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NAS RK is pleased to announce that News of NAS RK. Series of physico-mathematical 

scientific journal has been accepted for indexing in the Emerging Sources Citation Index, a new 
edition of Web of Science. Content in this index is under consideration by Clarivate Analytics to 
be accepted in the Science Citation Index Expanded, the Social Sciences Citation Index, and 
the Arts & Humanities Citation Index. The quality and depth of content Web of Science offers to 
researchers, authors, publishers, and institutions sets it apart from other research databases. 
The inclusion of News of NAS RK. Series of physico-mathematical in the Emerging Sources 
Citation Index demonstrates our dedication to providing the most relevant and influential content 
of physics and mathematics to our community. 

 
 
Қазақстан Республикасы Ұлттық ғылым академиясы "ҚР ҰҒА Хабарлары. Физика-

математика сериясы" ғылыми журналының Web of Science-тің жаңаланған нұсқасы Emerging 
Sources Citation Index-те индекстелуге қабылданғанын хабарлайды. Бұл индекстелу барысында 
Clarivate Analytics компаниясы журналды одан əрі the Science Citation Index Expanded, the Social 
Sciences Citation Index жəне the Arts & Humanities Citation Index-ке қабылдау мəселесін 
қарастыруда. Webof Science зерттеушілер, авторлар, баспашылар мен мекемелерге контент 
тереңдігі мен сапасын ұсынады. ҚР ҰҒА Хабарлары. Физика-математика сериясы  Emerging 
Sources Citation Index-ке енуі біздің қоғамдастық үшін ең өзекті жəне беделді физика-
математика бойынша контентке адалдығымызды білдіреді.   

 
 
НАН РК сообщает, что научный журнал «Известия НАН РК. Серия физико-математи-

ческая» был принят для индексирования в Emerging Sources Citation Index, обновленной версии 
Web of Science. Содержание в этом индексировании находится в стадии рассмотрения 
компанией Clarivate Analytics для дальнейшего принятия журнала в the Science Citation Index 
Expanded, the Social Sciences Citation Index и the Arts & Humanities Citation Index. Web of Science 
предлагает качество и глубину контента для исследователей, авторов, издателей и 
учреждений. Включение Известия НАН РК. Серия физико-математическая в Emerging Sources 
Citation Index демонстрирует нашу приверженность к наиболее актуальному и влиятельному 
контенту по физике и математике для нашего сообщества. 
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EMBEDDABILITY OF -DEGREES  INTO EQUIVALENCE  
RELATIONS IN THE ERSHOV HIERARCHY 

 
Abstract. The paper is devoted to the study of equivalence relations in the hierarchy of Ershov. An equivalence 

relation ܴ on ߱ is computably reducible to an equivalence relation ܵ if there exists a computable function ݂ሺݔሻ such 
that for any ݔand ݕ, the conditions ݕܴݔ and ݂ሺݔሻ݂ܵሺݕሻ are equivalent. In this paper we construct isomorphic 
embeddings of semilattices of ݉-degrees into partial orders of equivalence relations in the hierarchy of Ershov with 
respect to computable reducibility. 

Key words. Equivalence relations, computable reducibility, hierarchy of Ershov, computably enumerable sets, 
semilattice of computably enumerable ݉-degrees. 

 
A set ܣ is ݉-reducible toa set ܤ (denoted by ܣ   if there is a computable function ݂ such that (ܤ

for any ݔ ∈ ߱ the conditions ݔ ∈ ሻݔand ݂ሺ ܣ ∈  are equivalent. Such a function ݂ is called a reduction ܤ
function. A set ܣ is 1-reducible to a set ܤ (denoted by ܣ ଵ ܣ if (ܤ   and the corresponding ܤ
reduction function is injective. A formula ܣ ≡ ܣ means that ܤ  ܤ andܤ   The ݉-degree of a .ܣ
set ܣ is denoted by ݀ሺܣሻ, i.e. ݀ሺܣሻ ൌ ሼܤ: ܣ ≡  ሽ. We use the same notation  to denote a naturalܤ
ordering on the set of ݉-degrees: 

 
݀ሺܣሻ  ݀ሺܤሻ ⇋ ܣ   .ܤ

 
A partial order ܮ ൌ ሺሼ݀ሺܺሻ: ܺ is a recursively enumerable set and ܺ ് ∅,߱ሽ, ሻ is an upper 

semilattice and an ideal in the upper semilattice of all ݉-degrees. The supremum operation in ܮ  is 
induced by the join of sets: 

 
⊕ܣ ܤ ⇋ ሼ2ݔ: ݔ ∈ ሽܣ ∪ ሼ2ݔ  1: ݔ ∈  .ሽܤ

 
It is well-known that ܮ  contains the greatest and the least elements. For further definitions and 

preliminaries on ݉-reducibility, we refer the reader to the monographs [1, 2]. 
Definition ([6]). A set ܣ belongs to the class Σ

ିଵ in the hierarchy of Ershov if there are computable 
functions ݂ሺݔ, ,ݔሻ and ݄ሺݐ ,ݔ ሻ such that for anyݐ ݐ ∈ ߱, the following conditions hold: 

ሻݔሺܣ (1) ൌ lim௦ ݂ሺݔ, ,ݔሻ and ݂ሺݏ 0ሻ ൌ 0; 
(2) ݄ሺݔ, 0ሻ ൌ ݊	&	݄ሺݔ, ݐ  1ሻ  ݄ሺݔ,  ;ሻݐ
(3) ݂ሺݔ, ݐ  1ሻ ് ݂ሺݔ, ሻݐ ⇒ ݄ሺݔ, ݐ  1ሻ ൏ ݄ሺݔ,  .ሻݐ
If a pair of functions ݂ۦ, ݄ۧ satisfies the conditions above, then we say that ݂ۦ, ݄ۧ is a Σ

ିଵ-
approximation of the set ܣ. A set ܣ lies in the class П

ିଵ in the hierarchy of Ershov if the complement of 
belongs to the class Σ ܣ

ିଵ. A set from the class Σ
ିଵ (Π

ିଵ) is also called a Σ
ିଵ-set (Π

ିଵ-set). Σଵ
ିଵ-sets are 

known as computably enumerable sets. A detailed exposition of results on these sets can be found in [3, 4, 
5, 6]. 
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The classes Σ
ିଵ and П

ିଵ are closed downwards under ݉-reducibility. It is known [3] that each of the 
classes contains a universal set. Moreover, the partial orders ൫Σ

ିଵ,൯ and ሺΠ
ିଵ, ሻ are upper 

semilattices. 
Proposition 1. A set ܣ belongs to Σ

ିଵ if and only if there is a computable function ݄ሺݔ,  ሻ such thatݐ
for any ݔ, ݐ ∈ ߱, the following holds: 

ሻݔሺܣ (1) ൌ ሺlim௦ݐݏ݁ݎ ݄ሺݔ, ሻݏ , 2ሻ; 
(2) ݄ሺݔ, 0ሻ ൌ 0	&݄ሺݔ, ሻݐ  ݄ሺݔ, ݐ  1ሻ&	݄ሺݔ, ሻݐ  ݊. 
Proposition 2. A set ܣ belongs to Π

ିଵ if and only if there is a computable function ݄ሺݔ,  ሻ such thatݐ
for any ݔ, ݐ ∈ ߱, the following holds: 

ሻݔሺܣ (1) ൌ ሺlimୱݐݏ݁ݎ൫݃ݏ ݄ሺݔ, ሻݏ , 2ሻ൯; 
(2) ݄ሺݔ, 0ሻ ൌ 0	&݄ሺݔ, ሻݐ  ݄ሺݔ, ݐ  1ሻ&	݄ሺݔ, ሻݐ  ݊. 
We assume that all considered sets and equivalence relations are defined on the domain ߱. For a non-

zero ݊ ∈ ߱, Id is a computable equivalence relation which satisfies the following: ݔIdݕ if and only if ݔ 
and ݕ are equivalent modulo ݊. By Id we denote the identity equivalence relation. For an equivalence 
relation ܧand ܽ ∈ ߱, ሾܽሿா denotes the ܧ-equivalence class of the element ܽ. 

Definition. An equivalence relation ܧ on ߱ is called aΣ
ିଵequivalence relation (a Π

ିଵ equivalence 
relation) if the set ܧ is a Σ

ିଵ-set (Π
ିଵ-set). 

An equivalence relation ܴ is computably reducible to an equivalence relation ܳ (denoted by ܴ  ܳ) 
if there is a computable function ݂ such that for any ݔ, ݕ ∈ ߱, the condition ሺݔ, ሻݕ ∈ ܴ holds if and only if 
൫݂ሺݔሻ, ݂ሺݕሻ൯ ∈ ܳ; i.e. there is an algorithm which transforms different ܴ-equivalence classes into 
different ܳ-equivalence classes. Equivalence relations ܴ and ܳ and equivalent if each of them is reducible 
to the other one. The family of all equivalence relations which are equivalent to ܴ is called the degree of 
an equivalence relation ܴ. 

It is clear that an equivalence relation ܧ satisfies ܧ ൏ ܧ if and only if ݀ܫ ≡ Id for some ݊ ∈ ߱. 
Definition (A. Sorbi and U. Andrews). An equivalence relation ܧ is dark if ܧ is incomparable with 

the identity equivalence relation under the reducibility . 
For an arbitrary c.e. set ܣ, let ܴ ൌ ሼሺݔ, :ሻݕ ݔ ൌ ݕ ∨ ሼݔ, ሽݕ ⊆  .ሽܣ
Proposition ([11]). Let ܣ,  .be non-empty c.e. sets ܤ
1) ܴis computable if and only if ܣ is computable. 
ܣ (2 ଵ implies that ܴܤ  ܴ. 
3) If ܴ  ܴ, then ܣ   .ܤ
The proposition implies that c.e. 1-degrees are isomorphically embeddable into the structure of c.e. 

equivalence relations. It is well-known that c.e. 1-degrees do not form a semilattice. Hence, the structure 
of equivalence relations under computable reducibility is also not a semilattice. 

In this work we study embeddings of semilattices of ݉-degrees into structures of equivalences in the 
hierarchy of Ershov. Results on embeddings of c.e. ݉-degrees into Rogers semilattices can be found in [7, 
8, 9, 10]. For an embedding of c.e. 1-degrees into structures of equivalence relations, the reader is referred 
to [11, 12]. 

 
Embedding of semilattices of -degrees into structures of equivalence relations in the 

hierarchy of Ershov. 
Theorem 1. For any݊  0, the semilattice൫Σ

ିଵ, ൯is isomorphically embeddable into the 
structureሺΠଶ

ିଵequivalence relations,ሻ. 
Proof. We consider the following operator: for an arbitrary set ܺ, we set 
 

ܶሺܺሻ ൌ ൛ሺݔ, :ሻݕ ሼݔ, ሽݕ ⊆ ܺ ∨ ሼݔ, ሽݕ ⊆ ܺൟ. 
 
It is clear that for any set ܺ, the set ܶሺܺሻ is an equivalence relation. We prove that the map ܺ → ܶሺܺሻ 

induces an isomorphic embedding from the upper semilattice ሺΣ
ିଵ, ሻ into the structure ሺΠଶ

ିଵ 
equivalence relations,ሻ. We also show that our estimate of the level in the hierarchy of Ershov is sharp. 
In order to obtain this, we prove the following lemmas. 
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Lemma 1. If ܺ ∈ Σ
ିଵ, then ܶሺܺሻ ∈ Πଶ

ିଵ. 
Proof of Lemma 1. Suppose that a pair of functions ۦ ݂, ݄ۧ is a Σ

ିଵ-approximation of the set ܺ. We 
build an approximation of the set ܶሺܺሻ: for any ݔ, ݕ ∈ ߱, set 

 
݂൫ሺݔ, ,ሻݕ ൯ݐ ൌ | ݂ሺݔ, ሻݐ  ݂ሺݕ, ሻݐ െ 1|; 
݄൫ሺݔ, ,ሻݕ ൯ݐ ൌ ݄ሺݔ, ሻݐ  ݄ሺݕ,  .ሻݐ

 
We prove that the pair ݂ۦ, ݄ۧ is a Πଶ

ିଵ-approximation of the set ܶሺܺሻ. 
1) ݂൫ሺݔ, ,ሻݕ 0൯ ൌ | ݂ሺݔ, 0ሻ  ݂ሺݕ, 0ሻ െ 1| ൌ 1; and  
lim௦ ݂൫ሺݔ, ,ሻݕ ൯ݏ ൌ | lim௦ ݂ሺݔ, ሻݏ  lim௦ ݂ሺݕ, ሻݏ െ 1| ൌ |ܺሺݔሻ  ܺሺݕሻ െ 1|. 
The latter equation implies the following: ܶሺܺሻሺݔ, ሻݕ ൌ 1 if and only if ܺሺݔሻ ൌ ܺሺݕሻ. Therefore, 

ܶሺܺሻሺݔ, ሻݕ ൌ 1 if and only if lim௦ ݂൫ሺݔ, ,ሻݕ ൯ݏ ൌ 1. 
2) ݄൫ሺݔ, ,ሻݕ 0൯ ൌ ݄ሺݔ, 0ሻ  ݄ሺݕ, 0ሻ ൌ ݊  ݊ ൌ 2݊; and ݄൫ሺݔ, ,ሻݕ ݐ  1൯ ൌ ݄ሺݔ, ݐ  1ሻ 

݄ሺݕ, ݐ  1ሻ  ݄ሺݔ, ሻݐ  ݄ሺݕ, ሻݐ ൌ ݄ሺݔ,  .ሻݕ
3) Suppose that ݂ሺሺݔ, ,ሻݕ ݐ  1ሻ ് ݂ሺሺݔ, ,ሻݕ ,ݔሻ. Thus, either ݂ሺݐ ݐ  1ሻ ് ݂ሺݔ, ,ݕሻ, or ݂ሺݐ ݐ 

1ሻ ് ݂ሺݕ, ,ݔሻ. Hence, either ݄ሺݐ ݐ  1ሻ ൏ ݄ሺݔ, ,ݕሻ, or ݄ሺݐ ݐ  1ሻ ൏ ݄ሺݕ,  ሻ. In turn, this means thatݐ
݄൫ሺݔ, ,ሻݕ ݐ  1൯ ൌ ݄ሺݔ, ݐ  1ሻ  ݄ሺݕ, ݐ  1ሻ ൏ ݄ሺݔ, ሻݐ  ݄ሺݕ, ሻݐ ൌ ݄൫ሺݔ, ,ሻݕ  .൯ݐ

Therefore, the pair of functions ݂ۦ, ݄ۧ is a Πଶ
ିଵ-approximation of the set ܶሺܺሻ. Lemma 1 is proved. 

Lemma 2. If ܨ  ܶሺܺሻ for a Σ
ିଵ-set ܺ, then ܨ ≡ ܶሺܻሻ for some Σ

ିଵ-set ܻ. 
Proof of Lemma 2. Suppose that for an arbitrary equivalence relation ܨ, we have ܨ  ܶሺܺሻ via a 

function ݂. Then the equivalence relation ܶሺܺሻ contains at most two equivalence classes. Hence, the 
equivalence relation ܨ also contains at most two classes. Therefore, if ܻ ൌ ݂ିଵሺܺሻ, then ܨ ൌ ܶሺܻሻ. 
Lemma 2 is proved. 

Lemma 3. ܺ  ܻif and only if ܶሺܺሻ  ܶሺܻሻ. 
Proof of Lemma 3. Both reductions can be realized by the same function. Lemma 3 is proved. 
Lemma 4. For any Πଶ

ିଵ-set ܣ, there is a Σ
ିଵ-set ܤ such that ܣ  ܶሺܤሻ. 

Proof of Lemma 4. Suppose that a pair of functions ۦ ݂, ݄ۧ is a Πଶ
ିଵ-approximation of a set ܣ. 

Moreover, let ݄ be the function from Proposition 2. We build aΣ
ିଵ approximation of a set ܤ as follows: 

 

݂ሺ2ݔ, ሻݐ ൌ ൜
1, ,ݔሺ݄ሺݐݏ݁ݎ ,ሻݐ 4ሻ ൌ 2;

0, .݁ݏ݅ݓݎ݄݁ݐ
 

݂ሺ2ݔ  1, ሻݐ ൌ ൜
0, ,ݔሺ݄ሺݐݏ݁ݎ ,ሻݐ 4ሻ ൌ 0;

1, .݁ݏ݅ݓݎ݄݁ݐ
 

 

൜
݄ሺݔ, 0ሻ ൌ ݊;

݄ሺݔ, ݐ  1ሻ ൌ ݄ሺݔ, ሻݐ െ | ݂ሺݔ, ݐ  1ሻ െ ݂ሺݔ, .|ሻݐ
 

 
It is not difficult to see that a pair of functions ۦ ݂, ݄ۧ is a Σ

ିଵ-approximation of the set ܤ. 
Furthermore, it is not hard to check that the reduction ܣ  ܶሺܤሻ can be realized by the function 
݂ሺݔሻ ൌ ሺ2ݔ, ݔ2  1ሻ. Lemma 4 is proved. 

Corollary 1. If ܺ is an ݉-complete Σ
ିଵ-set, then ܶሺܺሻ is an ݉-complete Πଶ

ିଵ-set. 
Proof. Let ܺ be an ݉-completeΣ

ିଵ-set. We prove that any Πଶ
ିଵ-set ܣsatisfies ܣ  ܶሺܺሻ. The proof 

of the theorem implies that there is a Σ
ିଵ-set ܻ such that ܣ  ܶሺܻሻ. It is clear that ܶሺܻሻ  ܶሺܺሻ. 

Suppose that that the reduction ܶሺܻሻ  ܶሺܺሻ is realized by a function ݂; then the reduction 
ܶሺܻሻ  ܶሺܺሻ is realized by the function 

 
݄൫ሺݔ, ሻ൯ݕ ൌ ൫݂ሺݔሻ, ݂ሺݕሻ൯. 

 
Since ݉-reducibility is transitive, we have ܣ  ܶሺܺሻ. 
Corollary 2. For any non-computable set ܺ, the equivalence relation ܶሺܺሻ is dark. 
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Corollary 3. The semilattice of computably enumerable ݉-degrees is isomorphically embeddable 
into the structure ሺΠଶ

ିଵ equivalence relations,ሻ. 
Corollaries 2 and 3 areevident. 
Question. Is it possible to isomorphically embed the semilattice of c.e. ݉-degrees into the structure 

of c.e. equivalence relations? 
The work of N.A. Bazhenov was supported by the Russian Foundation for Basic Research, project no. 
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О ВЛОЖИМОСТИ - СТЕПЕНЕЙ В ОТНОШЕНИЯЭКВИВАЛЕНТНОСТИВ ИЕРАРХИИ ЕРШОВА 
 

Аннотация. Работа посвящена исследованию отношений эквивалентности в иерархии Ершова. Отно-
шение эквивалентности ܴна ߱вычислимо сводится к отношению эквивалентности ܵ, если существует вы-
числимая функция ݂ሺݔሻ, такая что, для любых ݔи ݕ условия ݕܴݔи ݂ሺݔሻ݂ܵሺݕሻэквивалентны. В данной работе 
строятся изоморфные вложения полурешёток -степеней в частичные порядки отношений эквивалентности в 
иерархии Ершова относительно вычислимой сводимости. 

Ключевые слова. Отношения эквивалентности, вычислимая сводимость, иерархия Ершова, вычислимо 
перечислимые множества, полурешетка вычислимо перечислимых ݉-степеней. 

 
Б.С. Калмурзаев1, Н.А. Баженов2 

 

1аль-Фараби атындағы Қазақ ұлттық университеті, Алматы, Казахстан; 
2РҒА СБ С.Л. Соболев автындағы математика институты, Новосибирск, Ресей. 

 

ЕРШОВ ИЕРАРХИЯСЫНДА -ДЕҢГЕЙЛЕРДІҢ ЭКВИВАЛЕНТТІК ҚАТЫНАСТАРҒА 
ЕНГІЗУЛЕРІ ТУРАЛЫ 

 

Аннотация. Бұл мақала Ершов иерархиясындағы эквиваленттік қатынастарды зерттеуге бағышталған. 
	߱ жиынындаанықталғанܴ эквиваленттік қатынасы ܵ эквиваленттік қатынасына есептелімді көшіріледі деп 
атаймыз, егер кез келген ݔ жəне ݕ элементтері үшін ݕܴݔ	жəне ݂ሺݔሻ݂ܵሺݕሻшарттарыэквивалент болатындай 
݂ሺݔሻесептелімді функциясы табылатын болса. Бұл мақалада Ершов иерархиясындағы ݉-деңгейлерді есеп-
телімді көшірулерге байланысты эквиваленттік қатынастардың жартлай ретіне изоморфты енгізулері құры-
лады. 

Тірек сөздер. Эквивалеттік қатынастар, есептелімді көшірулер,Ершов иерархиясы, рекурсив саналымды 
жиындар, рекурсив саналымды ݉-деңгейлердің жатрыторы. 
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