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TOYHOE U INIPUBJIN’)KEHHOE PEHHEHUUA
ABYX®A3ABOU OBPATHOU 3ATAYU CTE®AHA

M.M. Capcenreanaun, C. Kacadek, 5.M. Carugo.ia
VYuusepcurer um. Cyneitmana J{emupens, Kackenen, Kazaxcran

KnroueBble cjoBa: MeTonq MHTErpaJbHOrO (QYHKUMAONIMOOK, MeTox HMHTerpalbHOro TEIIoBOro OajaHca,
JByxdazosa obparnas 3agaya Credana.

Annoranusi: OCHOBHas upesi SIBISIETCSl HaXOXKAEGHHE TOYHBIX pelIeHWi IByxdaszHOW oOpaTHOHM 3amauu
Credana uist BBIPOXKIEHHOM 00JIaCTH € ABMXKYIIEHCS TPaHULIEH. OTtcnexxrBaHHE OTBETOB ATHX  BOIIPOCOB
OymyT opraHM30BaHbI CIEIYIOMUM 00pa3oM. [1Jisi HaXx0XKICHUsI aHATUTHYECKOTO PEIICHHS MBI B OCHOBHOM CJIEIyeM
metonoM, npeanoxxeHHbM C.H. Xapun npumensis hopmyny @aa [lu BpyHo 1t nHTErpanbHEIX (QYHKIHHA OMIMOOK.
B nponomkennu pasgena MHTErpajgbHbIe (QYHKIMH OIIMOKH M €€ CBOMCTB, HEOOXOJMMBIX JUIS Pa3pabOTKH HOBBIX
METOJIOB.

3amaua CredaHa OYEHB CIIOXKHA A TOYHOTO pemreHus. [lo3ToMy MBI TBITaeMcs HaWTH TIPHOIIKEHHOE
pelieHne IyTeM MPUCBOCHUS TEMIICpaTypHBIX Npoduield ¢ n3MeHeHHeM Iu((epeHnnaTbHOTO YpaBHEHHS Ha
YPaBHEHHs TEIUIOBOIO 0alaHca, KOTOpPbIE MOJYYalOTCsl MyTeM WHTerpupoBanuss moX u [ . Jlns HaxoxaeHus
MPUOIMKEHHOTO PELIEHUs] MBI B OCHOBHOM clielyeM MeTonoM, npemtoxenHsiM C.H. XapuH, npumenenus merona
MHTETPaJIBHOTO TEIUIOBOTO OajaHca.

EXACT AND APPROXIMATESOLUTIONS
OF TWO PHASE INVERSE STEFAN PROBLEM

M. Sarsengeldin, S. Kassabek, B. Sagidolla

Department of mathematics and natural sciences, Suleyman Demirel University,
Allmaty, Qaskelen, Kazakhstan
E-mail: sarsengeldin.merey@sdu.edu.kz, kassabek@gmail.com, bizhigit.sagidolla@gmail.com

Keywords: Integral Error Functions, Integral Power Balance Method, Two Phase Inverse Stefan Problem.

Abstract. The main idea is finding the exact solution of two phase inverse Stefan problem for degenerate
domain with moving boundary.

Tracking answers of these questions will be organized as following. For finding analytical solution we mainly
follow the method proposed by S.N. Kharin applying Faa Di Bruno’s formula for Integral Error Functions. In the
continuation of this section Integral Error Functions and its properties necessary for elaboration of new methods are
presented.

The Stefan problem is very complicated for exact solution. Therefore we try to find an approximate solution by
profile assignment of the temperature with change of differential equation by heat balance equations, which are
obtained by integration with respect to X and . For finding approximate solution we mainly follow the method
proposed by S.N. Kharin applying Integral Power Balance Method.
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Problem formulation

In the following two sections we will deal to find theexact and approximate solutions of heat
equations:

2
Oou, 0,

—, O<x<a(t), t>0
ot Lo’ x<al) (1)

2
M _ 29 gty<x<on, 150
ot ox )

Subjected to the following conditions:

1,(0,0)=0 3)
u,(x,0)= f(x) a)<x<w
(4)
ou,
_ﬂ’l —1 = P(I), t>0
ox |, (5)
ul(a(t)at):uz(a(t)»t):um ©6)
The Stefan’s condition:

o ou, d(a(1)

1 L —_— ) 2] +L}/—
A OX | & OX | s dt )
u, |, =0 (3)

It is necessary to find temperature distribution U, (x,t) and uz(x,t) also it is required to

reconstruct the boundary function P (l‘ ) if the free boundary () is given. Such problem is called two

phase inverse Stefan Problem. The heat spread in the solid is negligible because of the physical properties
of contact material. This condition is valid for refractory metals like wolfram. After getting the solutions
we try to discuss given both solutions.

I. EXACT SOLUTION OF TWO PHASE INVERSE STEFAN PROBLEM
1.1 Introduction

The first analytical solution of two phase inverse Stefan problem, which describes the dynamics of
soil freezing has been published by Lame and Clayperon.

Despite the quite extensive list of problems in literature which lead to the necessity to solve Stefan
type problems see: e.g., [1-9] and a long bibliography [9] on methods for solving these problems lead to
additional difficulties which occur due to the degeneracy of domains. In some specific cases particularly
for free moving boundaries it is possible to construct Heat potentials and a problem can be reduced to the
system of integral equations [2], [3], however in the case of degeneracy, singularity in integral equations
occur, and method of successive approximations is inapplicable in general. Moreover, the use of
numerical methods is problematic when the number of parameters is great. Therefore, development of
new analytical methods is very important especially for various applications because it enables one to
analyze an interrelationship of different input parameters and their influence on the dynamics of
investigating phenomena.

As for applications: a wide range of electric contact phenomena, in particular, the phenomena
occurring at the interaction of electrical arc with electrode can be described in dynamic use of the
presented method see e.g., [9] for very short arc duration (nanosecond diapason), when experimental
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investigation is very difficult. In this study we will try to find solution of two Phase Inverse Stefan
problem for degenerate domain with moving boundary.
1.2 Problem Solution

Let us consider this problem at the suggestion that (¢ ) = Z a,t "2 s given.

n=l1
The unknown functions are ul(x,t),uz(x,t), P(t) we represent in the form of Heat

polynomials and Integral Error Functions:

u (x,1) = i {(Zal \/Z )2” Az,,iz"e”fc ( 2ax\/2 J + ( 2aq, \/; )2n+1 A2n+1i2n+l erfe [_ Zax\/; H ©)

n=0
% 2n 2n+1
uz(x,z)=nz_(;{(2azx/?) Bz,,iz"erf{ﬁ]* (2%*/;) Bzmiz””erfc(— Zaj \/;H (10)
P0)=3 Pr* ()
n=0

Where the coefficients A2 P Azk e 32 0> B2k e P(t) should be found satisfying the boundary

conditions.
Let us satisfy first the initial condition (4). It is clear that:

L ~ 0 ) 2n n X

(12)
2n+l1 X
+lim(2a,\t) By, i erfe| -
t—0 ( 2 ) 2n+l 2‘12\/;
by properties of Integral Error Functions:
l erfc(x) _0
by using L’Hospital Rule to find limit:
n—l n—2
z i"erfc(=x) lim erfcf(1 X) i erfc( ),Cz) ~ lim erfc(—x) :z
x—»w x" X—>0 nx" X% n(;l__l)xﬂ X% n! n!
So therefore,
u,(x,0) z 2n+1 x =f(x)
=0 ) (13)
If we expand f(X) into Taylor series:
(2n+1) (0) -
Jr( ) :E: jr : 2 1
(2n+1)! (14)
i 2)1+1 — z f2”+1 (0) 2n+1
— (2 +1)v (2n+1)'
2n+1 - f(2n+1)(0) (n = 07 15 2:)
(15)

From the condition (6) for u, (Ot(t),t) =u,:
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- 2n X 2n+1 X
u,(x,1) = 2a,\t) B, i*erfc +(2a,4t) B i erfe| — =u
2( ) ;{( 2 ) 2n f (2&12\/;} ( 2 ) 2n+1 f( 2a2\/;J:| o m

The main problem is to find the remaining unknown coefficients we have, also if ‘/; =7 then our
expression will get:

o (& o . a(2'2) - - _05(2'2) - o2 -
2 a2t 22

o 2a,7 2a,t
o 2k " 2k | 2k 2
22(2% )2 B, (2n) g2kl 0 _ ierfe a(r”) +
e [ )2n=2k+1)! or 2a,t

n+ 2k | 2k 2
+(2a2 )2 1 an+1 (2_’7) _T2n+1_2k+1 ] 0 _ i2"”€rfc 3 0{(2' ) 0o
I )2n+1-2k+1)! or a7

After taking both parts 2k-derivatrives we can see following expression:
) " 2k ' aZk—Zn a 2
Z:(2a2 )2 B, (2k) T iz”erfc @)
— 2k-2n)! 0" 2a,t »

nt 2k o[ a(r?)
+(2a,}"" B ( it | AED)
(24" Bov k-2 |1 T

For this purpose we use the Faa Di Bruno formula (Arbogast formula) for a derivative of a composite
function:

=0

=0

2k=2n 2 2k-2n
a—(iz”erfc(z(r )j} — Z l-2nerfc(j) (5)1621(—211,]‘ (5 v’ 5"’ - 52k72n—j)
a =0

2k-2n
or 5

i*erfc () = j—jl_(iz"elfc (5))
T

)
= (-1 —ﬁH 20 (8) exp(=67)

Jz

2k-2n-1 2 2k—2n-l
a—(iszrlel’:fC(a(T )j} _ Z i2n+le”fc('/)(5),821{72,,,171' (5135",.“,521(72#171)

2k-2n-1
or 2a,t =

j—2n— 2
== —ﬁH 202 (8) exp(=57)

i2n+1€7’fc(j) (5‘) = i (i2n+le’/fc (5))
dr’ =0 vz

Let us denote our boundaries in the following form to get rid of the singularity:

12 C 1)/2
y@O=al)—a,=yt +7/2t+"°zz7/n+1t(n+)
n=0

2y _ 2 n+l (n+1)
a(D)=yr 47,0+t Y, T =D VT
n=0
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Then we can easily find our boundaries:

0
n+l
Z ynHT
_ =0 _N
=0
2a,t 2a,
=0
00
n+l
zynﬂz—
__ = __h
=0
2a,T 2a,
=0

Finally, we get the following sum:

m (2a2)2n(2k)|2k ¥ ’ ) _2 " .
2B, 2k —2m)! > D \/— ,2,,1(2a2jexp( v jﬁZk 1 (846", )+

n=0 Jj=0 2
(2a2)2n+1 (Zk)'Zk 24 on 2 7] 2 2k-2n-1-j
+ Y™ —H. <L lex N (0',0",...,0 =0
Z 20+l (2k—2n—1)! ]ZO (-1 PRl 2a2 Xp| — 4a22 ﬂzk—Zn—l,j( )

Here let us denote the known coefficients in the following form:

(2a,)”" (2k)1*S" . ¥ 72 . L
K2 Gy & 1\/_ | 2 o0~ | (82678
2

2
(2 2)2n+1 (2k)'2k 2n—1 1-on }/1 2 o
- 5 5" é‘ Jj
Z(Zk 2n—-1)! ,Zo =D (— /2n2 2a2 cXp 4a2 B 2n1/( )

After we can easily find our unknown coefficient:

B,, 'Kn,1 =B,,., 'Kn,z
B = By.."K,, _ f(ZnH)(O)'Kn,z
2n -
Kn,l 2Kn,l (16)
From the condition (6) for u,(x,t) will be the same situation for v, (a(¢),t)=u,, :
A2n+1 ’ Kn 2
2n = , (17)
Kn,l
By using the condition (7):
dt =2tdr
(k)
(z da(r)j U [y et ©
2t dr i 2 = (2n)!
= =0

It is easy to see that kK = 21 —1, therefore:

(k)

Z N a(”)(O) (2_271—1)
2 n=0 (2”)'

_ﬂ ) a(n)(())
2 n=0 27’1

=0

If we will take 271 — 1 derivatives in both parts by using Leibniz and Faa di Bruno formulas:
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(2n-1) (2n-1) "
aul auz L7/ © n (0)
_ ] 1 _| g Y2 +
( ﬂ'l 6x xa(TZ)J B ( 2‘2 ax xa(rz)} ~ 4 nZ:(; n
S 2n-1 nel 0((2'2)
A3 (2a)"" 4, 2n=1)Y| P erfe -
n=0 2al»z- ™

_&i(Qal)zn Azn+1'7‘(2”_1){l'2nerfc[_ 0;(1-2) J

n=0 alr

i)

:Azniil(zal )Zn—l (2n_1)!{i2n—le’/fc(zijj

q

A (2a)" 4,20 !{iz”‘lerfc (mzy_zﬂn

n=0 aq

7=0

o0

9 Ly &a”(0
ZAZnCn,l = ZB2nCn,2 +Tyza—()
n=0 n=0 n

n=0

(18)
where
C,, = 4 (2a)"" @Qn—)1i*"erfe [LJ
2a,
C., =4 2a,)" @n-D1"" erfe| 2L
’ 2a,
From (17) and (18) we can easily find two unknowns in the following form:
. 4n-C,, _f(2”+1)(0)_Kn’2 +L;/-a(”)(0)Kn’1
" 8n- Kn,l ' Cn,l (19)
_ 4n- Cn,2 'f(znﬂ)(o)’Kn,z +L;/~a(”)(0)Kn,1
2 87’1 ' Kn,2 ’ Cn,l (20)
By using the last condition (5) we get:
Ay (20" [ A, (0)" P erfe(0) — Ay, (2)" i "erfe(0) | = D Pt
n=0 n=0 (21)

The main problem is to find the remaining unknown coefficient we have:

;—;LA i{(mlr)zn_l 4, i7" erfc [Lj +(2a,7)" A2n+1i2”erfc[—iJD = ;—;(i P )

o 2a,t 2a,t =

LI n- k (2n-1)! g O _ X
o) 2n-1 Le2n=l=k+l Y| s2n-1 T _
&;;{( a) A2"(lj(2n—l—k+l)! ’ o7t {l e’fc(zagD
n k (2”)' _ 8k . X 8k =
_ 2 2 A I S A k+l__ 2n o - P n
(24) 2"+1(1j(2n—k+l)! N (l erfc[ 2aer] o\ &0

After taking both parts k-derivatives we can see following expression:
—219——
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2 i(Zal)z'H 4 (k) o Prigre| X
~ "(k=2n+1) ot 2a7 ) )|

~ 2 (k)! o™ o % (& k!
(2a)" s G —amioe (’ efc[ 2azr]j‘1_o_(;ﬂ(k—n)!)

For this purpose we use the Faa Di Bruno formula (Arbogast formula) for a derivative of a composite
function:

ak72n+1 - X k=2n+1 - ) .
. — . —_ 1 g + —7
a k—2n+1 l ! e’fc 2 = z ! ! e’/fc(] (5)ﬂk—2n+1,j (5 " 5"’ B 5 " ])
4 QT =0

2n— i dj 2n— n 2

P erfe) (8) =—— (7 ‘erfc(a))r_o = (-1’7 i 20 (8) exp(=67)
o= | =0 exp(0) =1
= 2a,r 0

k—2n k—2n
aa — [iznerfc[_ : Jj Z lznerfcm(é‘)ﬂk - (5 5" 5k72na1’)
T a22'

Jj=0

)2 (8)exp(~67)

=0 \/;

lz”erfc(’)(§)— A (”’erfc( ))

Finally, we get following sum:

S, S 2 (0 (0780

(k=2n+1)! =
(2a1)2n(k) I j-2n-1 Voo k=2n— , .~
ZAM Gt =Y f H20 (0) 308,878 ) =3, (k Y

After we can easily find our unknown coefﬁcient'
AZ K 2n+1 Kn,4 = Pn (22)

1.3 Conclusion

Main result namely coefficients of function A2 P A2 i1 D), 32 P 32 +1 (10) and the function P (Z )

are obtained from (19), (20), (16), (15) and (21-22) respectively. It worth nothing that deviation of
solution can provide maximum principle. Moreover if convergence of (9) and (10) proved, wide class of
heat equations that describe diverse phenomena can be solved both analytically and numerically.

II. APPROXIMATE SOLUTION OF TWO PHASE INVERSE STEFAN PROBLEM

2.1. Introduction
Exact solutions of heat conduction problems are rather cumbersome and time-consuming. In
addition, they are practically absent in the problems of the radial heat flux in spherical coordinates with
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the change in the aggregate state [11], 12]. Therefore, to solve practical problems are commonly used
charts, obtained by numerical or approximate methods [13]. One of the approximate analytical methods is
an integral method of heat balance, which primarily attracted to its physical clarity, simplicity and
precision of the results is high enough that demonstrates T. Goodman [14] on numerous examples. The
main difficulty to be faced when using the integral method of heat balance is the setting right temperature
profile, which according to T. Goodman, significantly affects the accuracy of the results.

There are several approaches in selecting the temperature profiles. In [15] A.l. Veinik offers to use
temperature profiles in the form of ordinary polynomials for problems of any geometry, which should
simplify the solution of the problem.

In this study we will try to find approximate solution of two Phase Inverse Stefan problem for
degenerate domain with moving boundary.

2.2. Problem Solution

Let us consider this problem at the suggestion that &(¢) = Z a,t "% s given.

n=l1

To find the unknown u, (x,t), we identify the temperature profile corresponding following

conditions:
u,(a(t),t)=u, (23)
1| o =0 (24)
T (25)
X Lo
U |,.=0 (26)

Therefore the temperature profile will be:

x=pw |
u,(x,t) = U {m} , at)y<x<p@)

0, x> B@)

@27

Here we need to find the ,B (t ) , Where ,B (0) = Oby using the equation (2) to use the integral of
power balance:

B A1)
[ 2 = a2 GL}
ot Ox

a(t) a(t)

(28)
_ o

Oox

B()
%dx - Ouy
ot ox

xa(t)jl

B
J‘%dx:a; O—Zum{ x—p) }( ! ﬂ
4, 0 a(t)- 0 \a)-p0)) ],
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B)
I % dx af _ 2y
o Of a(t)—- p(t)

For the right side we use the Leibniz integral rule, also differentiation under the integral sign:

b(x) b(x)
( [ rex, t)dtJ—f(x b(x))-b'(x) = f(x,a(x))-a'(x)+ | gf(x,r)dr

a(x) a(x)

Therefore,
B(t) 0 B(x)
| LGS r)dx—;( [ 1, t)dx]—f(ﬂ(t) 1) B'(t)+ f(a(t),t) (1) (29)
a(t) a(x)

By using Leibniz’s method we get:

(" ap) , do(0) |__, 2u,
[dt[-[ ”2de “olep) T T a0 T | T - B

a(t)

The solution of given differential equation has been shown in the paper [24].

dﬂ(’)(ﬂm a(n))+ d““)(ﬁ(m a(t)) -6

(30)

To solve the equation (30) we have used the mathematical program Mathcad 13. To find the solution
we considered three particular cases and got following graphs:

—y(r)(y(t) a(t>)+2d“()(y(t) a(t)) 64 =0 (1)

Equation (31) have been plotted in the following way for the first particular case when ¢ =100:

Figure 1 f(t) at t =100
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Equation (31) have been plotted in the following way for the second particular case when ¢ =300 :

t
Figure 2 f(t) at t =300
Equation (31) have been plotted in the following way for the third particular case when ¢ =500

T T

— B

g
0
- —
—. B
— 1 L 1 L L

100 00 300 40 E ]

Figure 3 f(t) at t =500

This given plots approximately show the value of f(¢). Therefore, we can consider that we know
the value of f(¢) and consider other cases.

For u,(x,t) we have the temperature profile A(? )x2 + B(#)x + C(¢) as it is linear. We will use
the conditions (5),(6) for U, (x,1), (7) and (1):
u (x,t) = A()x* + B(t)x + C(¢t), O<x<alr)
By using the condition (5) we get:

ou, P(1)
N B =—122 32
x| () 2 (32)
By using the condition (6) for u, (x,t ) we have:
u (a(t),t) = Ao’ () + Bt)a(t)+C(t) = u, (33)

By using the Stefan condition (7) we get:

~A4 QA1)+ B(1) = -4 [

2u, j+ ;. da®
a(t)— A1) dt

If we equalize the right side of the equation above to Q(t ) , we will have following expression:
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240 a(t)+ B(t) = —% (34)

Let us use the last equation (1) and get an integral of power balance:

)
“0 u, L T

o ox* B ox |
a(t)
ax x=a(t) ax x=0 0 al
a(t)
a2 [24(1)-a(t) + B() - B()] =} [24(1)-a(0)] = | %dx

0
The solutions has been shown in the paper [10].

A 22 (1) +4a'(t)-a(t) |+ A(t)[4a '(t)+4(a"(t)'a(t)+(a'(t))2)—12a12}+

{ d {3(1 OO , 3a(t)Q'(t)} G } o
dt| A ) a()

(33)
If we denote the functions that is multiplied to A'(z), A(¢f) and some functions by
Z/(t),Z,(t)and Z,(t) respectively, then we get:
A@)-Z,)+A@)-Z,(t)+Z,(1)=0
We can easily rewrite our differential equation in the following form:
V() +y(x)-S(x)+T(x)=0

By solving our differential equation by Integrating Factor method that has been shown in the paper
[10], we can show the solution of givendifferential equation:

A(r) = —e S ( [T ol S(”"’dt) I L (36)

where S(¢)=Z2,(¢t)/ Z,(t) and T(¢t)=Z,(t)/ Z,(t). Let us denote the right side of above

expression as K (f ), therefore we can show the temperature profile for u,(x,#) and reconstruct the

boundary function P():

u (x,t) = K(t)x* - {% + 2K(t)a(t)} X+ [um + K@)’ (1) + %} 37)
P@) =Q(O+% (39)
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2.4. Conclusion
In this chapter for solving problems of heat conduction in spherical geometry by integral method of
power balance for the first time evaluated the effectiveness of the temperature type profiles:

T(r,t)= polynomial and T(r,t) = polynomial / r with polynomials of degree n. The results

show that in dealing with problems of thermal conductivity for different geometry approximate integral
method of power balance is not always possible to achieve sufficient accuracy when using temperature
profiles of the same type.
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HAKTbBI )KOHE )KYBIKTAJIFAH EKI ®A3AJIbl KEPI CTE®AH MOCEJIEJEPIHIH HIEIIIMI
M.M. Capcenreabaus, C. Kacadex, .M. Carugosia
Cyneiimen [lemupen aTeiHnarsl yauBepcuret, Kackenen, Kasakcran

Tipek ce3mep: Muterpanas! ¢pyHKIMsIIapKaTeNiKTep ofici, MHTErpanas! *KeUTyJIBIK Teme-TeHmik oxici, Exi ¢a3ansl kepi
Credan Macerneci.

AnHoTamus1. bepinreH )KyMBICTBIH HETi3T1 MIESCHI, KO3FaJIaThIH IIeKapaiapbl 0ap HYKCaHIbI OHIp YIIiH eKi (a3ajblK Kepi
credan MacesIeHIH HaKThI LIeliMepiH Taby OOobI TaObLIaabL.

Temenzme ockl Macenenepai kayan Kajaranay YHbIMIACThIpbUIaIbl. AHAIUTHKAIBIK wemiM Taly yiuiH 6i3 Heri3iHeH
C.H.Xapun >xymbicTapeiHAa ycbiHFaH omictepi ®aa [u bpyHo ¢opmymnaceiH uHTerpanael Karemikrep (yHIUsIIApBIHA
KOJITaHAMBI3. VIHTerpanapl KaTemikTep GYHKIUACH KOHE OHBIH XKaHA 9JIiICTEpiHiH KACHETTIpI A€ aHBIK KOPIiHTEH.

Credan maceneci HaKThI WIEMIM YIIH Kypaeni 0osbin Ta0butaasl. COHABIKTaH, 013 miamameH miemimin Taby yurid, X

xoHe [ apKpUTBI MHTErpaan anbiHFan auddepeHInanIpiK TeHIeyIepre TeMIepaTypatbiK TPOMUIbICp TaFaibHAaMbI3. By
mramameH mentiMid taly ymin C.H. XapuHHBIH yCBIHFaH oIicTepiH KOJNaHa OTHIPHII, HHTETPAIIABI XKBUTYJIBIK TeHe-TeHAIK 9J[iCiH
KOJIIBIH/IBIK.

IHocmynuna 17.06.2016 e.
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