,ds +2[ G, (Ohu,ds =1. (24)

The ?undamental mgment and scientific contribution of the performed modeling of relaxation kernels is
that a wider class of relaxation functions was considered than was done earlier.

Taking into account the specifics of the behavior of all the considered types of kernels in integral operators
under the restriction of a sufficiently fast decrease in 7, with an increase in the number £, the following
transfer equation has been derived
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u, + ZZGg)uux + IG(O) (x - s)4sds =1. (25)
Q

where 7 is the normalizing coefficient.

Having defined the spatial variable s = o o, the previous equation can be rewritten in the form of
. , . 22Gy,
perturbed Whitham’s equation
u, +uug+_|-G(0)(g—s)43ds=1. (26)
Q

With such a rearrangement, the appearance of the kernels does not fundamentally change. At 7=0

equation (34) takes the form (20) of the usual Whitham equation.

Further, after a number of cumbersome but simple in mathematical technique rearrangements, the
following ordinary differential equation succeed to be obtained

2 u? u? c c
(c—uo )2 d u, _ Poyto |:§0(0) 0 +(,6’G(%) P J”O +c( 2‘/’(0) _G(OO)J:I ’ Q27)

2
g Uo) Aoy o)

where the parameters &, # are depend on the type of relaxation function.

The subsequent analysis using the phase plane method showed that equations of this type (27) have
solutions in the form of a solitary traveling wave capable of propagating over considerable distances with a
slight change in profile [2, 4].

4. Nonlocal mathematical models of aggregation processes in dispersed media

Particle aggregation is widespread in various chemical engineering processes, metallurgy and nature, and
there are many approaches to modeling this phenomenon. At the same time, some important aspects of the
description of aggregation processes have not yet been developed. One of such important, but poorly worked
out issues is the nonlocality of aggregation processes in time.

However, without taking this aspect into account, it is impossible to describe the effect of the characteristic
relaxation times of the formation of aggregates on the kinetics of the process. This is especially true when
applied to nanotechnological processes.

The problem considered in the section is devoted to the development and analysis of a nonlocal modification
of the Smoluchowski equation, which is the basic model of the kinetics of aggregation processes in dispersed
systems. The work is based on a nonlocal model based on the Smoluchowski equation, proposed earlier in
the works [17, 18].

At the same time, it is firstly in this work, the cases of synchronous and asynchronous delays in the
formation of aggregates - clusters of different orders in a single system are considered separately.

The generalized model in the form of an integro-differential equation is as follows:

dC 1 i—-1tt o bt
—= _ZIINj,i—_jCj (tl)ci—j (4,)dndt, _ZJJM/Q(tl)C] (¢,)dndt,

dt 2j=100 J=10o

(28)
C; denote the concentrations of i -mers, and aggregation kernels N, ; are functions of the delay times

(t—1,) and (t—t,).

In our case, the characteristic times of aggregation and measures play the role of relaxation times. The
simplest model equation for the elements of the aggregation matrix can be constructed by analogy with the
model equation for the transfer kernels:

N, £
+r,—L 425N, =0, (29)

where s, =t—t, s, =11,
In equation (29), the coefficients T - along with the relaxation times T " play the role of control parameters

of the “inertness” of clusters; the parameter f is responsible for the characteristics of media and particles.
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The aggregation matrix satisfying Eq. (28), in the case of fast relaxation, has

0
f . S. S .
N, = 771'(?1‘ exp| —— | -+
2\
On the basis of the approach of relaxation transfer kernels, the main governing equation was obtained in
this work:

dc,

@) (i~))
dt

1 o
= Ezn‘j,i—j eXp(_(gj,i—j + gj,i—j )t)IIIZ - 2771',]' eXp(_(gi(,J)' + gi(,{,’))t)lalm (30)
1 2

t t

Here 1, = J.exp( g, (s)ds; 1, = jexp( gy $)C;(s)ds 1, = Iexp( g)9)C (s)ds
0 0 0

1, = [exp(g)5)C, (s)ds
0

Discussion. Asynchrony in the formation of clusters of different orders means that there is no correlation
between the relaxation times ¢,#, in equation (28).

The subsequent analysis was based on the asymptotes of the integrals in (30). Namely, it is assumed
that for small relaxation times, the Laplace method can be used in the vicinity of the time instant. But
the immediate substitution of the expansion of the integrals in equation (30) requires the multiplication
of asymptotic sequences. Such a procedure is dangerous, as it can lead to a complete loss of order when
checking the approximation.

To solve this problem, a specific method has been developed by us that made it possible to reduce
equation (28) to a form free of the product of integrals:

d*c

; dc; 1 at at
% +a7256xp[_?j277j,ij(cjll +Cijlz)_em(_?j{ci;ﬂi,jl2+13;77i,jcj:l. (31)

Further, using the Laplace method, we obtain asymptotic relations in which the orders of equations and
approximations are concerted.

As aresult of further transformations, accompanied by a comparison of the smallness of different relaxation
times, the reduced master kinetic equation was obtained for the first time in this work

d*C, dc, O d O d
ot Tae an,,.j[cjc,»j T )}_45 Zz“m’j i€y =& G (32)

Here ¢ =1, / T, 1 z, , I'is the characteristic time of the process, 8 =¢#/T is the dimensionless time
a

0=t/T | and dimensionless aggregation kernels n.,=T 3771.’ ;e
The characteristic time of the initial period of the aggregation process, during which the greatest influence
of the nonlocality of the process is observed, reads:

AG, ~—-che,
Modified model for the case of synchronous delays
As a special case, the paper considers a modification of the Smoluchowski equation with a synchronous
time delay of aggregation of clusters of different orders, which is intended to describe the effect of the
characteristic time of the formation of aggregates on the kinetics of the process.
In this case, the master integro-differential equation takes the form [17]:
i-1 0 o 0
%18 ot e L) e e ) St ] - L] )
- =7sJ J= v (34)
Using the procedure for separate averaging over separate groups of indices the specific kinetic equation of
the third order in time has been obtained.

The compact form of this equation reads
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d’C, d’C, dC, S
B B) T S BB = (B B+E)(—Z L5,C0)C;()- ZCDU G, (0)c, () -

J=1

35
——A Zq)[ G, (OC; () + 4, ZCD C.(C;(1) (35)

A feature of the obtained equatlon (35) is the presence of solutions describing the propagation of
perturbations with a finite velocity in the form of solitary waves [8].

Conclusion. In the submitted work, for the first time sufficient conditions were established for the
derivation of the perturbed KdV and Whitham equations describing the nonlinear propagation of waves for
transport phenomena in physicochemical systems in the case of bottom mass source of low intensity and
under the quadratic relaxation function.

It is shown that the presence of a weak spatial nonlocality of the medium plays a fundamental role in the
derivation of Whitham-type equations. The properties of a nonlocal integral relation for the flow of matter in
a physicochemical system with a small deviation from the equilibrium state for a nonlinear relaxation have
been established.

The kinetic equations of aggregation processes in the nonlocal form have been studied too. Comparing
the obtained equations with the previously known kinetic equations for the aggregation processes, it can be
concluded that account of different time delays for clusters of different orders significantly changes the form
of the kinetic equations. This circumstance can especially manifest itself at the initial moment.
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TOJIKBIHIAPABIH TAPAJIYBIHBIH ¥YKCAC CBI3bBIKThI EMEC MOJEJIBAEPIH
KOJITAHA OTBIPHIII, SPTYPII ®U3UKAJBIK ITPOIIECTEPII CUIIATTAY/bIH KEUBIP
MOCEJIEJIEPI

AHHoTanmus. Makajajia Ko3FajaMallbl ChI3BIKTBI €MEC TOJKBIHAP TYPIHJETI IennMaepi 6ap TeHaeyiepre
OKeJIyl MYMKIH opTYpii (DU3MKAJIBIK MPOLIECTEP/IiH MaTeMaTHKAIBIK MOJCIIBICPIH Kypy Ke3iHJeri THIITIK
Karaalnapapl aHbIKTay OOWBIHIIA aBTOPJIAPIBIH 3EPTTCY HOTIDKENEPIHIH JKalMbUIAHFaH MIemimepi
KenTipireH. MaccaHblH, KbITy MEH UMITYJIBCTiH Oepilly KyObUTBICTAphIH MaTeMaTHKAJIBIK CUITATTAy Ke3iHe
penakcanusi yakbITBIH >KOHE KOpIIaraH OpTaHbIH KYPBUIBIMIBIK 3JIEMEHTTEPiHIH Y3aK Mep3iMil e3apa
OpEKEeTTEeCYiH eCKepy Macelenepi YJIKeH FhUIBIMU )KOHE MPAKTUKANBIK KbI3bIFYIIBUIBIK TYIBIPAJIBI.

Tannay kepcerkeHaei, OyJI cypakTap Tere-TeHIIK TePMOAMHAMUKA dIICTEPIH KOJIAHYIABIH JYPBICTIFbI
pobiieMalibl OOJIFaH JKaFaaia KOorapbl KapKbIHIBI KbUIJAM TEXHOJIOTHUSIIBIK MPOIECTEPIIH KETKITIKTI
MaTeMaTUKaIIbIK MOJENbJCPiH Kypyla ©Te MaHbI3Abl. AJFall peT TOMEH KapKbIHIBUIBIKTAFbl TOMEHTI
Macca Ke31 JKarJaibIHIa KoHE KBaJpaTThIK perakcanus QyHKIUsICh 0ap (pU3MKa-XUMUSUIBIK JKyHeneperi
TaceiMaliay KyOBUIBICTaphl YIIIH TOJKBIHIAPABIH CBHI3BIKTHIK €MeC TapalyblH cunartailteiH KnB sxone
Yuzem TeHJCYJIEpiH aly YIIiH KETKUTIKTI MapTTap Kacaibl.

YuTxeM THNTI TeHIEYJIepi HIbIFapy/aa oJICi3 KEHICTIKTIK KEPriliKTi eMec OpTaHblH OOyl HEri3ri pei
aTKapaThIHABIFBl KepceTireH. ChI3BIKTBIK €MeC peiakcalys YIIIH Tere-TeHAIK KYHWiHeH a3 aybITKyMeH
(du3nKa-XUMUSUIBIK JKYHene 3aT arbIMbl YIIIH JIOKallbJbl €MEC WHTETPANIbIK KaTbIHACTAP/AbIH KacHeTTepi
aHbIKTanAbl. JKeprimikTi emec ¢opmagarbl arperamus MPOLECTEPiHIH KUHETUKAIBIK TEHICSYJIEpl Jie
3epTTeial. AJIbIHFAH TEHJACYICP/l arperaiusi mnpouecrepi yiriH OypbiH Oeiriai OojFaH KHHETHUKAJIBIK
TEHJICYJIEPMEH CAIIBICTBIPA OTBIPBIIL, SPTYPIIi PETTI KIacTepiep YIIiH opTYpili YaKbITTHIK KiJlipicTep/i ecernke
aJly KHHETHKAJIBIK TCHJCYJCP/IIH MIlIiHIH aliTapibIKTall e3repTe/i Jel KOPhITHIH/bI jKacayFa 0omnajsl. by
XKaFai ocipece OacTanKkpl COTTE Maiia 00Iybl MYMKIH.

Tyiiinai cesmep: QuU3MKa-XUMUSUIBIK TpPOLIECTEp, AMCCUIATHBTI aFblHAAp, TackiMalgay TEHJACYNEepi,
TYTKBIP CYUBIKTBIKTAp.
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HEKOTOPBIE ITPOBJIEMBI OIIMCAHUSA PA3JIMYHBIX ®U3NYECKHUX NTPOLHECCOB
C IOMOIIBIO AHAJIOTTYHBIX HEJTUMHENHBIX MOJIEJEN PACOHPOCTPAHEHMSI BOJTH

AnnoTtauus. B crarbe npencrapieHo 06001IeHHOE PEICTaBICHUE PE3yIbTaTOB UCCIEI0BAHII aBTOPOB
0 BBISIBIICHHIO TUIMUYHBIX CUTYallMi MPU MOCTPOCHUH MAaTeMaTH4eCKUX MOJIENEH PasIuuHbIX (PU3HYECKIX
IIPOLIECCOB, KOTOPBIE MOT'YT IPUBOJUTE K YPABHEHUSAM C PELLICHUSMHU B BUJE IBHXKYLIUXCS HEJIMHEWHBIX BOJIH.
[IpoGnemsbl yueTa BpeMeH pellakCalud U JalbHOJACHCTBYIOIINX B3aMMOJCHCTBUI CTPYKTYPHBIX SJIEMEHTOB
CpeJ ITpyU MaTeMaTH4eCKOM OMTUCAHUH SIBIICHHUM MIEPeIaun MacChl, TeIJIa U UMITYJIbCa MPEICTABIISIIOT OOIBLION
HAay4HbI U IPAKTUYECKUN UHTEPEC.

AHanu3 MoKa3pIBaeT, YTO 3TH BOIIPOCHI 0COOCHHO aKTyalbHbI IPU CO3AaHUH aJeKBATHBIX MaTEMaTHYECKIX
MoJieJiell BBICOKOMHTEHCUBHBIX OBICTPBIX TEXHOJIOTHYECKUX MPOLECCOB B YCIOBHUSX, KOIJa KOPPEKTHOCTD
WCTIOJIb30BAHUSI METOJIOB PaBHOBECHOH TEPMOAMHAMHMKH CTAHOBUTCS MpobiemarnuHoi. BriepBbie ObLin
CO3JIaHbl JOCTAaTOYHBIE YCIOBMS JUIsl BBIBOJA BO3MYILEHHBIX ypaBHeHHH KnB m Yuzema onucsiBaromux
HEJIMHEWHOE PacnpoCTpaHeHHe BOJH JUIsl SBJICHUN MepeHoca B (PU3MKO-XMMUYECKHX CHUCTEMax B cliydae
WCTOYHMKA JOHHOH Macchl HU3KOW MHTEHCUBHOCTH M C KBaJpaTHYHOH (pyHKIMEH penakcanny.

[Toka3zaHo, 4yTo HaJMM4Ke CI1a00H MPOCTPAHCTBEHHON HENOKAJHLHOCTH CPEAbl UrpaeT (yHAaMEHTAIbHYIO
pOJIb NpU BBIBOJAE YPAaBHEHHMM TUIA YUTXEMA. YCTAHOBJIEHBI CBOMCTBA HEJIOKAJIBLHOIO HHTETPaIbHOIO
COOTHOUICHUS Ul TOTOKa BellecTBa B (DU3UKO-XUMHYECKOM CHUCTEME C HEOONBbIIUM OTKJIOHECHHEM OT
PaBHOBECHOTO COCTOSIHUS JUIsl HEJIMHEHHOM penakcanuu. Taxke ObUIM M3y4YeHbl KHHETHYECKUE YPaBHEHUS
MPOILIECCOB arperanyy B HeloKadbHOH (Gopme. CpaBHUBAs MOJTy4YCHHbIC YPaBHEHHS C paHee MU3BECTHBIMU
KMHETUYECKUMU YPAaBHEHUSMHU JUIsS IIPOLECCOB arperanuu, MOXKHO CENATh BBIBOJ, YTO YYET Pa3au4HbIX
BPEMEHHBIX 3aJepKEK Ul KIAcTEpOB Pa3HOTO MOPSJKA CYIIECTBEHHO M3MEHSET (OpPMY KHHETHUYECKUX
ypaBHEHUH. ITO 0OCTOATEILCTBO MOKET OCOOCHHO MPOSBUTHCS B HAYAIbHBI MOMEHT.

KiroueBble ciioBa: GU3NKO-XUMHYECKHE POLIECCHI, TUCCUIIATUBHBIC IOTOKH, ypaBHEHUS IIEpeHOCa,
BSI3KHUE KUIKOCTH.
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