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Abstract. In this note we prove that the minimum of the second characteristic number of the Newton potential 

among bounded open sets of Rୢ with given volume is achieved by the union of two identical balls. The Newton 
potential can be related to a nonlocal boundary value problem for the Laplacian, so we obtain results on the second 
eigenvalue of the nonlocal Laplacian as well. 

 
1 Introduction. LetΩ be a bounded open domain in Rୢ, ݀ ൒ 3.Consider the Newton potential 

operator ܰ: ଶሺΩሻܮ →  ଶሺΩሻܮ

																																																											݂ܰ:ൌ 	න ݔௗሺߝ െ ݕሻ݀ݕሻ݂ሺݕ
ఆ

																																																																		ሺ1ሻ 

where 

ݔௗሺߝ െ ሻݕ ൌ
1

ሺ݀ െ 2ሻߪௗ|ݔ െ ௗିଶ|ݕ
, ݀ ൒ 3,																																							ሺ2ሻ 

andߪௗ ൌ
ଶగ

೏
మൗ

Γቀ
೏
మ
ቁ

is the surface area of the unit sphere in Rୢ. 

Since ߝௗ is real and symmetric function ܰ is self-adjoint operator. Therefore, all characteristic num-
bers are real. In addition, it is easy to check that the operator ܰ is positive. This means all its eigenvalues 
are positive. The characteristic numbers ܰ of may be enumerated in ascending order, 

ଵߤ ൑ ଶߤ ൑ ⋯ 

whereߤ௜ is repeated in this series according to its multiplicity. We denote the corresponding eigenfunc-
tions by ݑ௜, ,௜ݑ …, so that for each characteristic number ߤ௜ there is one and only one, corresponding 
eigenfunction ݑ௜, 

௜ݑ ൌ ,௜ݑ௜ܰߤ ݅ ൌ 1,2, …. 

In a bounded domain Ω of the Euclidean space Rୢ, it is very well known that the solution to the 
Laplacian equation 

െݑ߂ሺݔሻ ൌ ݂ሺݔሻ,							ݔ ∊ Ω,                                                             (3) 

is given by the Newton potential formula 

ሻݔሺݑ ൌ ׬ ݔௗሺߝ െ ݔ															,ݕሻ݀ݕሻ݂ሺݕ ∊ Ω	,
Ω

                                            (4) 

for suitable functions ݂ supported in Ω. An interesting question having several important applications is 
what boundary conditions can be put on ݑ on the (smooth) boundary ߲Ω so that equation (3) com-
plemented by this boundary condition would have the solution in still given by the same formula (4), with 
the same kernel ߝௗ given by (2). It turns out that the answer to this question is the integral boundary 
condition [4] 
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െ
௨ሺ௫ሻ

ଶ
൅ ׬

డఌ೏ሺ௫ି௬ሻ

డ௡೤
డΩݕሻ݀ݕሺݑ െ ׬ ݔௗሺߝ െ ሻݕ

డ௨ሺ௬ሻ

డ௡೤
ݕ݀ ൌ 0డΩ , ݔ ∊ ߲Ω,                    (5) 

where 
డ

డ௡೤
 denotes the outer normal derivative at a point ݕ on ߲Ω. A converse question to the one above 

would be to determine the trace of the Newton potential (4) on the boundary surface ߲Ω, and one can use 
the potential theory to show that it has to be given by (5). 

In [4] by using the boundary condition (5) the eigenvalues and eigenfunctions of the Newton 
potential were explicitly calculated in the 2-disk and in the 3-ball. In general, the boundary value problem 
(3)-(5) has various interesting properties and applications (see, for example, Kac [2, 3] and Saito [8]). The 
boundary value problem (3)-(5) can also be generalized for higher degrees of the Laplacian, see [5]. In 
this paper we are interested in some spectral geometry questions of ܰ.  

Historically, for the first time in the scientific literature, in Rayleigh’s famous book “Theory of 
Sound” (first published in 1877), by using some explicit computation and physical interpretations, he 
stated that a circle minimizes (among all domains of the same area) the first eigenvalue of the Dirichlet 
Laplacian. The musical interpretation of this result could be: among all drums of given area, the circular 
drum is the one which produces the deepest bass note. The proof of this conjecture was obtained after 
some decades later, simultaneously (and independently) by G.Faber and E.Krahn. Nowadays, the 
Rayleigh-Faber-Krahn inequality has been expanded many  other operators; see [6] for further references. 

In Section 2 we prove the following Rayleigh-Faber-Krahn theorem for the Newton potential ܰ, i.e. 
it is proved that a ball is minimizer of the first characteristic number of the Newton potential ܰ among all 
domains of given volume in ܴௗ. 

In Section 3 we are interested in minimizing the second characteristic number of ܰ among open sets 
of given volume. We show that the minimizer is no longer one ball, but two! The similar result for the 
Dirichlet Laplacian called Krahn-Szego theorem, that is, the minimum of the second eigenvalue of the 
Dirichlet Laplacian among bounded open sets of ܴௗ with given volume is achieved by the union of two 
identical balls. See, for example, [1] for further references. 

2 Rayleigh-Faber-Krahn theorem. In this section we prove the following analogy of the Rayleigh-
Faber-Krahn theorem for the Newton potential ܰ. 

Theorem 1. A ball ߗ∗ is minimizer of the first characteristic number of the Newton potential ܰ 
among all domains of given volume, i.e. 

ሻ∗ߗଵሺߤ ൑  ሻ                                                                    (6)ߗଵሺߤ

for an arbitrary bounded open domain ߗ ⊂ ܴௗ with |ߗ| ൌ  .|∗ߗ|
We will use this result later in the proof of Theorem 2. 
Proof of Theorem 1. Slightly different statement of Lemma 1 is calledJentsch’s theorem in [9]. 

However, for completeness of this note we restate and give its proof below. 
Lemma 1.The smallest characteristic number ߤଵ of  ܰ is simple; the corresponding eigenfunction ݑଵ 

is positive and any other eigenfunctionݑ௜, ݅ ് 1 is sign changing in	ߗ. 
Proof. The eigenfunctions of ܰmay be chosen to be real as its kernel is real. First let us prove that ݑଵ 

cannot change sign in the domain	ߗ, that is, 
ሻݕଵሺݑሻݔଵሺݑ ൌ ,|ሻݕଵሺݑሻݔଵሺݑ| ,ݔ ݕ ∈  .ߗ	

In fact, in the opposite case, by virtue of the continuity of the function ݑଵሺݔሻ, there would be neigh-
borhoods ܷሺݔ଴, ሻݎ ⊂ ,଴ݕand ܷሺ ߗ ሻݎ ⊂  such that ߗ

|ሻݕଵሺݑሻݔଵሺݑ| ൐ ,ሻݕଵሺݑሻݔଵሺݑ ݔ ∈ ܷሺݔ଴, ሻݎ ⊂ ,ߗ ݕ ∈ ܷሺݕ଴, ሻݎ ⊂  .ߗ
And so, by virtue of 

නߝௗሺݔ െ ߦ
ఆ

ሻߝௗሺߦ െ ߦሻ݀ݕ ൐ 0.																																																															ሺ7ሻ 

We obtain  
ሺܰଶ|ݑଵ|, ଵ|ሻݑ|

ห|ݑଵ|ห
ଶ ൌ

1

ห|ݑଵ|ห
ଶ න න නߝௗሺݔ െ ߦ

ఆ
ሻߝௗሺߦ െ ሻݕ

ఆ
ݕ݀ݔ݀|ሻݕଵሺݑ||ሻݔଵሺݑ|ߦ݀

ఆ
 

൐
1

ห|ݑଵ|ห
ଶ න න නߝௗሺݔ െ ߦ

ఆ
ሻߝௗሺߦ െ ݕ݀ݔሻ݀ݕଵሺݑሻݔଵሺݑߦ݀	ሻݕ

ΩΩ
ൌ

1
ଵߤ
ଶ .																								ሺ8ሻ 
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ଵߤ
ଶis the smallest characteristic number of ܰଶ and ݑଵ is the eigenfunction corresponding to ߤଵ

ଶ, i.e. 
ଵݑ ൌ ଵߤ

ଶܰଶݑଵ. 
Therefore, by the variational principle we have 

1
ଵߤ
ଶ ൌ ௙∈௅మሺఆሻ݌ݑݏ

ሺܰଶ݂, ݂ሻ

ห|݂|ห
ଶ .																																																																			ሺ9ሻ 

This means that the strong inequality (8) contradicts the variational principle (9). 
Now we shall prove that the eigenfunctionݑଵሺݔሻ cannot become zero in ߗ and therefore can be 

chosen positive in ߗ. 
In fact, in the opposite case there will be a point ݔ଴ ∈  such that ߗ

଴ሻݔଵሺݑ ൌ ଵߤ
ଶ න නߝௗሺݔ଴ െ ߦ

ఆ
ሻߝௗሺߦ െ ሻݕ

ఆ
ݕሻ݀ݕଵሺݑߦ݀ ൌ 0 

form which, by virtue of the condition (7), the contradiction follows: ݑଵሺݕሻ ൌ 0, ݕ∀ ∈  .ߗ
Since ݑଵ is positive it follows that ߤଵ is a simple. In fact, if there were an eigenfunction ݑଵ෦ linearly 

independent of ݑଵ and corresponding to ߤଵ, then for all real ܿ linear combination ݑଵ ൅  ଵ෦ also would beݑܿ
eigenfunction corresponding to ߤଵ and therefore, by what has been proved, it could not become zero in ߗ. 
As ܿ is arbitrary, this is impossible. 

 Finally, we show that the other eigenfunctionݑ௜, ݅ ൌ 2,3, …, are sing changing in ߗ. If ݑ௜ ൒ 0, ݅ ്
1, or ݑ௜ ൑ 0, ݅ ് 1 then  

නݑଵ
ఆ

௜ݑ ് 0 

as	ݑଵሺݔሻ ൐ 0 in ߗ. This contradicts the orthogonality of the eigenfunction family ሼݑ௜ሽof ܰ. 
Lemma 1 is proved. 
Let ߗ be a bounded measurable set in ܴௗ. Its symmetric rearrangement ߗ∗is an open ball originated 

at 0 with a measure equal to the measure of ߗ, i.e. |ߗ∗| ൌ  be a nonnegative measurable ݑ Let .|ߗ|
function in ߗ, in the sense that all its positive level sets have finite measure, 

ሻݔሺݑ|ݔሺሼ݈݋ܸ ൐ ሽሻݐ ൏ ∞, ሺ∀ݐ ൐ 0ሻ. 
In the definition of the symmetric-decreasing rearrangement of  ݑ can be used the layer-cake 

decomposition ሾ7ሿ, which expresses a nonnegative function ݑ in terms of its level sets as 

ሻݔሺݑ																																																										 ൌ න ܺሼݑሺݔሻ ൐ 	ݐሽ݀ݐ

∞

଴

 

whereܺ is the characteristic function of the corresponding domain. 
Definition 1. ሾ7ሿLet ݑ be a nonnegative measurable function in ߗ. A function 

ሻݔሺ∗ݑ																																																						 ൌ න ܺሼݑሺݔሻ ൐ ∗ሽݐ
∞

଴

 																																												ݐ݀

is called a symmetric-decreasing rearrangement of a nonnegative measurable function ݑ. 
By Lemma 1 the first characteristic number ߤଵ of the operator ܰ is positive and simple; the 

corresponding eigenfunction ݑଵ can be chosen positive in ߗ. Recalling Riesz’ inequality [7] and the fact 
that ߝௗሺݔ െ   ௗ∗ have the same formula, we obtainߝ ௗ andߝ .ሻ is a symmetric-decreasing function, i.eݕ

න නݑଵሺݕሻ
ఆఆ

ݔௗሺߝ െ ݔ݀ݕሻ݀ݔଵሺݑሻݕ ൑ න න ݔௗሺߝሻݕଵ∗ሺݑ െ ሻݕ
ఆ∗ఆ∗

 ሺ10ሻ																			.ݔ݀ݕሻ݀ݔଵ∗ሺݑ

In addition, for each nonnegative function ݑ ∈   ሻ we haveߗଶሺܮ
ห|ݑ|ห

௅మሺఆሻ
ൌ ห|ݑ∗|ห

௅మሺఆ∗ሻ
.																																																																				ሺ11ሻ 

Therefore, from (10), (11) and the variational principle for ߤଵሺߗ∗ሻ, we get 

ሻߗଵሺߤ ൌ
׬ |௨భሺ௫ሻ|మௗ௫೾

׬ ׬ ௨భሺ௬ሻఏሺ௫ି௬ሻ௨భሺ௫ሻௗ௬ௗ௫೾೾
൒ 

׬ |௨భ
∗ሺ௫ሻ|మௗ௫೾∗

׬ ׬ ௨భ
∗ሺ௬ሻఏሺ௫ି௬ሻ௨భ

∗ሺ௫ሻௗ௬ௗ௫೾∗೾∗
൒ 

inf
ణ∈௅మሺఆ∗ሻ

׬ ∗ఆݔሻ|ଶ݀ݔሺߴ|

׬ ׬ ݔሺߠሻݕሺߴ െ ∗ఆ∗ఆݔ݀ݕሻ݀ݔሺߴሻݕ
ൌ  .ሻ∗ߗଵሺߤ

Theorem 1 is proved. 
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3Krahn-Szego theorem. In this section we are interested in minimizing the second characteristic 
number of the Newton potential ܰ among open sets of given volume. As in case of the Dirichlet Lapla-
cian, the minimizer is no longer one ball, but two! 

Theorem 2.The minimum of ߤଶሺߗሻ among bounded open sets of ܴௗ with given volume is achieved by 
the union of two identical balls. 

Similar result for the Dirichlet Laplacian is called the Krahn-Szego theorem. See, for example, [1] for 
further references. 

Proof of Theorem 2. Lemma 1 says that among eigenfunctions of ܰ only the first eigenfunction is 
positive 

ሻݔଵሺݑ ൐ 0, ݔ∀ ∈  .ߗ
Therefore, 

ሻݔଶሺݑ ൐ 0, ݔ∀ ∈ ାߗ ⊂ ାߗ,ߗ ് ሼ0ሽ	. 
ሻݔଶሺݑ ൏ 0, ݔ∀ ∈ ିߗ ⊂ ିߗ,ߗ ് ሼ0ሽ	. 

We have 

ሻݔଶሺݑ ൌ ሻනߗଶሺߤ ݔௗሺߝ െ ,ݕሻ݀ݕଶሺݑሻݕ ݔ ∈ .ߗ
ఆ

 

Taking 

ଶݑ																																																					
ାሺݔሻ ൌ ൜ݑଶ

ሺݔሻ	݅݊	ߗା,
,݁ݏ݅ݓݎ݄݁ݐ݋	0

																																																																									ሺ12ሻ	 

and 

ଶݑ																																											
ିሺݔሻ ൌ ൜

,ିߗ	݊݅	ሻݔଶሺݑ
,݁ݏ݅ݓݎ݄݁ݐ݋	0

 

we obtain 

ሻݔଶሺݑ ൌ ሻනߗଶሺߤ ݔௗሺߝ െ ଶݑሻݕ
ାሺݕሻ݀ݕ ൅ ሻනߗଶሺߤ ݔௗሺߝ െ ଶݑሻݕ

ିሺݕሻ݀ݕ, ݔ ∈ 		.ߗ
ఆషఆశ

 

Multiplying by ݑଶ
ାሺݔሻ and integrating over ߗା we get 

න ଶݑ|
ାሺݔሻ|ଶ݀ݔ ൌ

ఆశ
ሻනߗଶሺߤ ଶݑ

ାሺݔሻන ݔௗሺߝ െ ଶݑሻݕ
ାሺݕሻ݀ݔ݀ݕ ൅	

ఆశఆశ
 

ሻනߗଶሺߤ ଶݑ
ାሺݔሻන ݔௗሺߝ െ ଶݑሻݕ

ିሺݕሻ݀ݔ݀ݕ, ݔ ∈ ߗ	
ఆషఆశ

. 

The second term in the right hand sight is negative as we know sign of all integrants. Therefore, one 
has 

 

න ଶݑ|
ାሺݔሻ|ଶ݀ݔ ൑

ఆశ
ሻනߗଶሺߤ ଶݑ

ାሺݔሻන ݔௗሺߝ െ ଶݑሻݕ
ାሺݕሻ݀ݔ݀ݕ,

ఆశఆశ
 

that is, 

׬ ଶݑ|
ାሺݔሻ|ଶ݀ݔఆశ

׬ ଶݑ
ାሺݔሻ ׬ ݔௗሺߝ െ ଶݑሻݕ

ାሺݕሻ݀ݔ݀ݕ	ఆశఆశ
൑  ሻߗଶሺߤ

From here by using the variational principle one obtains 

ାሻߗଶሺߤ ൌ ݂݅݊ణ∈௅మሺఆశሻ
׬ ఆశݔሻ|ଶ݀ݔሺߴ|

׬ ሻݔሺߴ ׬ ݔௗሺߝ െ ఆశఆశ	ݔ݀ݕሻ݀ݕሺߴሻݕ
 

൑
׬ ଶݑ|

ାሺݔሻ|ଶ݀ݔఆశ

׬ ଶݑ
ାሺݔሻ ׬ ݔௗሺߝ െ ଶݑሻݕ

ାሺݕሻ݀ݔ݀ݕ	ఆశఆశ
൑  .ሻߗଶሺߤ

Similarly, we get 

ሻିߗଵሺߤ ൑  .ሻߗଶሺߤ
So we have 

ାሻߗଵሺߤ																																										 ൑ ,ሻߗଶሺߤ ሻିߗଵሺߤ ൑  ሺ13ሻ																																									ሻ.ߗଶሺߤ
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We now introduce ܤାand ିܤ, balls of the same volume as ߗା and ିߗ, correspondingly. According 
to Theorem 1, we have 

ାሻܤଵሺߤ																											 ൑ ,ାሻߗଵሺߤ ሻିܤଵሺߤ ൑  ሺ14ሻ																																								ሻ.ିߗଵሺߤ

Let us introduce a new open set ߗ෨  defined as ߗ෨ ൌ ାܤ ∪ ෨ߗ Since .ିܤ  is disconnected, we obtain its 
eigenvalues by gathering and reordering the eigenvalues of ܤାand ିܤ. Therefore, 

෨൯ߗଶ൫ߤ ൑ max൫ߤଵሺܤାሻ,  .ሻ൯ିܤଵሺߤ

According to (13) and (14) we have 

෨൯ߗଶ൫ߤ ൑ max൫ߤଵሺܤାሻ, ሻ൯ିܤଵሺߤ ൑ max൫ߤଵሺߗାሻ, ሻ൯ିߗଵሺߤ ൑  .ሻߗଶሺߤ

This shows that, in any case, the minimum of ߤଶ is to be sought among the union of balls. But, if the 
two balls would have different radii, we would decrease the second eigenvalue by shrinking the largest 
one and dilating the smaller one (without changing the total volume). Therefore, the minimum is achieved 
by the union of two identical balls. 

Theorem 2 isproved. 
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