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EMBEDDABILITY OF m-DEGREES INTO EQUIVALENCE
RELATIONS IN THE ERSHOV HIERARCHY

Abstract. The paper is devoted to the study of equivalence relations in the hierarchy of Ershov. An equivalence
relation R on w is computably reducible to an equivalence relation S if there exists a computable function f(x) such
that for any xand y, the conditions xRy and f(x)Sf(y) are equivalent. In this paper we construct isomorphic
embeddings of semilattices of m-degrees into partial orders of equivalence relations in the hierarchy of Ershov with
respect to computable reducibility.

Key words. Equivalence relations, computable reducibility, hierarchy of Ershov, computably enumerable sets,
semilattice of computably enumerable m-degrees.

A set A is m-reducible toa set B (denoted by A <,,, B) if there is a computable function f such that
for any x € w the conditions x € A and f(x) € B are equivalent. Such a function f is called a reduction
function. A set A is 1-reducible to a set B (denoted by A <; B) if A <,, B and the corresponding
reduction function is injective. A formula A =, B means that A <,, Band B <,,, A. The m-degree of a
set A is denoted by d(A), i.e. d(A) = {B: A =, B}. We use the same notation <,, to denote a natural
ordering on the set of m-degrees:

d(A) <,, d(B) 5 A <., B.

A partial order L% = ({d(X):X is a recursively enumerable set and X # @, w},<,,) is an upper
semilattice and an ideal in the upper semilattice of all m-degrees. The supremum operation in LY, is
induced by the join of sets:

ADBBs {2x:x € AU {2x + 1:x € B}.

It is well-known that LY, contains the greatest and the least elements. For further definitions and
preliminaries on m-reducibility, we refer the reader to the monographs [1, 2].

Definition ([6]). A set A belongs to the class =" in the hierarchy of Ershov if there are computable
functions f(x,t) and h(x, t) such that for any x, t € w, the following conditions hold:

(1) A(x) = limg f(x,s) and f(x,0) = 0;

Q) h(x,0) =n&h(x,t+ 1) < h(x,t);

B)fl,t+1)# f(x,t) > h(x, t +1) < h(x,t).

If a pair of functions (f,h) satisfies the conditions above, then we say that (f,h) is a X,’-
approximation of the set A. A set A lies in the class I7,, in the hierarchy of Ershov if the complement of
A belongs to the class £, . A set from the class £, * (IT; 1) is also called a £, *-set (IT,; *-set). £ *-sets are
known as computably enumerable sets. A detailed exposition of results on these sets can be found in [3, 4,
5, 6].

—— |4 ——
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The classes £, * and I7,;* are closed downwards under m-reducibility. It is known [3] that each of the
classes contains a universal set. Moreover, the partial orders (Z,_l L Sm) and (IT,,",<,,) are upper
semilattices.

Proposition 1. A set A belongs to £, if and only if there is a computable function h(x, t) such that
for any x,t € w, the following holds:

(1) A(x) = rest(limg h(x,s),2);

(2) h(x,0) = 0 &h(x,t) < h(x,t + 1)& h(x,t) < n.

Proposition 2. A set A belongs to IT,," if and only if there is a computable function h(x, t) such that
for any x,t € w, the following holds:

(HAx) = @(rest(limS h(x,s), 2));

(2) h(x,0) = 0 &h(x,t) < h(x,t + )& h(x,t) < n.

We assume that all considered sets and equivalence relations are defined on the domain w. For a non-
zero n € w, Id,, is a computable equivalence relation which satisfies the following: xId,y if and only if x
and y are equivalent modulo n. By Id we denote the identity equivalence relation. For an equivalence
relation Eand a € w, [a]g denotes the E-equivalence class of the element a.

Definition. An equivalence relation E on w is called aZ, equivalence relation (a II,,* equivalence
relation) if the set E is a =, -set (IT,, -set).

An equivalence relation R is computably reducible to an equivalence relation Q (denoted by R <. Q)
if there is a computable function f such that for any x,y € w, the condition (x,y) € R holds if and only if
( feo, f (y)) € Q; i.e. there is an algorithm which transforms different R-equivalence classes into
different Q-equivalence classes. Equivalence relations R and Q and equivalent if each of them is reducible
to the other one. The family of all equivalence relations which are equivalent to R is called the degree of
an equivalence relation R.

It is clear that an equivalence relation E satisfies E <. Id if and only if E =, Id,, for some n € w.

Definition (A. Sorbi and U. Andrews). An equivalence relation E is dark if E is incomparable with
the identity equivalence relation under the reducibility <..

For an arbitrary c.e. set A, let Ry = {(x,y):x =y vV {x,y} € A}.

Proposition ([11]). Let A, B be non-empty c.e. sets.

1) Ryis computable if and only if A is computable.

2) A <; Bimplies that R4 <. Rp.

3) If Ry <. Rg,then 4 <,,, B.

The proposition implies that c.e. 1-degrees are isomorphically embeddable into the structure of c.e.
equivalence relations. It is well-known that c.e. 1-degrees do not form a semilattice. Hence, the structure
of equivalence relations under computable reducibility is also not a semilattice.

In this work we study embeddings of semilattices of m-degrees into structures of equivalences in the
hierarchy of Ershov. Results on embeddings of c.e. m-degrees into Rogers semilattices can be found in [7,
8,9, 10]. For an embedding of c.e. 1-degrees into structures of equivalence relations, the reader is referred
to[11, 12].

Embedding of semilattices of m-degrees into structures of equivalence relations in the
hierarchy of Ershov.

Theorem 1. For anyn >0, the semilattice(Zﬁl, Sm)is isomorphically embeddable into the
structure(Il, equivalence relations,<.).

Proof. We consider the following operator: for an arbitrary set X, we set

TX) = {(x,y):{x,y} cXvix,y}c Y}.

It is clear that for any set X, the set T(X) is an equivalence relation. We prove that the map X — T'(X)
induces an isomorphic embedding from the upper semilattice (2%, <,,) into the structure (IT;,
equivalence relations,<.). We also show that our estimate of the level in the hierarchy of Ershov is sharp.
In order to obtain this, we prove the following lemmas.
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Lemma 1. If X € X,;*, then T(X) € 5.
Proof of Lemma 1. Suppose that a pair of functions {fy, hy) is a £ *-approximation of the set X. We
build an approximation of the set T'(X): for any x,y € w, set

f((xIY); t) = |fX(x:t) +fX(y't) - 1|r
h((x,y),t) = hy(x,t) + hy (¥, 0).

We prove that the pair (f, h) is a T, -approximation of the set T (X).

D f(CG9),0) = 1fx(x,0) + fx(,0) — 1] = 1; and

limg f((x,y),5) = |limg fy (x, s) + limg fy (v, 8) — 1| = [X(x) + X(y) — 1.

The latter equation implies the following: T(X)(x,y) = 1 if and only if X(x) = X(y). Therefore,
T(X)(x,y) = 1 ifand only if lim, f((x,y),s) = 1.

2) h((x, V), 0) =hy(x,0) + hy(y,0) =n+n=2n; and h((x, y),t+ 1) =hy(x, t+1)+
hy(y,t +1) < hy(x,t) + hy(y,t) = h(x,y).

3) Suppose that f((x,y),t+ 1) # f((x,y),t). Thus, either fy(x,t+ 1) # fx(x,t), or fx(y,t+
1) # f(y,t). Hence, either hy(x,t +1) < hy(x,t), or hy(y,t + 1) < hy(y,t). In turn, this means that
h((x, y),t+ 1) =hy(x,t+ 1)+ hy(y, t +1) < hy(x, t) + hy(y, t) = h((x, y),t).

Therefore, the pair of functions {f, h) is a IT;-approximation of the set T(X). Lemma 1 is proved.

Lemma 2. If F <, T(X) for a X, -set X, then F =, T(Y) for some X, -set Y.

Proof of Lemma 2. Suppose that for an arbitrary equivalence relation F, we have F <, T(X) via a
function f. Then the equivalence relation T(X) contains at most two equivalence classes. Hence, the
equivalence relation F also contains at most two classes. Therefore, if ¥ = f~1(X), then F = T(Y).
Lemma 2 is proved.

Lemma 3. X <,,, Yifand only if T(X) <, T(Y).

Proof of Lemma 3. Both reductions can be realized by the same function. Lemma 3 is proved.

Lemma 4. For any I1;,-set A, there is a X, -set B such that 4 <,,, T(B).

Proof of Lemma 4. Suppose that a pair of functions (fy, hy) is a Il -approximation of a set A.
Moreover, let hy be the function from Proposition 2. We build aZ;;* approximation of a set B as follows:

1,rest(hy(x,t),4) = 2;
0, otherwise.
0,rest(hy(x,t),4) = 0;
1, otherwise.

fo 2,0 = |
f2x+1,t) = {

{ hg(x,0) = n;
hg(x,t +1) = hg(x,t) — |fp(x, t + 1) — fp(x, )|

It is not difficult to see that a pair of functions (fg, hg) is a X, -approximation of the set B.
Furthermore, it is not hard to check that the reduction A <,, T(B) can be realized by the function
f(x) = (2x,2x + 1). Lemma 4 is proved.

Corollary 1. If X is an m-complete £, -set, then T (X) is an m-complete I1,, -set.

Proof. Let X be an m-completeX;, *-set. We prove that any I, -set Asatisfies A <, T(X). The proof
of the theorem implies that there is a £, -set Y such that A <,, T(Y). It is clear that T(Y) <, T(X).
Suppose that that the reduction T(Y) <., T(X) is realized by a function f; then the reduction
T(Y) <p T(X) is realized by the function

h((, ) = (F(0), fF()).

Since m-reducibility is transitive, we have A <,,, T(X).
Corollary 2. For any non-computable set X, the equivalence relation T (X) is dark.

— 16 ——
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Corollary 3. The semilattice of computably enumerable m-degrees is isomorphically embeddable
into the structure (I1;* equivalence relations,<.).

Corollaries 2 and 3 areevident.

Question. Is it possible to isomorphically embed the semilattice of c.e. m-degrees into the structure
of c.e. equivalence relations?
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The work of B.S. Kalmurzayev was supported by Grant 3952/GF4 “Equivalence relations, preodered
structures, and algorithmic reducibilities on them, as a mathematical model of databases” of the Science
Commiittee of the Republic of Kazakhstan.

REFERENCES
] Rogers H., Theory of recursive functions and effective computability. McGraw-Hill, NewYork, 1967.
] Mal’cev A.lL, Algorithms and recursive functions, Groningen, Wolters-Noordhoff Publishing, 1970.
] ErshovYu.L., A hierarchy of sets. I, Algebra and Logic, vol.7, no.1, 1968, pp.25-43.
] ErshovYu.L., On a hierarchy of sets. II, Algebra and Logic, vol.7, no.4, 1968, pp.212-232.
] ErshovYu.L., On a hierarchy of sets. III, Algebra and Logic, vol.9, no.1, 1970, pp.20-31.
] Arslanov M.M. The hierarchy of Ershov. Kazan State University, Kazan, 2007. In Russian.

[7] Badaev S.A., TalasbaevaZh.T., Computable numberings in the hierarchy of Ershov, in: S.S. Goncharov (ed.) et al.,
Mathematical logic in Asia. Proc. 9" Asian logic conf. (Novosibirsk, Russia, August 16-19, 2005), NJ, World Scientific, 2006,
17-30.

[8] Badaev S.A., Manat M., Sorbi A., Rogers semilattices of families of two embedded sets in the Ersov hierarchy,
Mathematical logic quarterly. Vol. 58, No 4-5, 2012, 366-376.

[9] Kalmurzaev B.S., Embeddability of the semilatticeL?, in Rogers semilattices, Algebra and Logic, vol.55, no.3, 2016,
pp.217-225.

[10] ErshovYu.L., Theory of numberings, Moscow, Nauka, 1977. In Russian.

[11] Su Gao, Peter Gerdes, Computably enumerable equivalence relations, Studial.ogica, 67, 2001, 27-59.

[12] Andrews U., Lempp S., Miller J.S., Ng K.M., San Mauro L., Sorbi A., Universal computably enumerable equivalence
relations, Journal of Symbolic Logic, vol. 79, no. 1, 2014, 60-88.

VK 510.54
B.C. Kaamyp3aes', H.A. Baxenos’

'Kasaxckuii HAMOHAIbHBIN yHHBepcHUTET uM. anb-Papadu, Anmatel, Kazaxcran;
2I/IHCTI/lTyT matematuku uM. C.JI. Co6oneBa CO PAH, HoBocubupck, Poccust.

O BJIO)KUMOCTH - CTENIEHE B OTHOIIEHUSISKBUBAJIEHTHOCTHUB UEPAPXUH EPIIIOBA

Annoranus. PaGoTa mOCBSIIEHA WCCIIEAOBAaHUIO OTHOIICHWH SKBHBAICHTHOCTH B Mepapxuu Epmosa. OTHO-
IIEHUE SKBUBAIEHTHOCTH RHA WBBIYUCIMMO CBOAMTCS K OTHOIIEHHMIO SKBUBAIEHTHOCTH S, €CIM CYLIECTBYET BbI-
unciumas Gpyskuus f(x), Takas uto, s Jiro0bIx xu Y yenosus xRyu f(x)Sf (y)sxsuBanenTHbl. B nanHoii pabore
CTPOSITCS U30MOP(HBIC BIOKEHUS MOJYPEHIETOK ~-CTEIEHEH B YACTUUHBIC MOPSIKUA OTHOIICHUN SKBUBAJICHTHOCTH B
uepapxuu EpioBa OTHOCHTENBHO BBIYUCINMON CBOANMOCTH.

Kiouebie ci10Ba. OTHOIIEHHS SKBUBAIIEHTHOCTH, BHIYUCIMMAs CBOJAMMOCTD, Hepapxusi Epuiosa, BEIMUCIUMO
[EPEYUCITUMBIE MHOXKECTBA, MONYPEIIETKA BEIYUCITUMO MEPEIUCTUMBIX 1M-CTENEHEH.

B.C. Kaamyp3aes', H.A. Baxenos’

'anp-Dapabu areiHaarsl Kasak yiTTeik yauBepenteti, AnMarsl, Kazaxcras;
*PFA CB C.JI. CoGoeB aBThIHaFbl MaTeMaTHKA MHCTUTYThI, HoBocHGupCK, Peceii.

EPILIOB UEPAPXUSICBIHJIA m-JTEHTEAJIEPJIH SKBUBAJIEHTTIK KATBIHACTAPFA
EHTI3YJIEPI TYPAJIbI

Annotanus. byn makana EpiioB nepapXxusichlHIaFbl SKBUBAJICHTTIK KaThIHACTAP/bl 3€pTTeyre OarbllITalIFaH.
@ KUBIHBIHIAaHBIKTAIFAaHR SKBUBAJICHTTIK KATHIHACKHI S 3KBUBAJIICHTTIK KATHIHACBIHA €CEMTENIM/II KOIIipiieai aer
aTafiMbI3, erep Ke3 KeJreH X KoHe Y aieMeHTTepi yinin xRy kone f(x)Sf (y)maprrapbokBuBaieHT GoJaThIH Ik
f(x)ecenrenimai yHKIMsACH TabsUIATBIH Goiica. By Makanana EpriioB mepapXusChIHIarbl M-IeHTeHIepIi ecer-
TeNiM/II Keuripysepre 0aillaHbICThl SKBUBAICHTTIK KAThIHACTAP/IbIH XKapTiail peTiHe U30MOP(ThI eHTI3yiepi Kyphbl-
JaJIbl.

Tipek ce3nep. DKBUBANETTIK KaTbIHACTAP, ECENTETIMII Kollipyep, EpIIoB nepapxuscel, peKypCUB CaHaIbIMIbI
KHUBIHAAP, PEKYPCHUB CaHAIIBIM/IBI 1M-I€HTeHIePIiH KaTPBITOPHI.
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