ISSN 2518-1726 (Online),
ISSN 1991-346X (Print)

KA3AKCTAH PECITYBJIMKACHI
YJITTBIK FbIJIBIM AKA TEMUACBIHBIH

XABAPIIAPDI

N3BECTUA NEWS

HAITMOHAJIBHOM AKAJIEMUM HAYK OF THE NATIONAL ACADEMY OF SCIENCES
PECITYBJIMKN KA3BAXCTAH OF THE REPUBLIC OF KAZAKHSTAN

OUBNKA-MATEMATHUKA
CEPUSCHI

¢

CEPUA

OPUZUKO-MATEMATHYECKASA
¢
PHYSICO-MATHEMATICAL
SERIES

6 (310)

KAPALIA - )KEJITOKCAH 2016 K.
HOSBPb — JIEKABPD 2016 r.
NOVEMBER - DECEMBER 2016

1963 XKbIIJIBIH KAHTAP AVBIHAH IILIFA BACTAFAH
N3JAETCSH C AHBAPS 1963 TOOA
PUBLISHED SINCE JANUARY 1963

KBbUIBIHA 6 PET LIBIFAZIbI
BBIXOUT 6 PA3 B I'O/]
PUBLISHED 6 TIMES A YEAR

AJIMATEIL, KP ¥YFA
AJIMATBI, HAH PK
ALMATY, NAS RK



bac peagakTopsl
¢.-m.r.1., mpod., KP ¥FA akagemuri F.M. MyraHoB

Pemakxunusg ankachsl:

Kymaningaes A.C. mpoo., akanemuk (Kazakcran)
Kaabmenos T.L. mpod., akanemuk (Kazakcran)
Kanraen JK.111. mpod., kopp.-mymreci (Kazakcram)
Owmipoaes Y.Y. mpod. kopp.-mymieci (Kazakcran)
KycinoB M.A. npod. (Kazakcran)

Kymaoaes /I.C. npod. (Kazakcran)

AcanoBa A.T. npod. (Kazakcran)

Bomxkae K.A. PhD nokrops! (Kazakcran)
Cyparan /1. PhD gokropsr (Kazakcran)

Quevedo Hernando npod. (Mekcuka),
JxynymanaueB B.J. npod. (KeipreicTan)
BumneBckuii U.H. mpod., akagemuk (YkpanHa)
KosaneB A.M. tipoc., akamemuk (YkpanHa)
MuxaneBu4 A.A. ipod., akagemuk (bemopyc)
Mamaes A. npod., akagemuk (O3ipOaiixkan)
Taxu6aeB H.2K. npod., akanemuk (Kazakcran), 6ac pen. operaOacapbl
Turunsiny U. npod., akagemuk (Monmosa)

«KP ¥T'A Xaoapaapel. ®u3HKa-MaTeMaTHKAJIBIK CEPUACHD».
ISSN 2518-1726 (Online), ISSN 1991-346X (Print)

Menmrikrenymri: «Ka3akctan PecryOnukachiapiH ¥ ITTHIK FRUTBIM akaaeMusicel» PKB (AmMaTs! K.)
Kazakcran pecmyOnaukacsiHbIH MOoIEHHET MEH akmapaT MHUHHCTPIITIHIH AKIapaT >KOHE MyparaT KOMHTETIHZAE
01.06.2006 . 6epinren Ne5543-)K mep3iMaik 6achUIbIM TipKeyiHE KOMBLUTY Typallbl KyolliK

Mep3imuiniri: XbuibiHa 6 per.
Tupaxsr: 300 nanHa.

Penakuusueiy Mmekerxkaiibl: 050010, AnMmartsl K., IlleBuenko keur., 28, 219 6ei., 220, ten.: 272-13-19, 272-13-18,
www:nauka-nanrk.kz / physics-mathematics.kz

© Kazaxcran PecrryOimukachHbIH ¥ATTHIK FRUIBIM akaneMusichl, 2016

TunorpadusHbiy Mekerkaiibl: «ApyHna» XK, Anmarsr k., Myparbaesa kerr., 75.



I'maBHBIH penakTop
0.¢.-M.H., ipod. akanemuk HAH PK I''M. MyrtanoB

Pe,Z[aKLII/IOHHaH KOJIICTH A:

JoxymanuiasaaeB A.C. npod., akagemuk (Kazaxcran)
Kansmenon T.111. mpod., akanemuk (Ka3zaxcran)
Kanraes K. 1LI. pod., wr.-kopp. (Kazaxcran)
Ymupo6aen Y.Y. npod. wi.-kopp. (Kazaxcran)
Kycynos M.A. mpog. (Kazaxcran)

xymabaeB I1.C. mpod. (Kazaxcran)

AcanoBa A.T. mpod. (Kazaxcran)

Bomkaes K.A. nokrop PhD (Ka3axcran)

Cyparan /1. noxrop PhD (Kazaxcran)

Quevedo Hernando npod. (Mekcuka),
Jxynymaaues B.J. nmpod. (Ksipreiscran)
Bumnesckuii U.H. mpod., akanemuk (YkpanHa)
Koanes A.M. nipod., akanemuk (YkpanHa)
Muxanesuu A.A. pod., akanemuxk (benapycs)
MMamaes A. npod., akagemuk (Azepbaiimxan)
Taxu6aeB H.)K. npod., akanemuk (Kazaxcran), 3am. ri1. pe.
Turunsany U. npoo., akagemux (Mongosa)

«H3BecTust HAH PK. Cepusi pusuko-maTemaTuueckas.
ISSN 2518-1726 (Online), ISSN 1991-346X (Print)

Cob6crBennnk: POO «HammonansHast akagemus Hayk PecyOnuku Kazaxcram» (T. AiaMatsr)
CBUIIETENILCTBO O TIOCTAHOBKE HA Y4eT MEPHOIMYECKOro nedaTHoro u3nanus B Komurere mHbopManuy 1 apxXuBOB
MuHucTepceTBa KynbTypbl U uHpopManuu Pecniyonuku Kazaxcran Ne5543-2K, seigannoe 01.06.2006 .

Ilepronu4HocTh: 6 pas B rof.
Tupax: 300 5x3eMILISIPOB.

Anpec pegakuuu: 050010, T. Anmmarsl, yi. llleBuenko, 28, koM. 219, 220, ten.: 272-13-19, 272-13-18,
www:nauka-nanrk kz / physics-mathematics.kz

© HammonansHast akagemus Hayk Pecrry6nmku Kaszaxcran, 2016

Anpec tunorpaduu: UIT «Apynay, r. Anmarsl, yi. Myparbaesa, 75.




Editorinchief
doctor of physics and mathematics, professor, academician of NAS RK G.M. Mutanov

Editorial board:

Dzhumadildayev A.S. prof., academician (Kazakhstan)
Kalmenov T.Sh. prof., academician (Kazakhstan)
Zhantayev Zh.Sh. prof., corr. member. (Kazakhstan)
Umirbayev U.U. prof. corr. member. (Kazakhstan)
Zhusupov ML.A. prof. (Kazakhstan)

Dzhumabayev D.S. prof. (Kazakhstan)

Asanova A.T. prof. (Kazakhstan)

Boshkayev K.A. PhD (Kazakhstan)

Suragan D. PhD (Kazakhstan)

Quevedo Hernando prof. (Mexico),

Dzhunushaliyev V.D. prof. (Kyrgyzstan)

Vishnevskyi I.N. prof., academician (Ukraine)
Kovalev A.M. prof., academician (Ukraine)
Mikhalevich A.A. prof., academician (Belarus)
Pashayev A. prof., academician (Azerbaijan)
Takibayev N.Zh. prof., academician (Kazakhstan), deputy editor in chief.
Tiginyanu L. prof., academician (Moldova)

News of the National Academy of Sciences of the Republic of Kazakhstan. Physical-mathematical series.
ISSN 2518-1726 (Online), ISSN 1991-346X (Print)

Owner: RPA "National Academy of Sciences of the Republic of Kazakhstan" (Almaty)
The certificate of registration of a periodic printed publication in the Committee of information and archives of the
Ministry of culture and information of the Republic of Kazakhstan N 5543-K, issued 01.06.2006

Periodicity: 6 times a year
Circulation: 300 copies

Editorial address: 28, Shevchenko str., of. 219, 220, Almaty, 050010, tel. 272-13-19, 272-13-18,
www:nauka-nanrk.kz / physics-mathematics.kz

© National Academy of Sciences of the Republic of Kazakhstan, 2016

Address of printing house: ST "Aruna", 75, Muratbayev str, Almaty




ISSN 1991-346X Cepusa pusuxo-wamemamuueckasn. Ne 6. 2016

NEWS
OF THE NATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN

PHYSICO-MATHEMATICAL SERIES
ISSN 1991-346X
Volume 6, Number 310 (2016), 21 — 24

UDC 517.957.6
M.M. Sarsengeldin', M.M. Slyamkhan’, N.T. Bizhigitova®

!?Kazakh British Technical University, Almaty, Kazakhstan Department of mathematics and natural sciences

merey@mail.ru

ANALYTICAL SOLUTION OF HEAT EQUATION WITH MOVING
BOUNDARY NOT TANGENT TO AXIS BY HEAT POLYNOMIALS

Abstract. It was found the analytical solution of heat equation with moving boundary with a method of heat
polynomials for finding the coefficients.
Key words: Integral Error Functions.

Introduction

It's well known that a wide range of transient phenomena in fields of low-temperature plasma,
filtration and other evolutionary processes which are associated with phase transformations lead to the
necessity of solving heat and mass transfer problems with free moving inter-phase boundaries.
Development of analytical methods of solution of free boundary problems are very important for analysis
of dynamics of mentioned phenomena specifically phenomena occurring in electrical contacts.

The well-known analytical method is based on the representation of a solution in the form of heat
potential with following reduction of the given problem to integral equation [1]. However if the domain
with moving boundary degenerates into a point at the initial time, the integral equations become singular
and cannot be solved by Picard’s iteration method. Asymptotic properties of such equations have been
investigated in [2]. Auto-model case when the boundary «(f) is moving according to the law

a(t):c\/; is considered in [3] where analytical solution is found. Solution of the problem with

a(t ) =t is represented by Heat potentials method in [4]. In this study we use heat polynomials which
are elaborated from Integral Error Functions and its properties to solve given boundary value problem.

Problem statement

Definition: The class functions M B is defined by formula: f(¢)e M B (h) if f(¢) is continuous on

. . t .
the interval (0,7) and thnb SO = h = const, where g is any real number.

%
t

The main problem can be formulated as following. It is required to find the solution of the heat
equation
ou 2 62u
—=a"—
ot Ox
in the domain D:(¢>0,0<x<a(t)), where «a(t)=ct, degenerates at the initial time: «(0)=0,

(M

¢(0) = 0 and satisfies the initial condition

u(0,0)=0 2)

and the boundary conditions
u(0,1) = o(t) (3)
u(a(t),t) =U — const 4)
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Problem solution:
Solution of equation (1) can be represented in the following form

2n+1
X
+ By, -t 2 |:i2n+lelfc——i2n+leifc(

_x 5
2a\t 2avt )} ©

o0
u(x,t)= X 14y 1" [i2neifci+i2nerﬁ:(
ne

=0 2a\t
or in the form of heat polynomials

% o 2n-2m,m o 2n-2m+l.m
u(x,t) = nZO {Azn mz:()x g 'EZn,m + A2n+l mz:()x ! ﬂ2n+1,m} ©)

>

u(x,t)= A0 ﬁ0,0 +
2
A2 (x [5’2’0 +t ,32’1) +

4 2 2
A4(x ﬂ4’0+x tﬂ4’1+t ﬂ4’2)+...

2n

2n -2 2.n—1 n
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Alxﬂl,O +
3
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5 3 2
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2n+l 2n 3 n-1
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Popi10t*
where

|
MMl 2 m)

It’s easy to see that if we use expression (6) for x=0, expand function ¢(t) into Maclaurin’s series and
combine like terms on the left side in (3), then we have

(n)
& n_ X9 (0) n
nEOAZnﬂZn,nt a £

An,m) =

n=0 n!
which implies following formula for A2n

A2nﬂ2n,n =%n ®)

™ (0)

where ¢, =
n!

Utilizing (7) for x =ct from (5) we have
u(et,)=Ag Sy o+

2.2
A2(c t ﬂ2’0+tﬂ2’1)+

4 4 23 2
Ayt ﬂ4’0+c t ,84’1+t ﬂ4’2)+...

2n 2n cZn—2 t2}1—1 2 .n+l
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)
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If we expand y(t) into Maclaurin’s series combine like terms of left side and then take derivatives of

both sides of (8) it is easy to derive from below relations following recurrent formula (10) for coefficient
A

2n+l1

APy =Y

Ao+ Ayfy =0

Azczﬂz,o + APyt Ayfy o =0

As“}ﬂs,o * A4°’2ﬂ4,1 +Ascfs 5+ AgBg 3 =0

4 3 2 _

Age By o+ Asc™ Py + Agc™ B o + APy 3+ Agfig 4 =0

..... L
e B+ A€ Puarg T Apaac

n+l
An+lc p

Bpioptet Ay, 1Bop 101 4pnPonn =0

+ A4 " + A4

n—1 _
n1,0 Y Ap2¢ Bpiog T Api3¢ Buizo et Ay 1Ppiin T ani2Ponians =0

B 1l 2n+2-m
bni1Poniin =~ oni2Poniopn = X Ame Brp.m—n-1

(10)
Convergence
Let’s take ¢ = ) to prove convergence of series (3) in the interval 0 < x < a(¢) . From (8) and (10) we

get following even and odd coefficients respectively

P () ,3n-1
= =
ﬂZn,n n:

n1(2n=2n)1 = o 23171

B 1 (n) ,3n-1 2n 2n+2-m
Ayl = f [_A2n+2¢ 2 ﬂ2n+2,n+l B m_Z An¢ 'ﬂm,m—n—l
2n+l,n -

where
1

(+1)!(2n+2 - 2(n+1))!

p ) I
mm=n=l =5 2m=n=2 1\ 1)1(2n+2—m)!

To prove convergence of (3) we have to demand convergence of
0

n 2n=2m+1,m 2n—2m+l m
néo A2n 1 mzzo( % ) ﬁZn +lm and Z (ctO ) X ,an +lm respectively

By d’Alambert’s convergence test from last sentence of series (9) we get
2n+1

Pon+antl = 3012

g 2220+ 1) 1
2n+1,0 _02 (2n+ D! = 2_ -2n)(2n+1) = c -n(2n+1)<1
2n—1ﬂ 22n+1 (2n—1)! 2
2n+l,1 '

1

\Jn(2n+1)

=c<

For ¢t = A series (3) is bounded and let

n+l L m
A p+10 mZZOtO ﬂ2n+1,n—mc

2m+1 < Cl
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C
y 1

2m+l
0 Zot ﬂZn+1n m€

For any value t < t, let’s multiply both sides of latter expression by

n+l L 2m+1
Z t '82n+1 n—m¢
n+l m 2m+l n+l
t Zz ! 'B2n+1,n—mc t

n+ m 2m+1 m
onetl 2 P <G ey i <G

4 [z
0 Zt'6'2n+1nm

fo
Take the sum of the both sides
n+l

t
C2m+1 Cl Z r
=01 ¢,

2n+1
= Z A2n+1 Z !

Thus convergence is proved
Conclusion

'82n+1,n—m

Problem (1)-(4) is solved by heat polynomials. Coefficients AZn’ AZn 4 can be calculated from

recurrent formulas (8) and (10) respectively. Convergence of solution series is proved.

In the second problem, we introduced the heat equation with a moving boundary, which degenerates
at the initial moment of time represented in explicit analytic form. The developed method is based on the
integral functions of the error and its properties. The main idea was to find the coefficients of the linear
combination of the integral error functions that a priori satisfy the heat equation.
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