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SHORT- AND LONG- TERM APPROACH COLLISION
PROBABILITY OF THE OBJECTS IN SPACE DEBRIS CLOUD

Abstract. The main area of investigation is about self-production of the debris in orbit. This production is
mainly done by mutual collisions between the orbital debris. The presented analysis on space debris cloud evolution
and mutual collisions between the objects of the cloud have been based on the Gaussian distribution using position
covariance ellipsoids and the available data. The collision probability was then compared with the breakup energy
experimental results which can produce more and smaller objects. The probability density function (pdf), which
describes the uncertainties of the two objects positions was used to determine the probability that they are within a
specified volume. Then after the relative position of an object in space relative to another has been calculated their
relative positions uncertainty pdf has been obtained. These procedures have lead to be able to integrate over volume
part of the region where one object approaches another.

Key words: Space debris, collision probability, covariance ellipsoids, Gauss pdfs.

The idea behind this paper is in understanding of the consequences and aftermath of the collisions,
explosions or breakups of artificial Earth satellites in space. In order to understand the behavior of the
objects at the instant of the collision we must approach this problem gradually in stages.

This paper introduces the stage of the probability of collision between two objects orbiting in space.
Generally this kind of collisions has three natures of outcome. First, the kinetic energy of particles (the
debris of the satellite-satellite collision, satellite-meteorite collision, etc.) is still quite high, to transfer the
energy within its reach region. To compute the probability of this event, it is necessary to formulate the
problem within the framework of probability theory. The probability density function (pdf) describes the
uncertainties of the positions of the two objects, this can give us the ability to determine the probability
that they are within a specified region.

Suppose that the RV (random variables) associated with these pdf are independent (or uncorrelated),
these pdf can be taken into product to obtain the joint pdf. We can then integrate over the product space of
RVs that corresponds to the specified volume of interest. Even for simple pdfs, this approach is rather
involved.

Another approach was to consider the relative position of one object with respect to the other and
obtain the pdf describing the uncertainty of their relative positions. Then we integrate over the region of
the space swept by the interested volume when an object moves towards another.

In this paper the presented analysis on space debris cloud mutual collisions probability are concerned
with close encounters between two or more orbiting objects. They are based on Gaussian distribution
because the primary object and secondary object can be tracked and their positions determined to within
the errors associated with the corresponding position covariance ellipsoids. The collisions probability is
then computed using this information.

1. Short-term encounters
The probability of collision for most short-term space objects encounters may be expressed

-V —u

P= 67(1 —67). Where the dimensionless variables u and v defined in terms of the mean standard
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deviation(2, the companion standard deviation QQ*, miss distance X, and the radius r, of collision cross-

section integration by
2 2
r X
u=|-4| >0v=|-%| >0,
log log

2 r2
* o X
Where, 0° =0 o ando’ =0’ 1+ ( Z] -1 (#@J

When non-essential singularity at x), =0 and z), =0 isv = +

2. Long-term encounters

. . . . . . 1
Relative motion for in-plane motion and no drift x .=C+ A4sint; y = EA cosz and z =0 ,

where 7 = @t + ¢ . The secondary object moves in an ellipse relative to the primary in the orbital plane of

the primary with semi-major axis A and semi-minor axis A/2. The volume of integration for determining
the collision probability is approximated by a circular torus using the Method of Equivalent Areas. R is
the radius of the center of the cross-section from the axis of symmetry of the torus and let r be the radius
of the cross-section.

It is seen that when ¢ < 60°, the largest side of the triangle is L; and when ¢ > 60°, the largest side of
the triangle is S. When ¢ = 60°, all the three sides are equal. The extent M of the encounter region is
defined to be the largest side accordingly.

For a LEO, when ¢ = 2° and S = 85 km for 15 digit accuracy, we use equations (6), (12) and (10) to
obtain L = 2,435.2 km and D = 403.3 km. Thus, the deflection angle o = 9.4° and the time T to traverse L
is 324.7 sec = 5.4 min = 5% of orbital period. This is an exceedingly large deflection angle and the transit
time is too long. Consequently, the straight line approximation is invalid. Even if we relax the requirement
to 2 digit accuracy by choosing the ingress separation S = 30 km, then L = 859.5 km, D = 51.5 km the
deflection angle oo = 3.4° and T = 114.6 sec = 1.9 min = 2% of orbital period. This is probably on the
verge for the straight line approximation to be valid.

For a GEO, when ¢ = 2° and S = 255 km for 15 digit accuracy, we obtain L = 7,305.6 km and D =
628.2 km. Thus, the deflection angle o = 4.9° and the time T to traverse L is 2,356.6 sec = 39 min = 3% of
orbital period. Again, these figures are a little too much for the straight line approximation to be valid.
Even if we relax the requirement to 2 digit accuracy by choosing the ingress separation S = 90 km, then L
= 2,578.4 km, D = 78.8 km the deflection angle oo = 1.8 ° and T = 831.7 sec = 13.9 min = 1% of orbital
period. The straight line approximation is acceptable in this case.

; L e
J.f3 (X’ Y’Z)dyz C > o o

216,6,4/1-p,,’

By integrating the general three-dimensional pdf with respect to the variable y from —o to +00, we
have obtained the general marginal two-dimensional pdf. This approach is along the lines of reasoning
given by Papoulis [1] who considered the case of integrating a general two-dimensional bivariate
Gaussian pdf over the same range to obtain a one-dimensional marginal pdf.
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Table 1 - The calculation of preemptive maneuvers

INPUTS ARE IN BOLD NUMBERS

Minimum Distance M between Primary and Secondary (km)

0.106066017

Distance H between Parallel Planes (km) 0.1
Distance L of Primary from Point Q when Secondary is at Q (km) 0.05
Semi-Major Axis Ap of Primary (km) 7070.068481
Primary Arrival Time Tp at Point Q (sec) 0.02
Secondary Arrival Time Ts at Point Q (sec) 0.013333333
Initial Time TO (sec) 0
SigmaXPrime 5.099
SigmaZPrime 0.707
Angle Theta (deg) 70.52877937
Combined Radius Ra 0.01
Desired Probability of Collision PPrime 1.00E-06
Days before Maneuver (units of days) 1.00E+00
Gamma 1
OUTPUTS ARE IN REGULAR NUMBERS

Delta Ap (m) 17.26519046
Delta Intrack Velocity (m/sec) -0.027504014

Sigma (km) 1.898681911
SigmaStar (km) 0.748987321
New Minimum Distance M' between Primary and Secondary (km) 1.717679992
Hprime (km) 0.08273481

RhoPrime (dimensionless) 48.52693689
Mean Motion Np of Primary (Radians/sec) 0.001062022
Quantity T 0.007265434
Tau (km) 0.000363272
A (km”2) -0.001250132
B (km"3) -4.40893E-07
C (km™4) 3.87872E-07
DeltaAp1 (km) -0.017970545
DeltaAp2 (km) 0.01726519

Here the results which compute the preemptive maneuvers under the assumption that DeltaAp is not
necessarily negligible compared to distance H between the parallel planes.

Gaussian Probability Density Function

The model computes the Gaussian probability density function.

INPUTS

X1 -20

X2 20

Sigma 4.47213
595
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Gaussian pdf withpu=4,0=2
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Two Gaussian pdfs

Gaussian pdf for X withp=4,0=2
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Gaussian pdf of (Y + X) withp=2,0=
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Conclusion

The study has shown that when assuming the probability of the collision between the objects and
their differences in results obtained between long-term encounter modeling and short-term encounter
modeling. It can be seen that the maximum probability of collision is when the amplitude A is about 1.4
times of the combined standard deviation.

The condition at which for LEO is the straight path of the relative motion over a distance of 85 km
(or 30 km) where the deflection angle is less than 0.18 degrees (or 0.06 deg.). To satisfy the condition for
the short-term encounters the relative velocities are of the order of several kilometers per second, the time
spend in the encounter region is only a fraction of a second or at most a few seconds. On contrarily, the
time spent for long-term encounters can take more than one orbital period and can take days. The
parameters must be taken into consideration to obtain a maximum collision probability.

The project has been done in accordance to Ne 0003-1/IT11d-15 The study of optical and dynamic
characteristics of space debris fragments in the geostationary orbit.
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FAPBIIITBHIK KOKbIC BYJITBIHJAFbl OFbEKTTEP/IH,
COKTBIFBICY BIKTUMAJIbLIbIFbIH AHBIKTAY /bl BOJIZKAYFA APHAJIFAH
KbICKA JKOHE Y3AK MEP3IM/II 9/IIC

Annoranus. Herisri 3eprrey ascel — opOMTamarbl CBHIHBIKTApIBIH ©3[ITiHEH maima Oomysl. Bym skarmait
HEeTi31HeH OpOUTAN/IbI CHIHBIKTAP/IbIH ©3apa COKTBHIFBICYbIHAH 00aabl. FaphIThIK KOKIC OYITTapbIHBIH YBOIOLHUSI-
ChIHA KOHE 63apa COKTBIFBICKAH OOBEKTTep OYITTapbiHa OEpiireH Tajiay YCTaHBIMIbI KOBapPHUSUIBIK IUIUIICOMI-
Tappl KOHE Koiiga Oap MomiMeTTep/l mHaiaanaHa oTwIpbin ['aycc TapanybiHa Heri3geireH. COCBHIH COKTBIFBICY
BIKTUMAJIJIBUIBIFBIH YCaK OOBEKTTEP/IIH Maiaa 00yblHa SKEINill COFaThIH SHEPTUSHBIH bIIbIpaybl OOWBIHILA 3KCIIEPH-
MEHTAJIJIbI HOTHIKEIIEPIMEH CaJIbICTRIPbUIIBI. EKi 00BEKTTEp/iH MO3UIUACHIHBIH OCNTICI3IriH CUNIATTAUTBIH THIFbI3-
JBIKTBIH BIKTUMAIIBUTBIK QyHKIusICH (pdf) omapiasiH OepiireH keneMie eKCHIITIHIH BIKTUMAIIBUIBIFBEIH CUIIATTAY
YIIiH KOMIaHbUIEL. KeHICTIKTeri 0OBEKTTIH CAlBICTBIPMAIIBIK OPHBI 0aCKa OOBEKT OPHBIMEH CalIbICTHIPMAJIbI €Cell-
TEJIT€H COH OJIap/bIH CAIBICTHIPMAIIBIK OPBIH KaTewiri ansiHabl. by pacimaep Oip 00beKTTiH O6acKachlHa KaKbIHAAY
alfMarbsIHBIH Oip OIIiriH KesieM OOMBIHINA HHTETpaliayFa MYMKIHIIK Oep/Ii.

Tipek ce31ep: FapbIITHIK KOKbIC, COKTBHIFBICY BIKTUMAIIBUIBIFBL, KOBApUALMSIIBIK JIUIHIICOMATap, aycc
Tapanyaapsl.
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KOPOTKO- BPEMEHOM U JOJTOBPEMEHHOM IMOAXO/I 1JIsI MPOTHO3A OIPEJIEJIEHUSA
BEPOATHOCTHU CTOJKHOBEHUA OFBEKTOB B OBJIAKE KOCMHUYECKOI'O MYCOPA

AnHoTanusi. OCHOBHas 0OJacTb UCCIENOBAaHHS - CAMOIPOU3BOACTBO OOJIOMKOB Ha opOuTe. DTO IMpoU3-
BOJICTBO, B OCHOBHOM, OCYHICCTBJIACTCA ITYTEM B3aMHBIX CTOJIKHOBEHUM MCKIY Op6l/ITaJ'le]>lMI/I 06J'IOMKaMI/l. Hpe)l—
CTaBJICHHBII aHAJIM3 SBOJIONMU O00JAKOB KOCMHYECKOTO MYyCOpa W B3aMMHBIX CTOJIKHOBEHHH MEXTy OOBEKTaMH
o0Jaka ObIT OCHOBAaH Ha pacnpelielieHny ['aycca ¢ Ncronb30BaHieM NO3UIIMOHHBIX KOBApPHUAMOHHBIX 3JUIAIICOHM OB
U UMEIOLIMXCS JaHHBIX. 3aTeM BEpPOSTHOCTH CTOJIKHOBEHHS CPaBHUBAIM C SKCIICPUMEHTAIBHBIMHU PE3yJIbTaTaMH MO
SHEPTHM pa3pblBa, KOTOPHIE MOTYT IIPUBOJWUTH K TOSIBICHHIO Bce Oonee M Oonee MenKuX 00BEKTOB. DyHKIMSA
IUTIOTHOCTH BeposTHOCTH (pdf), KOTOpast OIMUCHIBAET HEONPEICIIEHHOCTH MO3HUINN IBYX 00BEKTOB, HCIOIH30BAJIACH
JUISL ONPENICNICHNs] BEPOSTHOCTH TOTO, YTO OHM HAaXOAATCS B 3aJaHHOM oObeMe. 3areM, Iocie TOrO0 KaKk OTHOCH-
TENbHOE IOJIOKEHHE O0BEKTa B IPOCTPAHCTBE OTHOCHUTENIBHO APYroro OBUIO pacCUMTaHO, ObLIA NOJTydYeHA HX
OTHOCHTENbHAsI TIOTPELIHOCTh MOJIOKEHNH. DTH MPONEAyphl MO3BOIMIA HHTETPHPOBATH 110 00bEMY 4acTh PErHOHa,
TZie OMH O0BEKT MPHUOIMKACTCS K IPYTOMY.

KaroueBble ciioBa: KOCMHUECKHH MYCOp, BEPOSTHOCTh CTOJIKHOBEHUsSI, KOBapUALIMOHHBIE DIUIUIICOMIBI, Pac-
npenenenus ['aycca.
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