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GREEN'S FUNCTION OF THE DIRICHLET PROBLEM FOR
THE BIHARMONIC EQUATION IN A CIRCLE AND POLYNOMIAL
SOLUTIONS OF THE POISSON EQUATION

B.D. Koshanov, K. Edil

Institute of Mathematics and Mathematical Modeling, Almaty

Koshanov@list.ru, Sayrat.edil@mail.ru

Abstract. In this paper, we study the Dirichlet problem for the two-dimensional biharmonic equation. It was build in an
explicit form the Green's function of the Dirichlet problem for the biharmonic equation in a circle. Also it was built a polynomial
solution of the Dirichlet problem for the Poisson equation.

Keywords: Poisson equation, polyharmonic equation, Dirichlet problem, Green function.

YAK 517. 951

JOHI'EJIEKTEI'T BUTTAPMOHUAJIBI TEHAEY YIHIH AUPUXJIE
ECEBIHIH I'PUH ® YHKIIUACHI ’KOHE IYACCOH TEHJAEYIHIH
HOJIMHOMMUMAJIABI HTEHIIMI

B.J. Komaunos, K. Exin
MaremMaTrka *oHe MaTeMaTHKAIIBIK MOJIEIIICY HHCTUTYTHI, AJIMATHI K.
Tyiiin ce3nmep: Ilyaccon Tenueyi, OurapmoHusuIbl TeHAeY, JAupuxie ece6i, 'puH GyHKUNSCEL.
AHHoTamms. By xymbIc JeHrenekreri OMrapMoHusuibl TeHzey yiuiH Jupuxie eceOin 3epTreyre apHanrad. bepinreH

Hupuxie ecebiniy ['puH GyHKUMSICHIHBIH OpHeri ailkpiH Typae anbiaFaH. [lyaccoH TeHueyi yuriH Oiprexti Jupuxiie ecebiHiH
MOJTMHOMUAIABI HICTTIMI KYPBUIFaH.

1. BipJaik geHrejsexTe OMrapMOHUSIBI TeHAeY YLIiH KeJieci {lupuxJie ecediH KapacThIpalibIK:

NG(x,y)=6(x,y), xeQ={x:|x|=4/x]+x; <1} (1.1)
G()c,y)hx‘:l =0, (1.2)
oG(x,y)|  _ 0,
on |x|=1
mynzaarst O (X, )) — JIUpakThIH febTa GyHKIHSCH, 7 — meHOepre TyCipilreH HOpMas BEKTOp.
5 2
Jemma 1. Erep ‘x—yf:Xz(x,y):Xz, Y x—#r2 =Y’ (x,y)=Y",
Y

2
¥
2
r

)=Z 2 (x,y)=2Z 2 pyHKUMIApIE! OenriTecek, OHIa Keeci TCHIIK OpbIHAANAIbL:

(e
r

XP-Y*=-27° (1.3)
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MyHzaarel X, ) € Q.

Haaenneyi.
2 2
XZ—Yzz‘x—y‘z—X x—Lr =
rlf bf
2 2
‘x‘z—2(x,y)+‘y‘2—Z (‘x‘z—z(x’{)r2+ y4 rt) =
r b b
2 2 2 2
‘x‘2—2(x,y)+‘y‘2——‘x‘ ‘y‘ +2(x,y)—r2=‘x‘2 ——‘x‘r‘y‘ — 2+‘ ‘ =
- |y| (- |y|> (1- |y| EDf -2y =21~ ")(1 |y|>— 72

Jlemma 2. XKyn emnmemai KEHICTIKTEp YIIiH (2m > I’l), nepbec xarmaiina (m =2,n= 2) YIIiH
(1.1) TerneyiHiH ipreini menrimi:

€40 (x,y)=d i
MYH/IaF bl
d,,= I , T'(")- ramma dymxmmms.
8 I
Teopema 1. (1.1)-(1.2) ecebinin I'pun QpyHKIUACH Keleci TypAe OpHEKTENe I
2 2
2 2 y y
G,y (x,y)=d,, {\x = Infx— " =y - o [yl o

(1—|y|2)(1—|x|2)[ln

Ml

|y|x - H

Jlemma 3. Erep (m =2,n= 2) Gouica,

2 2

ln‘y‘x——

2
y+1
Y

==
¥

gir(x,y)=

W=
L

gha(x,) = (1= —|X|2)[1n

¢byHKUMIIAphI GipTEKTI OMrapMOHUSIIBI TEHJASYIiH MIenTiMi Oomazbl.

Jlemma 4. Op6ip 0 < x <1 ymrin keneci karapra xikrenesi:

(l—x)“:l+i(_k—1')ka(a—l)...(a—k+l)-xk,

0 k
In(l-x)=-Y -,
k=1 k

OraH KockIMIIa keneci HpIoTOH - OMHOMFa KIKTEIyi OPBIHIBL:
67
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n
k _n-k k
(a=b)" =) Cha"*(-b)".
k=0
Teopema 1 - aiH maJieneyi:
2

(1.3) tenuirinen F <1 anamprs. XKyn emmemai keHicTikTep (21’1’2 2> I’Z) ywiH (1.1) TenaeyiHin

IpreJi ImenriMi aKeIpChI3 KaTapra KeJieci Typae kikrenemi (JieMma-4):

n P

o ) = =) I
y y
r

2

x——r
=(X2) ;ln);z—(Yz—Zz) 2In (I—Z—z)—
’”“ j 2 j N | N (Yz)ik(zz)k _
ZC (Y (-Z%) ( ;k J_

n
m——

_ Z:C;_;(Yz)’";f(_zz)j kZOl(Yz);(Zz)k + ZO (Yz)k(Zz)

k=ko+1
< 7ﬁfs > mfﬁfs 2] m—ﬁ—s

—2 A7) (2D =) d () (2 =) d (V) (2
s=1 s=m =1

=d,, Y'Y +d,, Y*"""7 ((—1)(2’”2—_n)lnY— 1)

id, nYz(’"z)"(Zz)z((_l)z (2m—n) 2m—n-2) ny — {( p2m=n (2m n) D+
’ 2! 2 2 2

MYHJIarbl

j=max(s—g+1,0)

bizmig sxarmaiiga (m =2,n =2) TEHIIKTIH OH JKarbIlHbIH €Ki KOCBUIFBIIMIBIH COJI JKarblHa
aybBICTHIpCAaK, OHAA TEHIIKTIH OH JKaFbIHIA IIEKCi3 KOCHIHABI KanablK Kamambl. CON  KalabIKThI

(x, y) nen Genrinern xoHe temMMa 3 kemeriMer I'prH QyHKIMSICH Kesteci Typre ne Gomasl

2 2

Gy (x,y)=d,; |x—y|21n|x—y| |y|x—— In

1y

2

=2+
1y

+(1—|y| )(1—|x| ) ln|y|x——

Jlepbec xarnaiina, skan 71 = 2 kesinge 6y Hotike [6] H.Begehr-nin HoTHRKeciMeH coiikec kenesi
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k

(1=DE G ()= X7 0l bz,

2 m—1 _1
+;( k)

(1.2) mekapanplk mapThiH KypbUIFaH [ puH GyHKIHUICH YIIIIH TeKcepeHik:

2 2
G“’z‘\x\:l: [|x B y|2 1n|x - J’|2 - |J’|x - |y;| In |y|x - |y;| ] "
‘x‘:l
2
+“‘M50—M5PnMx‘§[+% =0,
|x{=1

oG e
5_ zzhx‘z_(x’y)] 1H\X—y\2‘ :l+‘x—y‘2 hx| (); y)] 3
e . AT
2 2 S -
oy
e I e e e
- y
. ‘y‘x—m
‘x‘:l

2+q+awﬁzbﬁﬂz<ﬁw] _
Y

Y=

Py

+(1-]) z|x|2[1n|y|x|l

Y]

/ ‘x‘=l
<tnfesf| 2l A a2l a-bf o]0

Hormxecinne G, ,(x,y) Tpun dysxumscer 6ipmix aerrenexre (1.1)-(1.2) Hupuxiue ecebin

KaHaFaTTaHIBIPIEL.

2. Ilyaccon TeHaeyi ywin 0iprekTi Jlupuxiie ece0iHiH MOJMHOMUAIABI HIelIiMaAepi
Bipiix mapna 2 = 1x € R” :‘x‘ <1{ Iyaccon Tenmeyi yulin KOHbLIFaH KeJeci IeKapablK eCemnTi

KapacTbIpanbIK;

Au(x)=0Q(x), xeQ, (2.1)
u“x‘zl =0, (2.2)

On xarer (J(X) wenmymenix sxome 72> 2. [5] xymbicta ponenmenrer, (J(X) xemmymeniri
AnsMaHcH hopMyIackl OOMBIHITIA JKA3BIIFAH:

2k 1

[y e

1 [
45 K

00 = 0,0+

0
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MYHZIaFbl U, (x), k=0,1,...,- FapMOHI/IKaJ'IBIK KOIMYILETIKTEP

1 s—1 _ s-1 n_..
j 1) & 2" a o(awyda. 2.4)

0, (x) = & (x)+2 52D

(hopMyJIacChIMEH aHBIKTANIAIbI.

s!

(2.4)- bopmynamarsl OMEPATOPIBIK KaTapablH aKbIPIbI KOCHIHABICHI 00JIaIbI, Q(X) - KOTIMYIIEMIK.

Otitkeni (2.3)-Te U, (x) aKpIpIBl CaHbl HONJEH e3reme Oonazpl. blHraiinsl 060y YIIH KOCBIHIBIHBIH

JKOFapFBI IIETiH OO TYpiHJIE jKa3aMbI3.
Jlemma 5. Keneci Typae opbIHAATAIBI:

o(x) = o) = z|x| Z(z A;%ffz)s)uf A= A= yd @)

Eupi, U(X)—u,(x) xenmymeniri (2.1) Hyaccon terneyin Q(x) =0, (x) xoue (2.2) Jupuxie

(v(x) —u, ()C))hx‘:1 = (0 wapTeH KaHaFaTTaHABIPATHIHBIH OHal Kepyre OOJabL.

(2.5) popmynanan (2.1) - (2.2) eceOiniy menriMi Q(x) = Qm (x) YIIiH Keneci Typae Oonapr:
u(x) ‘ ‘ Z Q ( ) (l_t‘x‘z)s(l—t)s tn172s+’5171
(2S +2)1(2s)!

By memnrim, nemma 5-kxe colikec 6acKa TYpIe >i<a3yfa 0omaser:

. w (=D ma S =25+ 2k — 1)
u(x) =0(x) —u(x) = Y NQ, (1)) 2 =
= k=0 4”lk!(s—k+1)!(m+5—2s+k—1)

dt. (2.6)

s+2

0 s+1 _ 1)kt _ _ 2k
_ ZAS Z D" 2m—-4s+4k+n 2)|x| @.7)
~ < (2k)(2s = 2k + 2)N(2m — 4s + 2k +n—2.2)
Q Oipiik mapmars! Jlamnac TeHaeyi yinia keieci Jupuxie ecebin KapacTHIPalbIK:
Av(x)=0, xeQ; v, = P(x), (2.8)

myrnarsr P(X) - kemmymesik sxone 1> 2.

Teopema 2. (2.8) ecebiHiH LuemiMiH KeJeci TypJe xka3yra 6onaser [8]:

(-ay(1-ay o "
o(x) = P(x) - IZ; RRITERT A'P(ax)a? da. (2.9)

Teopema 3. Jlupuxire eceOiHIH menTiMia OipITik Q mapa

Au(x)=0(x), x€€%  u| = P(x),, (2.10)
KeJleci TypJie Jka3zyFa O0aIb:
(-ahf)y(-a)y o
u(x) = P(x)+ j Z A (O - AP)ax)a? da. 2.11)

s 2s+2)N2s)N
By symeic KP BxEM - mig 3492/ '®4 rpaHTBIHBIH KONIAyBIMEH OPBIHIAIIBL.
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OYHKIMA 'PUHA 3AJAYUN JUPUXIIE U1 BUTTAPMOHMYECKOI'O YPABHEHVA B KPYTE U
I[NOJIMHOMUAJIBHOE PEHLIEHUE YPABHEHUA [TYACCOHA

Bb.J1. Komanos, K. Equn
WHcTHTYT MaTeMaTKH M MaTeMaTHIECKOTO MOZICITUPOBAHUS, AJIMaThI
AHHoTammsi. B pmanHOll pabore wuccienoBaHa 3agada Jlupuxne Ui ABYXMEPHOTO OHIrapMOHMYECKOTO YpaBHEHHUS.
[Toctpoena B siBHOM BHAe ¢yHKIms [puHa 3amaun dupuxie m1si OUrapMOHHYECKOTO YpaBHEHHS B Kpyre. A Takke MOCTPOEHO

MONIMHOMUANBHOE penlenue 3agaun Jupuxie aust ypasHenus [lyaccona.
KimioueBnle ciioBa: ypaBHeHus [lyaccona, burapmMonndeckoe ypaBHeHUe, 3aqa4un Jupuxie, Gpynkows ['puna.

Tlocmynuna 04.04.2016 2.




Uszeecmus Hayuonanvuot akademuu nayx Pecnyonuxu Kaszaxcman

Publication Ethics and Publication Malpractice
in the journals of the National Academy of Sciences of the Republic of Kazakhstan

For information on Ethics in publishing and Ethical guidelines for journal publication
see http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the National Academy of Sciences of the Republic of Kazakhstan implies
that the described work has not been published previously (except in the form of an abstract or as part of a
published lecture or academic thesis or as an electronic preprint, see http://www.elsevier.com/postingpolicy),
that it is not under consideration for publication elsewhere, that its publication is approved by all authors
and tacitly or explicitly by the responsible authorities where the work was carried out, and that, if
accepted, it will not be published elsewhere in the same form, in English or in any other language,
including electronically without the written consent of the copyright-holder. In particular, translations
into English of papers already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent data,
incorrect interpretation of other works, incorrect citations, etc. The National Academy of Sciences of the
Republic of Kazakhstan follows the Code of Conduct of the Committee on Publication Ethics (COPE),
and follows the COPE Flowcharts for Resolving Cases of Suspected Misconduct
(http://publicationethics.org/files/u2/New_Code.pdf). To verify originality, your article may be checked by the
Cross Check originality detection service http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be chosen
in such a way that there is no conflict of interests with respect to the research, the authors and/or the
research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will only
accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of a
paper automatically implies the copyright transfer to the National Academy of Sciences of the Republic of
Kazakhstan.

The Editorial Board of the National Academy of Sciences of the Republic of Kazakhstan will monitor
and safeguard publishing ethics.

[TpaBuna opopmiieHns cTaThu TSl MyOJIUKAIUK B )KypHAJIE CMOTPETh Ha CaiTe:
www:nauka-nanrk.kz

http://www.physics-mathematics.kz

Penaxrop M. C. Axmemosa
Bepctka Ha KommbIoTepe A.M. Kyaveunbaesoii

INoanucano B nevats 25.05.2016.
dopmar 60x881/8. bymara odcernas. [Ieuars — puzorpad.
10 1. Tupax 300. 3axa3 3.

Hayuonanvhas akademust nayk PK
050010, Anmamut, ya. Llesuenxo, 28, m. 272-13-18, 272-13-19



