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CONSTRUCTION AND APPLICATION OF A DYNAMIC MOTION COUNTING SYSTEM FOR
RESEARCHING THE PROPERTIES OF ELECTRON MIRRORS AND CATHODE LENSES

Abstract. As known, the reference system based on the Galilean transformations does not satisfy the
basic requirement of the theory of relativity about the invariance of the intervals between events. At the
same time, in many cases, when studying complex movements, it is necessary to observe the principle of
invariance of the intervals between events for the studied movements and in the region of low speeds. In
this regard, there is a need for additional analysis of the features of the Galilean transformations.

Based on the analysis and consideration of the features of Galileo’s transformations, new inertial
and dynamic reference frames of movements are obtained. In the new inertial reference frame, the main
drawback of Galileo’s transformations, associated with the violation of the invariance of the intervals
between events, is eliminated. The developed dynamic frame of reference makes it possible to conduct
effective studies of movements in force fields. Elements of this dynamic frame of reference intuitively,
without a detailed analysis of the meaning of the transformations used, have been successfully applied in a
number of scientific works in the field of physical electronics, devoted to the construction of theories of
electron mirrors and cathode lenses. Obviously, the new reference systems indicated in the work will
find wide application both in the field of research and design of electron-optical devices and ion-beam
technological installations, and in other branches of fundamental and technical sciences.

Key words: motion, reference frame, coordinate transformation, velocity, interval invariance.

Introduction. Currently, in various areas of fundamental and technical sciences, various
coordinate transformations and inertial reference systems proposed by Galileo and Lorentz are used to
study complex movements [1-5]. At the same time, it is noted that the reference system based on the
Galilean transformations does not satisfy the basic requirement of the theory of relativity about the
invariance of the intervals between events. Relativistic physics uses Lorentz transformations that are free
from this drawback. As you know, in practice, the Lorentz transform is used in the theory of relativity only
for high speeds, and at low speeds of the studied movements relative to the speed of light, the Lorentz
transform is practically not used. At the same time, in many cases, when studying complex movements, it is
necessary to observe the principle of invariance of the intervals between events for the studied movements
and in the region of low speeds. In this regard, there is a need for additional analysis of the features of the
Galilean transformations.

In this paper, we present a method for constructing new inertial and dynamic (non-inertial)
reference frames of motion that satisfy the basic requirement of the theory of relativity about the invariance
of intervals between events. Note that the inertial and dynamic reference systems proposed in this paper can
be effectively used to study complex movements in the region of relatively low velocities.

Materials and methods. Development of the new frame will be done through improvement of the
following Galilean transformations that link the coordinates x , y, zand timef of coordinate system
(reference) K with the coordinates x', y', z' and time ¢ of the reference system K ', moving along the

axis x of the coordinate system K at a speedV,
/ ’ ’ ’
x = X+ , y=y, z=z ', t=t. (1)
A counting system (1) is inertial and it is assumed that the velocity V' is constant.
Let's start improving transformations (1) with a more rigorous formulation of the relationship between the

coordinate systems (reference) K and K. For this purpose, we introduce the concept of scalar motion. As a
114
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Let's start improving transformations (1) with a more rigorous formulation of the relationship between the
coordinate systems (reference) K and K'. For this purpose, we introduce the concept of scalar motion. As a
scalar motion, we take the linear motion of the origin of the coordinate system K'along the axis x of the

coordinate system K from the point x =0 to the current coordinate X =x_ at a constant speed V.. Then, the
scalar motion will be described by the expression
X, =V, )
where? denotes the time of movement of the point of origin of the coordinate system K'.
In this case, taking into account (2), the coordinates x and x’ and will be related as follows
x=x"+Vt =x"+x,. 3)

Using the scalar velocity V. as the base parameter to describe the motion in both coordinate systems K

N

and K', the current coordinate x can be represented as

x=x"+x,=Vt, “4)
From which we get
t—x'+x5—t'+t %)
V. v

N

From the above equations (2) — (5), instead of the Galilean transformations (1), we obtain new

transformations
x=x'"+Vt, y=y, z=2z', t=t'+t, (6)

’

X

wheret' = —.

Results. Equations (6) represent a new inertial frame of reference, which is free from the main drawback
of the frame of reference (1) and satisfies the requirement of the theory of relativity about the invariance of

intervals between events. In contrast to the traditional presentation of the theory of relativity, the interval s,,

between two events is represented using the value of the speed of scalar motion in the following form
1
) 2 2 2 274
Sio :|:V5 (tz _tl) _(xz _xl) _(yz _yl) _(Zz _Zl) J =
T2 (8 =tV — (s =V — (v — 'V —(2 214 ;
=1V (2_1) _(xz_xl) _(yz_yl) _(ZZ_ZI) . (7
Here, the numbers in the indices of the variables indicate their belonging to the first or second event.
An important circumstance in the representation of the interval s,,in the form (7) is that it is not

necessary to bind the scalar velocity to the speed of light.
We continue the analysis of the Galilean transformations (1) to derive the dynamical reference frame.
Due to the fact that nonlinear motions in nonlinear force fields are studied in the field of dynamics, the
differentials of the spatial coordinates given in (1) should be used for transformations of reference systems

dx=dX'+Vdt, dy=dy, dz=dz'. )
In the first equation (8), it is assumedthat? =V . This equation generally takes into account that the

origin of the K'coordinate system moves along the axis x of the K coordinate system. Instead of the fourth
transformation equation (1), we use the velocity representation as

dx
Yoodt ©

Equation (9), with a more strict allocation of the current coordinate x =X of the origin of the moving

reference system K', the movement of which in the reference system K is selected as a scalar movement,
takes the form

dx
yo=""x 10

Here V, denotes, as above, the speed of scalar motion, relative to which the parameters of arbitrary

motion are determined.
When studying movements under the influence of force fields, the value V, can be determined by using
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the energy conservation equation for a supposed material particle moving in the force field along the axis x,
the current coordinate of which coincides with the coordinate x = x, of the origin of the reference system K’

b

3 Vsz = Wp()t (xi\' ) 2

d
- =kyw,,(x,). (11)

In equation (11) Wpot (xs) - the function of the distribution of the potential energy of the force field along

from which it follows

/ 2
the axis at x=x,, k=0,/— - the coefficient connecting the potential energy and the velocity of the
m

particle, o ==1 - a sign unit indicating the direction of movement of the beginning of the mobile coordinate
system.
Integrating (8), taking into account equation (10), and from the law of conservation of energy for the base
(scalar) trajectory (11), we obtain
dx

x=x+x",y=), z=2z, t=t +t, d;zk W, (x). (12

Equations (12) represent a new dynamic frame of reference for motion.
When deriving equations (12) it was also taken into account that it follows from equation 9)

X+X )L‘FX

It is easy to see that the reference frame (12) fully satisfies the basw requirement of the theory of relativity
about the invariance of intervals between events. This means that the reference system (12) can be used to
solve problems of studying complex movements without limiting the value of the scalar velocity and without
strictly binding it to the speed of light.

From the equations obtained above, we select the value of equations (6) and (12). In the new frame of
reference (6), the main drawback of the Galilean transformations (noted in all classical works), which is
associated with the violation of the invariance of the intervals between events, is eliminated. Equations (12)
are a generalized form of the dynamic reference system.

Note that the elements of the dynamic reference system (12) are intuitively, without a detailed analysis of
the meaning of the transformations used, have already been successfully tested and applied in a number of
scientific papers devoted to the construction of theories of electronic mirrors and cathode lenses, for example,
[6-12]. In these works, it was pointed out that traditional methods of studying electron lenses are unsuitable
for developing the theory of cathode lenses and electron mirrors due to the fact that they do not take into
account the specificity of their initial conditions. For example, in single and immersion lenses, it is fairly
assumed that the trajectories of charged particles everywhere have a small inclination to the main optical axis.
For a cathode lens and an electron mirror, this assumption is unfair, since charged particles leave the cathode
at an angle from O to 90 degrees and all the particles emitted by the cathode subsequently participate in the
formation of a crossover or image of the cathode surface, and in the electron mirror, charged particles are
reflected from 90 to 180 degrees. In addition, in single and immersion lenses, the condition of a small spread
of the energies of charged particles relative to the values of the axial potential is everywhere fulfilled, and in
the cathode lens in the cathode region, and in the electron mirror in the reflection region, this condition is not
fulfilled. These circumstances lead to the appearance of singular features in the areas noted above, and the
correct solution of the problems of analyzing the aberrations of the studied elements becomes impossible.

Discussion. Consider the following example. In the Cartesian coordinate system x, y, z,whose z axis
coincides with the main optical axis of a two-dimensional planar-symmetric cathode lens with a plane of
symmetry xz, the motion of a charged one with charge e and mass m is described by the following
equations:

—t +1

. op
my=—-e—, (13)

oy
iz =—¥((p+g), (14)
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where the points denote the time differentiation, —eg - the value of the initial energy of the charged
particle, ¢ =@(y,z)— the function of the distribution of the electrostatic potential, which near the main

optical axis can be represented as a power series
" v

@
,2)=D(z)—— 2 +
0(y,z)=D(z) Y

Here the strokes denote the differentiation in z, @(z) = ¢(0, z) - the distribution of the potential along the

A (15)

main optical axis.
Using the traditional method of solving equations (13) — (15) to describe the motion of charged particles
in the paraxial approximation, we obtain the equation

2(P+e.)y" +D)Y +@"y =0, (16)
where €, 1s a small value and characterizes the axial component of the initial energy of the charged

particle.
Equation (16) for the allocation of the chromatic component of aberrations in the motion of the particle
flow can be represented as

! "
"

£
+— Y +—y=—"2)", 17
4 2CI)y 2d)y (I)y {17

from which one can clearly see the appearance of a mathematical singularity (division by zero) at &, # 0
and @ =0, which must inevitably be considered when studying the properties of cathode lenses and electron
mirrors. Note that in single and ordinary immersion lenses @[ ¢&_, it is accepted for any section of the

trajectories of charged particles, so this problem does not arise.

The indicated difficulties of a mathematical nature can be overcome by choosing as the main (basic)
motion of a particle with zero initial energy and moving along the main optical axis of the lens. For this
particle, it is true that

2=, —— D . 18
Zy " (Zo) (18)

Index "0" here denotes the coordinate of the main particle.

The motion of an arbitrary particle in the field of the lens under consideration is investigated relative to
the motion of the main particle, which we will call the "main motion". The movements of the arbitrary and
basic particles along the main optical axis for the same time differ by the amount of longitudinal aberration

77(20) . Therefore, the following relation is true

Z:ZO+77(ZO) . (19)
Equations (18) and (19) are, in fact, analogs of the first and fifth equations in the dynamical coordinate
system obtained above (12).

Taking into account (19), the functions of z, in view of the smallness of the longitudinal aberration 77(20)

, can be expanded in the form

@”
() =Dz, + e ) + T 2 ) 20)
From equations (13) - (15) and (18) - (20) we obtain
Vi Vi
20y + DY + D"y =—-DP"npy— 3 'y + o V4., (21)
2@77'—(13'77:—(Dy'2—(1577’2+2772—¢ V:i+e. (22)

2 2

Thus, using (18) and (19), which are parts of the derived and formulated above dynamic reference system,
instead of equation (17), which is incorrect for cathode lenses and electron mirrors, we obtain the system of
equations (21) and (22). The solution of these equations does not lead to difficulties and makes it possible to
estimate the paraxial properties and aberration characteristics of the studied elements both in the transverse
and longitudinal directions [6-12].

To analyze the aberration characteristics of cathode lenses and electron mirrors only in the transverse
direction, in an explicit dependence on the coordinate of the main optical axis, the values of the aberration

functions A(Zo)obtained after solving equations (21) and (22), taking into account equation (19), can be

represented as
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A(zy))=A(z—n)=A(z)-4'(z)n—.... (23)
Equation (23) makes it possible to analyze the aberration characteristics of cathode lenses and electron

mirrors in the form traditional for single and conventional immersion lenses.
Conclusion. Summing up, we note that in this work, based on the analysis and consideration of the

features of Galileo’s transformations, new inertial and dynamic reference frames of motions are obtained.
In the new inertial reference frame, the main drawback of Galileo’s transformations, associated with the
violation of the invariance of the intervals between events, is eliminated. The developed dynamic frame of
reference makes it possible to conduct effective studies of movements in force fields. We also note that in
works [6-12] intuitively, using the elements of the proposed and substantiated in this work, a dynamic frame
of reference based on the introduction of the concept of motion of a central particle, the main mathematical
difficulties that hindered the construction of theories for the study and design of cathode lenses and electron
mirrors were overcome. Obviously, reference systems in the form (6) and (12) will find wide application
both in the field of research and design of electron-optical and ion-beam devices, and in other branches of
fundamental and technical sciences.
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IEKTPOH/IbIK AMHAJIAPMEH KATOATBIK JIMH3AJIAPIbIH KACUETTEPIH
3EPTTEY YIIIH JUHAMUKAJIBIK KO3FAJIBICTBIH OJIIEM KYHECIH KYPY
"KOHE KOJJAHY

AnnoTtanus. Kazipri 3amanja ipresi >koHe TEXHUKaJIBIK FBUIBIMIAPABIH OPTYPIIi OarbITTapbIHAa KYpAe
KO3FaJbIcTapabl 3epTrey yiniH [anmieo xoHe JIopeHI YCBHIHFAH KOOpAMHATANBIK TYPJICHIIpYIEep MEH
WHEPLMSIIBIK KO3FaJIBICTapAbl OJIIIey Kyienepi Konaaneiaasl. [anuneldain TypieHaipyiaepine Heri3nenren
KOOpAMHATAJIBIK TYPJICHAIPYJIEp jKyHeci OKuFaiap apachblHIarbl MHTEPBAIIApAbIH ©3repMEeHTIHAIr Typasibl
CaJIBICTBIPMANIBUIBIK TCOPUSCHIHBIH, HETI3r1 TalanTapblHBIH OipiH KaHaraTTaHIABIPMAWTBIHIBIFEI OENTii.
Ocpiran OaitnanpicThl ['anuiel TypaeHAipyIepiHiH epeKIeNTiKTepiH KOChIMIIA Talay KaxKeT.

Byixympictal"anunei TyprenaipynepiHiH epeKIeniKTepiH Tagay >KoHe eCKepy Heri31H 1€ KO3FaIbICTap bl
ecenTey/IiH KaHa WHEePLVSUIBIK JKOHE AMHAMHKAJIBIK KyHenepi kacanapl. JKaHa MHEPUUSUIBIK OJLIEMIIK
KyHene oKuFajap apachblHIarbl MHTEPBaIIapAblH HHBAPHAHTTHUIBIFEI OY3bLTybIMEH OaitnanbicThl ["anumei
TYPJICHAIPYJEPIHiH HEeri3ri KeMIIri merreTinred. KapacTelppuiFan JUHaAMUKAIBIK OJIIIEMIIK JKyie Kyl
epicTepiHjeri Ko3FaiblcTapFa THIMAL 3epTTeyliep KYprizyre MyMKiHIiK Oepeni. By nuHaMuKalbIK enmeMIiK
KYHEHIH DJIEMEHTTEpl MHTYUTHBTI TYypie, KOJJaHbUIFaH TYPJICHAIPYJEpAiH MarblHACBIH €rKe-Terkeiii
Tajnaman, SJIEeKTPOHJbl aiHalapMeH KaTOAJIMH3aJapblHBIH TEOPHsUIAphIH KYpyFa apHalFaH (U3HKAJIBbIK
ANIEKTPOHUKA CaJlaChIHAAFBI O1p KaTap FHUIBIMU €HOCKTEpAE COTTI KOJIIAHBUIIBI.

Makanasa skaHa eJIIIeMIIK KyHenepai KolaHy MYMKIHAIKTEpiH KopceTy YILIiH eKi oeM/al IaHapIIbl-
CUMMETPHSUIBI (IMITMHIPIIK) KaTOATHI JIMH3aHBI 3€PTTEY/AiH KoHE jk00alayAblH TEOPHSUIBIK HETi34epiH KYpy
MBICAJIbI KAPACTBIPBbUIFaH. AJIBIHFAH HOTHIKEJIEP OCBI )KYMBICTA YCHIHBIIFAH KO3FaJIbICTAPIbIH IHHAMUKAIIBIK
OJIIIeM/TIK KYHECIH KOIIAHY/IbIH THIMIUTITIH A ICHII.

JKyMbicTa KepceTiireH >kaHa WHePLHSUIBIK KOHE AMHAMHKAJIBIK OJIIIEMIIK JKyHenepi calbICThIpMalb
TYpZI€ TOMEH >KbUIAAMIBIKTAp CajachIHAAaFbl KYpAeNi KO3FajbICTaplbl 3epTTey YILUiH THIMII HaijanaHyra
0oabl KOHE MIEKTPOHIBI-ONTHKAIBIK KYPBUIFBLIAPMEH HOHIBI-CYJIEIIK TeXHOIOTUSIIBIK KOHABIPFbUIAPIBI
3epTTey JKoHe jkolaylay calachlHAa Aa, iprefii KOHE TEeXHHMKAJbIK FhUIBIMIApAbIH OacKa cajalapblHa J1a
KEHIHeH KoJlaHyFa 0oaibl.

Tyiiinai ce3aep: Ko3FaibIC, TipeK, KOOPAUHATAIIBIK TYPIACHIIPY, )KbUIAaMABIK, HHTEPBAJIABIK HHBAPUAHT.
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INOCTPOEHUE U IPUMEHEHUE ITUHAMUYECKON CUCTEMBI OTCUETA
JBUKEHUM 1151 UCCJIETOBAHUS CBOMCTB JIEKTPOHHBIX 3EPKAJI U
KATOJHbIX JINH3

AHHoTanusa. B Hacrosimee Bpems B pa3NUYHBIX HANpaBIEHUSIX (yHAAMEHTATBHBIX M TEXHUYECKHX
HayK JJIsS KCCIICAOBAHUS CIIOKHBIX JIBUKCHHUN HUCIIOIB3YIOTCS PA3INYHOIO pojia NMpeoOpa3oBaHusi KOOPAUHAT
W MHEPLHMAJbHBIE CUCTEMBI OTCcueTa, npeaoxkeHnble ['anuneeM u Jlopenuem. IIpu sTom ormeuaercs, 4To
CUCTEeMa OTCUeTa Ha OCHOBE IpeoOpa3zoBaHmii ['anusies He YIOBISTBOPSAIOT 0a30BOMY TPEOOBAaHUIO TEOPUU
OTHOCHUTEIFHOCTH 00 HWHBapHAHTHOCTH HWHTEPBAJIOB MEXIY COOBITHSMH. B CBs3M ¢ 3TUM, BO3HHKAeT
MTOTPEeOHOCTH B AOIOJIHUTEILHOM aHau3e 0coOeHHOCTEH peoOpa3oBanwmii [ ammes.

B nannoii pabote Ha OCHOBE aHAIM3a U y4eTa 0COOCHHOCTEH MpeoOpa3zoBanuii ["annes moryIeHs HOBBIE
HHeplLMabHas U AMHAMUYECKas CUCTEMBI OTCUeTa JBUKEHH. B HOBOW MHepUMalbHOW CUCTEME OTCYEeTa
yCTpaHSIETCsl OCHOBHOM HEJIOCTATOK MpeoOpazoBanwmii [ auiest, CBI3aHHBIN ¢ HAPYIICHHEM HHBAPUAHTHOCTH
WHTEPBAJIOB MEXIYy COOBITHsIMH. Pa3paboraHHas JuHAMHUYeCKash CHUCTEMa OTCUETa JaeT BO3MOXKHOCTH
poBOIUTH 3(P(PEeKTHBHBIE HCCIENOBAHUS JIBM)KCHWN B CHIIOBBIX TOJSX. DIIEMEHTHI ATOH JTWHAMUYECKOU
CUCTEMBI OTCUeTa MHTYUTHBHO, 0€3 MMOIpOoOHOT0 aHaIN3a CMBICTIA HCIIONIE3YEeMBIX TPE00pa3oBaHHA, yCIIEIITHO
MIPUMEHSUTICH B PANIE HAYYHBIX padOT B 00MacTH (PU3MUECKOHN DIEKTPOHUKH, MOCBAIICHHBIX ITOCTPOCHUIO
TEOPHI SIEKTPOHHBIX 3epKall U KaTOAHBIX JINH3.

B crarbe mist witrocTpai BO3MOXKHOCTEH MPUMEHEHUS HOBBIX CHCTEM OTCUETa PACCMOTPEH MpUMEp
MOCTPOCHUSI TEOPETUUECKUX OCHOB UCCIIEIOBAHMS M IPOCSKTUPOBAHUS ABYMEPHOM IMIIaHAPHO-CUMMETPUUHON
(uMnmuHApUYEcKoi) KaTogHOW JHH3BL [lomyueHHBIE pe3yslbTaThl TOATBEPXKIAIT APPEKTUBHOCTH
HCITOJIB30BAHMS TPENIOKEHHOHN B TaHHON paboTe TMHAMUYECKON CHCTEMBI OTCUETa IBIKCHU.

OueBuaHO, YKa3aHHBIC B pa00Te HOBBIC MHEPIIMATbHAS M JUHAMUYECKAsI CHCTEMBI OTCYETa MOTYT OBITH
3¢ (EKTUBHO UCIOIB30BAHBI JJIsi MCCICIOBAHMS CJIOKHBIX JIBUKCHUNA B 00JaCTH OTHOCHUTEIBHO MAajIbIX
CKOPOCTEH W HAlIyT IUPOKOE MPUMEHEHUE KaK B O0JIACTH MCCIICIOBAHMS M MPOCKTHPOBAHUS AJICKTPOHHO-
ONTUYECKUX MPUOOPOB M HMOHHO-IYYEBBIX TEXHOJIOTMYECKUX YCTAHOBOK, TaK M B JPYTHX OTPaCIsaX
(yHIAaMEHTaTbHBIX U TEXHUYECKUX HayK.

KuroueBble ci10Ba: ABIKEHUE, CHCTEMA OTCUETA, TPE0Opa30BaHIe KOOPINHAT, CKOPOCTh, MHTEPBAIbHAS
WHBapUAHTHOCTH.
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