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ABOUT ONE METHOD OF THE SOLUTION OF THE RETURN TASK
OF CAUCHY FOR THE STORM LIOUVILLE EQUATION

S. T. Ahmetova, A. B. Imanbaeva, A. Sh. Shaldanbaev

M. Auezov South-Kazakhstan State University, Shymkent, Kazakhstan.
E-mail: shaldanbaev51@mail.ru

Keywords: self-conjugacy, quite continuity, Cauchy's task, operator Shturma-Liuvillya.
Abstract. We will consider the operator equation in Hilbert space

Au=f, (1.1)
where - quite continuous operator, and and space elements. If the operator one-to-one displays spaces on the area of

value, there is a return operator displaying sets in spaces who is the unlimited operator. In this case the equation (1.1)
has the only decision for any right part from which has an appearance
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u=A"1f, 1.2)
but unfortunately, because of limitlessness of the return operator, this decision isn't steady, that is small deviations of
the right part from true value can lead to big deviations from the required true decision. In practice, as a rule, the
right part known it is only approximate therefore there is a problem of search of steady algorithm of the solution of
the equation (1.1). For the first time such Tikhonov A.N. started considering tasks. [1], it appeared that many
problems of geophysics, seismic exploration belong to this class of tasks. The bright representative of this class of
tasks is the return task of Cauchy for the Storm Liouville equation. We will consider a task in space I Mow for the
Storm Liouville equation

Ly =y"(x) = f(x),x € (0,1)
y(0) =y'(0) = 0. (1.3)
the decision which has an appearance
y(x) = [ (x = Df (©)dt. (1.4)

The essence of the return task of Cauchy consists in finding of the right part according to the known decision,
that is is reduced to the solution of the integrated equation of the first sort

Jo (x = Of ©dt =y(x). (1.5)

VIIK 517.91

OB OJTHOM METO/IE PEIIEHUSI OBPATHOM 3AJIAUM KOIIH
JUISI YPABHEHMS IITYPMA-JIAYBUJLIIS

C.T. AxmetoBa, A. b. Uman6aeBa, A. I1I. lllangan6aes
IOxH0-KazaxcraHCckuil rocyJapCcTBEHHBIN yHIBEepcuTeT nM. M. Ayesosa, IlIsiMkenT, Kazaxcran

KiroueBble c10Ba: caMOCONPSKEHOCTD, BIIOJHE HENPEpPhIBHOCTH, 3amada Komm, omepatop Lltypma-Jlnmy-
BHJIISL.
AnHoTanus. B Hacrosiei pabore perieHa ogHa oOpaTHas 3agada s oneparopa IItypma-JInysusmis.

1. BBenenue.
PaccmoTpum B riitb0epTOBOM IIpOCTpaHCTBe H omepaTopHOE ypaBHEHHE

Au=f, (1.1)

rine A — BIIOJIHE HEMPEPBIBHEIH omeparop, a f 1 u aneMeHTsl npoctpanctBa H. Ecim onepatop A B3auMHO
OJIHO3HAYHO OTOOpakaeT mpoctpancTBa H Ha cBO 00aacTh 3HaueHus R(A) € H, To cymiecTByeT 00-
parHblii onepatop A~1, oTobpaxkaromuii MHoxkecTBa R(A) B mpocTpaHcTBa H, KOTOpHIi ABISETCS HEOrpa-
HUYEHHBIM omepaTopoM. B aToM cimydae ypaBHeHue (1.1) mMeeT emMHCTBEHHOE peIIeHre U IS JI000i
npasoii yactu f u3 R(A), KOTOPbIi UMEET BUJT

u=A"1f, (1.2)
HO K COAJICHHUIO, U3-32 HEOTPAHUIEHHOCTH 0OpaTHOro onepatopa A1, 910 pelenue He yCTOHYMBO, TO
€CTh Majible OTKJIOHEHHUS NMPaBOM 4acTH OT UCTHMHHOTO 3HAY€HHUS MOTYT NMPHUBECTH K OOJBIIUM OTKJIO-
HEHMSIM OT UCKOMOT'O HCTHHHOTO peuleHus. Ha mpakTuke, Kak npaBuiio, paBas 4acTh ObIBae€T U3BECTHOM
JHIIb MPUONIMKEHHO, TO3TOMY BO3HHMKAET MpoOJieMa MOUCKA YCTOMYMBOIO aJIrOpUTMA PEIEHHs ypaB-
Henus (1.1). BrepBrle 3amaun Takoro poja Havan paccmaTpuBaTh TuxonoB A.H. [1], okazamocs, uTto
MHOTHE 3aJaud TeO(QH3MKH, CeiiCMOpa3BEeAKH OTHOCATCS HMEHHO K J3TOMY Kiaccy 3afad. Spkum
IpeAcTaBUTEIEM 3TOro Kiacca 3afad sBisiercss oOparHas 3amadya Komm anst ypaBHenus Lltypma-
JInyBuis. Pacemorpum B ipoctpanctse L2(0,1) 3amauy Komy mis ypaBuenus Ltypma-JInyBuiis

Ly =y"(x) = f(x),x € (0,1)
y(0) =y'(0) = 0. (1.3)
pellieHue, KOTOPOTO UMEET BHJL
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y() = [F(x = Of (D)dt. (1.4)

CyTtb oOpartHoii 3anaun Koy cocTOMT B HAXOXKJICHUW MPABOW YacTH f MO M3BECTHOMY PEIICHUIO
y(x), TO €CTh CBOAUTCS K PEIICHHIO HHTETPAIHLHOTO YPABHEHHUS [IEPBOTO POjIa

Jy e = Of ®©dt =y (x). (1.5)

2. Metoas!l uccjenoBanun. B 5ToM paszzene Mbl JOKaKeM JBE JEMMBI, KOTOPbIE MOTYT UMETh U
CaMOCTOSITeNTbHOE 3HAUYEeHUE W OHU TOJICKa3aHbl HaM TeopeMoil DpBuHa llIMuara, 0 pa3noxxeHuu Mpous-
BOJIFHOT'O KOMITAKTHOTO OIlepaTopa B PsII IO COOCTBEHHBIM (DYHKITHSIM «MOIYJISD» orrepaTopa [2].

Jlemma 2.1. Ecni A BOIBTEppOBBIN oriepaTop, S- YHUTapHBIH OlepaTop U UMEIOT MECTO PaBEHCTBA

SA = A*S,S = S*, N(A) = {0}, 2.1
TO OIIEepPaTOPHOE YpaBHEHUE
du=f 22)
HUMCECT B IIPOCTPAHCTBE H CANHCTBCHHOC PCHICHUC BU A
0 ( 'S n)
u =2 5 gy, 23)

rae A,- coOCTBeHHOE 3HaueHHE onepaTopa SA, a ¢,- COOCTBEHHBIE BEKTOPBI 3TOTO OIEepaTopa.

JoxazarenbcTBo. [To ycrnoBuio eMMbl onepaTop A KOMIAKTHBIH, a B cuily ycioBuid SA = A*S,
S = §* omeparop SA- camocomnpsKeHHbIH W KoMmakTHbIA. [lo Teopeme [MmmsOepra-llImuara [3] mis
J000T0 BEKTOpa U MPOCTpaHCTBA H MMeeT MecTo pa3ioKeHHe

SAu = Z(SAu, On) O + 9o,

n=1

rae ¢ € N(SA). B namewm ciyuae N(SA) = {0}, mosromy

0

SAu = 2 (SAu' (pn) Pn = An (u, q)n)(pn: = (SAu' (pn) = An(u' (pn) ’ (u, q)n) =
n=1 n=1
Ecmm (u,¢,) =0, To SAu =0, = u =0, ciemoBareabHO, cUCTeMA {@,} SBISETCS IOJHON
OpTOroHaIbHOM cucTteMou. [lonaras ee OpTOHOPMUPOBaHHOM, UMEEM

(SAu, @n)
Ay

(SAu, ¢n) (Sf. o) (f, Son)
u= Z(u,fpn)gon = Z A—Gl’n = z T‘Pn = Z T‘Pn-
n=1 n=1 n n=1 n n=1 n
Jlemma 2.2. (a) Eciim A BOJBTEppOBBIA oOIepaTop, S- YHHUTApHBIA oOIlepaTop, INCHCTBYIOIIHE B
THJIE0EPTOBOM MPOCTpaHCTBE H 1 yIOBIETBOPSIOLINE YCIOBUIO
SA=A*S,S=S",N(A) ={0}, 2.1
TO ONEPATOPHOE ypaBHEHHE
(SA—-ix)u, = Sf (2.4)
JUTSL TFOOOTO BEIIECTBEHHOIO YKCia &, OTIUYHOTO OT HYyJIs, M MpaBoii yacT f € H uMeeT eJIMHCTBCHHOE
peleHue BuIa

Uy = o (f.Sen) (2.5)

T 4n=1 ) tia TV
rae SAp, = l,op,n =172, ...
(6) nust moGoro snementa f € R(A) MMeer MeCTo OlleHKa
lAug — fll < lal - llull, f = Ay, (2.6)

KOTOpasi IOKa3bIBACT CKOPOCTh MPHOIMIKEHNUS d1eMenTa AU, K f pu a = 0;

(B) ecu f € R(A) u a — 0, T0 BenmumHa ||u, — u|| crpemMuTes K HyIiO.

HoxazaTenbcTBo. a) OnepaTtop SA BIOTHE HEMIPEPHIBEH M CAMOCOTIPSDKEH, MTO3TOMY BCE €ro COOCT-
BEHHBIC 3HAaucHUs BemiecTBeHHbI. [lo ampTepHaTiBe ®pearonpma Jr000e KOMILIEKCHOE YHCIIO SBISICTCS
160 COOCTBEHHBIM 3HAUCHHEM BIIOJIHE HEMPEPHIBHOTO OMEpaTopa, W00 MPUHAIICKHUT K PE30JIbBEHT-
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HOMY MHOJKECTBY, CTaNO OBITh, orepatop SA — ial orpaHmdeHHO OOpaTHM TpU JIOOOM BEIIECTBEHHOM
sHaveHnit a # 0. CiaenoBareabHO, ypaBHCHHE
(SA —iaDu, = Sf
paspemmmo Tpy Ir000M BelecTBeHHOM @ # 0, T.e. uMeeT Mecto popmyna: u, = (SA — ial)1Sf.
Haitnem ®@ypbe npencTaBieHUe 3TOr0 pelieHusl.

= Z(ua' Pr)Pn = Z((SA - ia])_lsf: Pn)Pn = Z(va (SA+ ia)_1¢n)§0n =
n=1 n=1 n=1

 Sfe)on O (f, SPn)on

A, +ia A, +ia
n=1 n=1
OueHuM HOPMY U, B MPOCTpaHCTBE H.
|(Sf, o) 2 |If||2

llugll? = —Zw Sp)|? « @0
n=1

0) U3 yciosust f € R(A) cnemyer, 4To CyIIECTBYET TaKOH 3JIEMEHT U mpocTpancTBa H, uro f = Au.
Oneparop A orpanuveH u A, = 1,S@,, 1o3TOMY

A+

Au Z(Sf (p") (f Spn) ]
* A +ia Agn = A, + i Pn
n=1 n=1
© 2
(f,Son)
”AUa - fllz = —/1 n ina’ An — Z(f,S(pn)S(pn = |(f S(Pn)|2
n=1 "
Sp,)|? = | (Aw, S S |(SAW, @)1
z > I(f So)I? < a M a2 - M«QZ'EK 2gl)n)l
A n=1 An =1 A A
u, SA 2
L a |(/1—2<Pn)| a? - ||u||2;
n=1 n

B) OueHum HOpMmy ||u, — u|| B mpocTpanctse H.

b 2

2

i (ﬂn -1|- ia %) (f, Sen)on
1

litg =l = = )
n= n=
Z SISl = [CURDI S ol (CT YD) ey
pHo & LBOE+a) " LEGE+ D
e} +o -
ol _ N lel | R wedle '( WG ol” | - 2l
22 + a2 A5+ a? Ay + a? o
=1 n=1 N+1 n=0

U3 ycnoBust f € R(A) cnenyer cXOOUMOCTh psiga Yn—q|(w, (,on)l2 < 400, TOATOMY IS JTFOOOTO
2

€ > 0 cymectByer Takoit Homep N(&), uto Yu,1|(w, @p)|? < % IIpu dukcuposannom N (&) Haiigem
guciao 6(g) > 0, takoe, uro s Beex 0 K a < §(&) uMeeT MecTo

N
N )P 2
A2 +az 2

=

HepaseHcTBO. ClietoBaresbHO, s jrodoro € > 0 cymecrByer §(g) > 0, Takoe, uto s Beex 0 < a < §(¢€)
HUMEET MECTO HEPaBEHCTRBO ||u, — u|| < &, uto u TpeboBanoCh 10Ka3aTh.
3aMeTHM, YTO €CIIM U SABISIETCS SIIEMEHTOM (YHKIMOHAIBLHOTO TIPOCTPAHCTBA, HHAYE TOBOPSI, HYHK-
1HeH, To OLICTPOTA CXOAMMOCTH K HyJII0 BETUYUHEL Y x4 1| (U, ¢,,)|? 3aBucut ot rmaaxoctu Gpysxmm u(x).
3. Pe3yabTaThl HCCIEI0BAHMIA.
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Teopema 3.1. (a) Ecmu f(x) € W£(0,1), To HHTerpanbHOE ypaBHEHHE
Au(x) = [) (x = Du(t)dt = f(x) (3.1)

HUMECT CAMHCTBCHHOC PEIICHUEC BU A

o0 ( 'S n)
u(x) = y2, L 22 (3.2)

rae Son(x) = (1 — x), SA@y = A,@n;
(6) nas moboro f(x) € W£(0,1) umeer MecTo olieHKa
lAug — fll < lal - llull, f = Au,
rae U, (x) sSBIsSeTcs peleHreM ypaBHEHHS
(SA —ia)u, = Sf, @ — BelecTBEHHAS BEINYNHA;
(8) ecm f(x) € W2(0,1), o limg_,qllu, — ull = 0.
Joka3zareascrBo. Eciiu Au = 0, T0 fox (x — t)u(t)dt = 0, rorna u3z teopemnl Jlebera [3] cnenyer,

uto u(x) = 0 nouru Beroay B (0,1), cienoparensHo, 06paTHBIi onepatop A~ cymecTsyerT;

SInpo unTerpansHoro oneparopa (3.1) umeer Bug A(x, t) = (x —t) - 6(x — t), MO3TOMY OrpaHHUYEH
U npuHaIIEXKUT knaccy [unsbepra-IlImuara. CnegoBaTensHo, onepatop A BIoJHE HeNpepbiBeH. Boib-
TEpPPOBOCTh orneparopa A ABISAETCS CIEACTBHEM TEOPEMBI €AMHCTBEHHOCTH pemleHns 3anaud Komm s
ypaBHenus LlItypma-JInyBumis. IIpoBepka BINMOIHEHUS YCIOBUM JieMM 2.1, 2.2 He cocTaBiseT Tpyaa.

4. BpiBoabl. Pe3ynbraThl NaHHON pabOThI MOTYT OBITh HCIIONB30BaHBI B CHEKTPAIBHOH TEOpPHH
oneparopos [4-15].
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