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PERTURBED ORBIT OF A CIRCULAR TYPE
FOR THE HILL SECOND TASK

Annotation. It is know that the Hill second intermediate orbit has found application in the theory of satellites
motion [1, p.3]. Small parameter method has not yet been used in studies of the Hill second intermediate orbit.

This method in the [2, p.30] is given the following characteristics: “Method for constructing periodic solutions
of nonlinear systems proposed by Henri Poincare has two features that should be borne in mind in practical use:

1. Procedure is effective only in the construction of periodic solutions of weakly nonlinear systems, as p-little.

2. The construction of each of the following approximation becomes harder than that of the first”. Of course, it
is generally true.

This article shows that in solving nonlinear differential equations of the perturbed Hill circular problem,
paragraph 2 becomes untenable. The reason is that the solutions of the second approximation have numerical
coefficients, which have small order, which sharply reduces the amount of computation.

There is an opinion that the Poincare small parameter method does not characterize the evolution and oscillation
of the perturbed orbits. This view was also wrong.

Key words: the Hill second task, perturbed orbit of a circular type, Poincare small parameter method, the
angular frequency, free nonlinear salutation, oscillation, evolution.

Let us consider the plane perturbed Hill circular problem [1, c. 61]:

d*x x 3 d?y y 3
— tU—=VX, — U=V, (1)
> >
where v — small parameter, r?=x?+ y2 =const .
We introduce the notation in (1)
k2= where p—const, r3 —const. )

=5,
r
and apply the Poincaré small parameter method. To reduce the volume of the article, we will take the
following steps:

1. The sequence of introducing series in degrees of small parameter with accuracy O(vz) including
and obtaining the corresponding systems of differential equations (1) will be performed according to the
recommendations of M.I. Bat and others [3, p. 379].

In the problem there are two circular frequencies: k% - the circular frequency of the unperturbed

motion; p2 =k + oyv+ oczv2 - the circular frequency of the perturbed motion, where o,; and a, - the

parameters determined from the condition for discarding resonant terms in particular solutions of systems
of differential equations (1).
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2. Everything related to the integration of linear homogeneous and linear inhomogeneous second-
order differential equations with constant coefficients will be fulfilled in accordance with the well-known
general theory (see textbooks on differential equations).

Completing p.1, we have a system of second-order differential equations with constant coefficients,

the solutions of which with an accuracy O(vz) inclusive, will be given by segments of series in powers of
small parameter:

X=Xy +vx +v2x2 +0(v),

5 3 3
y=yo+wi vy, +00v).
Thus, we have a system of differential equations corresponding to the first equation in (1):
Ko+ pE) =0,
X+ pix = oyxg +x3, “4)
X, +p2x2 =0 X; + 0y X +3x§x1,
and corresponding to the second equation of (1):
o+ 3y =0,
B+ i =g + o, (%)
o+ iy = oqyy +anyg + 3y
We integrate (4) and (5) under the following initial conditions:
t=0, x,(0)=a, x,(0)=0, x,(0)=0, x;,(0)=0, x,(0)= 0,} ©
¥0(0) =0, »(0)=ap, y,(0)=0, »(0)=0, y,(0)=0.

In accordance with p.1 and p.2, for the first equations from (4) and (5), taking into account (6), we
have the zero approximation
Xy =acospt, y,=asinpt, 7
where a — the radius of the unperturbed circular orbit, which corresponds to v = 0.
The solution of the second equations from (4) and (5) with regard for (6) has the form:

3

X = 3 5 |- (cos pt —cos3pt),
32p

(®)

3a° . .
V= -(sin3 pt —sin pt),
1 (32sz

Here it is taken into account that

Xg=acospt, xo=a Zcospt+zcos3pt ,

. 3 3 3. |
Yo=asinpt, yy=a Zsmpt—zsm.’apt ,

and that the non-resonance condition of the first approximation gives:

— 70 —
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OLl = _%az

The solution of the third equations from (4) and (5) under the initial conditions (6) has the form:

5

X, = cos S pt —cos pt),
* = 3072, (cos5p pi)
5 ©)
_ Ja (Esin t—sin3 t+lsin5 tj
Y2 5127 6 p p 6 bt
Here it is taken into account that
2 . 2 3613 . .
3yyy, =3(asinpt)” - 5 |- (sin3pt —sin pt),
32p
2 ) [ 3a
3xyx; =3(acos pt)” - 5 |- (cos pt —cos3pt),
32p
and that the non-resonance condition of the second approximation gives
9 4*
a1=a2x=1—._2’ (10)
8 p
-27 a'
az :aZy =—128 .?’ (11)

Here it affects x,(0)=a, 1,(0)=0.
Recalling that
2 _ g2 2
pr=k"tov+a,v

we have for the third equation in (4)

and accordingly for the third equation in (5)

4
p2=k2+v(ia2j—v2 27 4 ,
4 128 p?

Notably they have the same order of smallness O(Vz) , Since v is sufficiently small, we have
0(v?) ~ 0(3v?).

Now we substitute in (3) x,y, from(7), x; and y; from (8), x, and y, from (9) and find

3 5

X=acospt+v 3 -(cospt—cos3pt)+v2 L
32p? 3072 p?

j -(cos5 pt —cos pt),
(12)

3

) 3a . . 2 94°
y=asin pt+v 5 |-(sin3pt —sin pt) +v
32p

512p2

13 . . 1.
. Zs1npt—sm3pt+gsm5pt .




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

r=qlx?+y? (13)

It is possible to obtain the radius of the perturbed circular orbit

According to the formula

2
p=asl+v 3 5 -(l+20052pt—20054th +0(v3). (14)
64p 2 2
Att=0, p=a, then we find p™" and p™® . For this we calculate p and equate it to zero
3psin2pt—8psindpt=0. (15)

Let us find the critical points. Before we make a replacement
2pt=1,4pt=21,
then (15) will have the form
3sint—8sin2t=0 (16)
or taking into account
sin2t=2sinTcost (17)
We have (17) instead of (16)

sint;(3-16c0s1,)=0, 1, =0°, 1, =79,2°.

Now we need to check the critical points T, and 1, considering p —const

-1° 0° 50 70° 79.2°  {90,1°
0,017 |0 0,087 0,3420 | 0,1874 | —0,002
_ + + _

min max

The first critical point gives «miny»
1,=0,t,=0, p™ =a.

The second critical point gives «max»

0 0
T, = 7912 396 , that corresponds to ¢, =12 - 396 ;
5 5 2p \10p

2 2
PN =ail+v 3a 5 -(l+§cosrz—2005212j =aql+v az .
64p* ) \2 2 8p

Thus, p on the segment 0 <1 <1, runs through all values of segment

2

a
a<pZall+v|—||.
{ KSPZH

. . . e T
The maximum of the radius of the perturbed circular orbit in time corresponds to ?, :2—2, and

minimum - £, =0.

— 72 ——
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It is seen from (14) that the perturbed radius consists of the sum of the evolutionary part of the radius

3a° 3
a and oscillations with a very small amplitude v 64a 5 (E + ECOS 2pt—2cos4 ptj .
p

It may be affirmed, that the depicting point under the condition % + %cos 2pt—2cosdpt=0
intersects a circle of the radius a, then under condition
%+%c052pt —2cos4pt >0
The representing point will be outside the evolutionary circle, and at fulfillment of the conditions
%+%cos2pt —2cos4pt <0

will be inside this circle. Besides, the amplitude of deviations of the depicting point from the evolutionary
circle will be different at each moment of time, it varies continuously.

JUTEPATYPA

[1] IluzubGaes M.J. IlocTynaTenbHble OBIKCHHS NACCUBHO TPABUTHPYIOIIETO Tela B LEHTPAIHHOM U HELEHTPAJIHHOM
rosie Tarotenus.- Anmatel: PO BAK PK, 2001.- 128 c.

[2] Iwuaubaes M.JA., HaiteipbexkoB C.C., XKommacor C.A. Meron Bapwaliy HPOU3BOJBHBIX IOCTOSIHHBIX B TEOPHH
newkeHns UC3.— Palmarium Academic Publishing. Saarbriicken.— Deutschland.-2016, 113 c.

[3] bare M.U., Nxanenunze I'.1O., Kens3on A.C. Teoperuueckass MexaHuka B rpuMmepax 4 3aaavyax.- M.: Hayka, 1973.-
T.3.-488 c.

REFERENCES

[1] Shinibaev M.D. Postupatelnye dvigenij passivno gravitiruyoushego tela v centralnom i necentralnom pole taygotenia.-
Almaty: RIO VAK RK, 2001.— 128 s. (in Russ).

[2] Shinibaev M.D., Dairbekov S.S., Zholdasov S.A. Metod variacii proisvolnyh postojnnyh v teorii dvigeniy ISZ.-
Palmarium Academic Publishing. Saarbriicken.— Deutschland.-2016, 113 s. (in Russ).

[3] Bat M.L,, Dganelidze G.J., Kelson A.S. Teoreticheskaj mehanika v primerah I zadachah.- M.: Nauka, 1973.-T.3.- 488 s.
(in Russ).

O0X: 531.1+629.195

M.JI. IIbiubiéaes’, A.A. Bexos', B.H. Paxum:kanos', C.5. Mombinos',
A.K. Canibex’, C.C. I[anblpﬁelcosz, C.A. Konpacos’

'Y IITTBIK FapBIIITEIK 3ePTTEYNEp MEH TEXHOJOTHSUIAp OPTAIBIFB, AJMATHI K., Kazakcran;
Crip-Jlapus yauBepcurerti, JXKetricaii K., Kazakctan

XWJIJIbIH EKTHIII ECEBIHAEIT YABITKYJIBI INIEHGEP TUIITEC OPEUTAJIAP

AHHoOTAanMsA. XWIIBIH EKIHIII OpTaNbIK opouTtackl JKep cepiriHiH KO3FalbIC TCOPHUICHIHIA KOJIAHBLIBII )KAThIP
[1,6.3].

Ocbl KYHre AeiiH Kiimi napaMeTp ouici XWiabslH OpTalIbIK OpOUTACHIH 3epTTeyAe KojiaHbuIMaiapl. by omic
TypaJibl MbIHAHJIai KOPBITBIH/BI OepinreH [2, 6. 30].

OJICTi KOJJaHFaHIa TOMCHJIET] €Ki )KaHBITTHl YMBITIIAHIAP:

1. Omic Tek Killi mapaMeTpIiH 6Te MapIbIMChI3 OOJFaHBIHAA COTTI OOIAIBI.

2. Op Kemeci ecenTey Kagambl alIBIHFBICHIHAH Kypremi Oonanmbl. JKorapfbl KyBIKTaylapla >KYMBIC KeleMi
kebee Tyceni.

Byn wmakamama 2-mmi eckepTy Keiije OpBIHOAMaWTHIHBEI KepcerinreH. Cebebi ecemrey OapbIChIHIA oTe
MapIbIMChI3 CaHIIBIK K03 (HIUEeHTTep Makiaa 001anbl 1a ecenTey KelIeMiH KYPT KbICKapTazbl.

KoHe kemIIUIIKTIH Okl OOMbIHIIA OYJI OMICTIH YHBITKYJIbI OPOUTANIAP/IbIH YBOIIOLUICHIHA, OCHHSIUISIUACHIHA
eIIKaHJal KaThICKI )KOK. by ofifia KaTe OOJIBIN IIBIKTHI.

Tyiiin ce3mep: XuiublH ekiHI ecedi, YHBITKYIBI HMIeHOepiIik opouTa, [lyaHkapeHiH Kilni napaMeTplep aJici,
HIEHOEPJIIK KUK, CHI3BIKTHIK EMEC epKiH KO3FalbICTap, OCLUILISIHS, SBOJIIOLIHS.
73
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M.A. H_[I/muﬁaeBl, A.A.BeKOBl, B.H.PaXl/IM)KaHOBl, C.b. MOMLIHOBI,
A.K. Caxpibex?, C.C. Taunipéexor’, C.A. HKoagacos’

"Harmonanbubiit IEHTP KOCMUYECKUX UCCIIeIOBAaHUHN M TEXHOJOTHH, T'. AnmaThel, KazaxcraH;
2yHI/lBepCI/ITeT Coip-Hapus, r. Ixxetsicaii, Kazaxcran

BO3MYIIEHHAS OPBUTA KPYT'OBOI'O THUIIA
BO BTOPOU 3AJJAYE XHNJIJIA

AnHoTanusi. M3BecTHO, 4TO BTOpast MpoMexxyTouHasi opOuTa Xiuia Halula IPHIOKESHHUS] B TEOPUH JIBHXKECHHS
cnytHukoB 3emiu [1, c.3]. Meron manoro mapamerpa emie He OBUT MCIIONB30BaH IPH HCCIEAOBAHHH BTOPOU
MIPOMEXXYTOUHOM OpOUTEI XMilta. DToMy MeToxy B [2, ¢.30] maeTcs ciemyromas XxapaKTepHUCTHKA:

«Mertoa MOCTPOEHUsS] NEPUONUYECKUX PEIICHUN HEJIMHEHWHBIX aBTOHOMHBIX CHCTEM, NPEIOKEHHBIA AHpHU
ITyankape, o6mazsaeT AByMs OCOOEHHOCTSIMHU, KOTOPBIE HA/I0 UMETh B BUAY IIPU IIPAKTUIECKOM HCHOIb30BAHUU:

1. ITponietypa 3¢ hekTBHA TONBKO IMPH TOCTPOSHUH IIEPHOANICCKHUX PEIICHUH c1ab0HETHMHEHHBIX CHCTEM, TaK
Kak | — Majo.

2. IlocTpoeHne KaKAoro CIeXyIomero MpUOIMKEeHNSI CTAaHOBUTCS CiI0KHEe mepBoro. O0beM paboT ¢ KaKAbIM
NpUOJIMKEHUEM PACTET JJaBUHOOOPa3HOY.

KoneuHo, B 00111eM citydae 3TH NperynpekIeHNs] BEPHBL

B nanHOI craTtbe MOKa3aHO, YTO MPH PEUICHHH HEJIMHEHHBIX NTU(QepeHHanbHbIX ypaBHEHHH BO3MYILIEHHON
KPYTOBOH 3a1auyl X1ula MMyHKT 2 CTAHOBUTCS] HECOCTOSTEILHBIM.

[IprurHa COCTOMT B TOM, YTO B PEUICHHUSX BTOPOTrO MPUOJIMKEHHs HOSBISIOTCS YUCIOBBIE KO(P(PHUIMEHTHI,
KOTOpBIE HMEIOT MaJIblil OPSIIOK, YTO PE3KO COKpaliaeT 00beM BHIYMCICHUI.

BriTyer MHEHHE, 4TO MeTO Maoro napamerpa IlyaHkape HUKak He XapaKTepH3yeT HBOJIIOLHIO U OCHHIUISIIHIO
BO3MYIICHHBIX OpPOUT.

OTO MHEHHE TOXXE 0Ka3aJ10Ch HEBEPHBIM.

KnroueBble cioBa: BTOpas 3azada XwWwila, BO3MYyINEHHAas Kpyroeas opOWTa, METOA MaJoro napamerpa
ITyankape, Kpyrosast 4acToTa, CBOOOAHBIE HEIMHEHHBIE KOJIEOAHNsI, OCLMIIISLIUS, SBOJIFOLIHS.
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