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ON EXPANDING COUNTABLY CATEGORICAL WEAKLY O-MINIMAL
THEORIES BY BINARY PREDICATES

Abstract. In the present work, questions of preservation of model-theoretical properties at expanding a model
of a 1-indiscernible countably categorical weakly o-minimal theory by an arbitrary binary predicate are studied.
Questions of preservation of model-theoretical properties at expanding of countably categorical weakly o-minimal
theories by unary predicates had been before studied. Here thenotionofanequivalence-genera table formula
hasbeenintroduced: if R(x, ) is a p -stable formula for some non-algebraic 1-type p,then R(x,y)is called an

equivalence-generatable formula if every p -stable convex to the right or convex to the left formula formed from

maximal convex subsets of the set R(M ,a) for some elementa € p(M ) is equivalence-generating. In terms of

the introduced notion of an equivalence—generatable formula, a criterion for preserving the countable categoricity of
a l-indiscernible weakly o-minimal expansion by a binary predicate of 1-indiscernible countably categorical weakly
o-minimal structures having the convexity rank 1has been obtained.

Keywords: weak o-minimality, countable categoricity, 1-indiscernibility, expansion of models, equivalence-
generating formula, equivalence relation.

LetLbe a countable first-order language. Throughout this paper we consider L-

structuresandsupposethat L contains the binary relation symbol <, which is interpreted as a linear order in
these structures. The present paper deals with the concept of weak o-minimality, originally deeply studied

by D. Macpherson, D. Marker, and C. Steinhorn in [1]. A subset A ofalinearlyorderedstructure M is called
convexif for anya,b € Aand ¢ € M whenevera < c <bwe havec € A. A weakly o-minimal structure is
a linearly ordered structure M =(M,=,<,...)such that any definable(with parameters) subset of the

structure M is a union of finitely many convex sets in M . Recall that such a structure M is called o-
minimal if every definable (with parameters) subset of the structure M is a union of a finite number of
intervals and points in M . Thus, weak o-minimality is a generalization of o-minimality. Real closed
fields with a proper convex valuation ring provide an important example of weakly o-minimal (not o-
minimal) structures.

Let A, Bbe arbitrary subsets of a linearly ordered structure M . Then the expression 4 < Bmeans
thata < b whenever a € Aand b € B . The expression 4 < b means that 4 <{b} . We denote by A" (and,
respectively, A ) the set of elements b of the considered structure M with the condition 4 <b (b < A).

Definition 1[2] Let 7'beaweaklyo-minimaltheory, M be a sufficiently saturated model of the theory
T',and let ¢(x) be an arbitrary M -definable formula with one free variable.

The convexity rank of the formula @(x) (RC(¢(x)))is defined as follows:
1) RC(¢(x)) 2 1if @(M ) infinite.
2) RC(¢(x))= a+1if there exist a parametrically definable equivalence relation E(x,y)and an

infinite number of elements ,,i € @, such that:

— 18 ——
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* Forany i, j € @, wheneveri # j we haveM = —=E(b;, bj)

*Foreachie @ RC(E(x,b,))>a and E(M ,b,) is a convex subset of a set ¢(M )

3) RC(H(x))=0,if RC(¢(x)) = ax for allx < O (O is limit).

If RC(¢(x)) = & forsome o , we say that RC(¢(x))is defined. Otherwise (i.e.if RC(#(x)) > « for all
a ), we put RC(¢(x)) = 0.

Particularly, a theory has convexity rank 1 if there is no definable (with parameters) equivalence
relation with an infinite number of convex infinite classes.

In this paper, we investigate the problem of preserving properties for expansions of models of
countably categorical weakly o-minimal theories by binary predicates. Earlier in the works [3] — [5],we
have studied the problem of preserving properties for expansions of models of countably categorical
weakly o-minimal theories by unary predicates. As is known, in the work [6] Baizhanov B.S. proved that
an expansion of a model of a weakly o-minimal theory by a unary predicate that distinguishes a finite
number of convex sets preserves weak o-minimality of the expanded theory. However, in the case of
expandingamodel of a weakly o-minimal theory by a binary predicate that distinguishes a finite number of
convex sets for each fixed either the first orthesecond parameter, the expanded theory can lose weak o-
minimality (Example 4).

Recall some concepts originally introduced in [1].

LetY c M"™'be an & -definable set, letzz:M"" — M" be aprojection that drops the last
coordinate, and letZ :=77(Y). For each a € Z letY, :={y:(a,y) € Y} . Suppose that for eacha € Z the

setY_ is bounded above, but has no supremum in M. Let~ — be an J —definable equivalence relation on
M?"  defined as follovis: 3 B 3
a~b foralla,b e M"\ Z,anda ~b < supY, =supY;,ifa,b € Z.

LetZ =7/ ~,and for each tuple @ € Z we denote by[a ] ~-classofthetuple @. There exists a natural &
—definable linear order on M uZ , defined as follows. Leta € Z andc € M . Then[a ] < c ifandonlyif
w<c forallwe Y_.If it is not true that a ~ b , then there exists a certain x € M such that [a]<x< [l; ]Jor
[5 ] < x <[a], and therefore <induces a linear order on M uZ. We call such a set Z bysort (inthiscase,

(& —definablesort) inﬂ, whereMis theDedekindcompletion of the structure M , and consider Zas

naturally embedded in M . Similarly, we can obtain sort in M , considering infima instead of suprema.
Definition 2[1] LetM be alinearly ordered structure, D < M be aninfinite set, K < M,
f:D— K be a function. We say that f islocally increasing (locally decreasing, locally constant)on D if
for any x € D there exists an infinite interval J < D, containing X, so that f is strictly increasing (strictly
decreasing, constant) on.J .
We also say that a function f islocallymonotoneon the set D < M if f is either locally increasing or

locally decreasing on D .
Proposition 3[7]Let M be a weakly o-minimal structure, A M, pe S (A)be a non-algebraic

type. Then any function in an A -definable sort whose domain contains p(M)is locally monotone or
locally constant on p(M).

Example 4Let M :=(R,<) be alinearly ordered structure on the set of real numbersR . It is obvious
that M is a model of a countably categorical o-minimal theory. Expand the model M by a new binary
relation S(x, y) as follows: let M':=(R,<,S*) besuchthat S(x, y)is the graph of the following unary
function f*, defined as f(b) =2b for eachbh € Q and f(c) =—c for eachc e R\ Q. It is obvious that for
eachae M S(a,M)and S(M,a)are singleton sets, i.e. convex sets.Nevertheless, note that M is not
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weakly o-minimal, since there is no decomposition of the setR into a finite number of convex sets, on
each of which the definable function f is locally monotone or locally constant.

Example SLet M :=(Q,<) be alinearly ordered structure on the set of rational numbers Q . It is
obvious that M is a countably categorical o-minimal structure. Expand the model M by a new binary
relation E(x, y) as follows:let M":= (Q, <, E*) be such that for any a,b € Q

E(a,b) < 2n—-DV2 <a,b<(2n+1)2

for somen e Z.

Then it is not difficult to understand that £(x, y)is an equivalence relation that partitions Q into
infinitely many infinite convex classes, and £ -classes are ordered by the type O +.

It can be proved that M is a weakly o-minimal structure, but 7/2(M") is not countable categorical.

Example 6LetM :=(QxQ,<,E’)be alinearly ordered structure on the setQ x Q, ordered
lexicographically.The relation £(x, ') is defined as follows:

foranya = (m,,n,),b =(m,,n,) € OxQ E(a,b) & m, =m,.

It is obvious that £(X, y)is an equivalence relation that partitions Q x Q into infinitely many infinite

convex classes, and the E -classes are ordered by the type Q .
Extend the universe Q x Q of the structure M by adding two elements to each £ -class, which are the
left and the right endpoints of the E -class.As a result, we obtain a new structure M':= (M',< E*).

Consider the reduct of the structure M to the structure M :=(M',<). It is obvious thatM"is a
countably categorical o-minimal structure. Its expansionM':=(M',< E*)is a countably categorical
linearly ordered structure, but 742(M") is not weakly o-minimal.

Definition 7[8] Let M be weakly o-minimal structure, A < M , M be| A|" -saturated, p € S,(4)

benon-algebraic.
(1) An A -definableformula F'(x, y) iscalled p -stable, if there exista, ¥,, ¥, € p(M)such that

FM,a)\{a} #Dandy, <F(M,a)<y,.

(2) A p -stableformula F'(x, y) is called convextothe right (left), if there existsaz € p(M)such that
F(M,a)is convex, « istheleft (right) endpoint of the set F'(M ,a) andax € F(M, ).

InExample 5 the formula F'(x, y): =y < x A E(x, y)is p -stable convex to the right, and the formula
G(x,y) =y =xAE(x,y)is p -stable convex to the left, where p(x):={x=x}e S,(J).

Let F{(x, ), F,(x,y) be p -stable convex to the right (left) formulas. We say that F,(x,y)is greater
than F,(x,y)if there exists & € p(M ) such that F;,(M,a) < F,(M ,x) .

Definition 8[9] Wesaythata p —stable convex to the right (left) formula F(X, ) isequivalence-
generating, if for any a, f € p(M)such thatM E F(f, @), the following holds:

M |=Vx(x2,8 - (F(x,a) HF(x,ﬁ)))(M I:Vx(xsﬁ* (F(x,a) <—>F(x,ﬁ))))

Lemma 9[9]. Let M beaweakly o-minimal structure, 4 < M, p € S,(A)benon-algebraic, M be

| A|" —saturated. Supposethat F'(x, y)isa p -stable convex to the right (left) formula, being an
equivalence-generating. Then

1) G(x,y):=F(y,x)is ap -stable convex to the right (left) formula, being an equivalence-
generating,

2) E(x,y):=F(x,y)Vv F(y,x)isanequivalence relation partitioning p(M)into infinitely many
infinite convex classes.

— 20 ——



ISSN 1991-346X Cepusa pusuxo-wamemamuyeckas. Ne 1. 2018

Proposition 10[9]Let7 bea countably categorical weakly o-minimal theory, M |=T, Ac M,

p € S,(A4) benon-algebraic. Thenany p -stable convex to the right (left) formula is equivalence-
generating.
Example 11Let M :=(Q, <) bealinearly ordered structure on the set of rational numbersQ . It is

obviousthat M isacountably categoricall-indiscernibleo-minimal structure. Consider the expansion of the
structure M by a new binary relation R(x, y) : let M := (Q, <, R*) such that for any a,b € Q

R(a,b) < a<b<a+2.

It is obvious that R(a, M") and R(M', a) are convex for eacha € M. It can be proved that M isan
1-indiscernibleweakly o-minimal structure.

The formula F'(x, y) := R(,X)is p -stable convex to the right, where p(x) = {x = x} € S,(J). It is
easy to understand that F'(x, ») is not equivalence-generating.

Consider the following formulas:

R, (x,y) = 3t[R(x,) AR(%,¥)), R, (x,y):= 3[R, (x,0) AR(t, y)],n 22

For each a € M we have

R(a,M"Yc R,(a,M")c...c R (a,M") ...,

from which we obtain that 7/(M") is not countably categorical.

Let M be a weakly o-minimal structure, A M, p € S,(A4)be non-algebraic, R(x,))be an A -
definable formula that isp -stable, ie. for anyae€ p(M)there existh,,b, € p(M)such that
b <R(M,a)<b,.

By weak o-minimality of M theset R(M, a)is the union of a finite number of convex sets.

It is obvious that each of these sets is A\U{a} -definable. There exists a finite number of such
definable convex sets that are to the left of the elementa.Denote them by R/ (x, y),...,R!(x, ), we

assume that
R (M,a)>R' _(M,a)>...> R (M,a)>a.

Similarly, there exists a finite number of definable convex sets that are to the right of the elementa .
Denote them by R (x, »),..., R (X, ), we assume that

a<R (M,a)<R,(M,a)<...<R (M,a).

Perhaps there exists a definable convex set whose interior contains an elementa . Denote it by
R (x,y).Thus, if R“(M ,a) # D, then there exists b,,b, € R°(M ,a) such thath, <a <b, .
Define the following formulas:
F(x,y)=y<xAR(x,y)

G (x,y)=y2xAR(x,)
F'(x,y)=y<xAVt[R (t,y) > x<t],1<i<m

F(x,y)=y<xaAt[R (t,y) Ax<t],1<i<m
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/ — l .
Gi(x,y)=yz2xaAVt[R(t,y) >t <x],1<i<s

I* o i .
G, (x,y)=y2xaAdt[R;(t,y)At<x],1<i<s

It is obvious that F°(x,),F’ (x,y),F  (x,y),1<i<mare p -stable convex to the rightand
formulas G (x, y), Gj. (x,y), Gj.* (x,y),1< j<s,are p -stable convex to the left.
We say that the formula R(X, V) isequivalence-generatable, if every non-trivial formula in the set
. c r r* c l A . . .
A={F(x,y), Fxy), F &y, Gy, Gxy), G (xy)|1<i<ml<j<s}is
equivalence-generating.
Example 12LetM :=(QxQ,<)be a linearly ordered structure on the setQxQ, ordered

lexicographically. It is obvious that M is a countably categorical o-minimal structure.
We introduce the following two binary formulas E(X,y)and R (x,y)on the set QxQ: for any

a :(mlanl),b:(mzanz)eQxQ
E(a,b) © m, =m,

R(a,b)y & m =my, An <n, <n, +4/2

LetR(x,y):=y<xAE(x,y) A—R,(x,y)and M' :=(QxQ,<,R*)is an expansion of the model
M by binary predicate R(x, y) . It is obvious that for anya € M’ R(M',a)is convex anda < R(M',a).

It can be established that M'is a l-indiscernible weakly o-minimal structure, but T/h(M")is not
countably categorical.

Consider the following formulas:
Fi(x,y) = y < x AVL[R(t, ) = x <1]
F,(x,y)=y<xA3t[R(t,y)Ax<t]

Formulas F, (x, y), F,(x, y) are p -stable convex to the right, where p(x):={x=x}¢e S,(), here
F,(x,y)is equivalence-generating, and F(x,y)is not equivalence-generating. Hence, the predicate
R(x, y) is not equivalence-generatable.

Theorem 13 Let M be an l-indiscernible countably categorical weakly o-minimal structure of
convexity rank 1, M is an l-indiscernible weakly o-minimal expansion of the structure M by a binary
predicate R(x, ).

Then Th(M') is countably categorical if and only if the following conditions are satisfied:

(1) R(x,y)and L(x, y) := R(y, x) are equivalence-generatable;

(2) For every & -definable equivalence relation E(x, ), generated by the predicate R(X,)), the set
of E -classes is densely ordered.

Proof of Theorem 13. (=) Suppose that ThA(M')is countably categorical.Consider the predicate
R(x,y). Due to the weak o-minimality of structure M’ for any a e M' R(M' a)and R(a,M") are
unions of a finite number of convex sets. By the Proposition 10both formulas R(x, y) and L(x, ) must be
equivalence-generatable.

Let E(x, y) be an arbitrary & -definable equivalence relation. By the 1-indiscernibility the set of E -

classes must be either densely ordered without endpoints, or discretely ordered without endpoints.
Whence by countable categoricity, the set of £ -classes must be densely ordered.




ISSN 1991-346X Cepusa pusuxo-wamemamuyeckas. Ne 1. 2018

(<) Let R(x, y) and L(x, y) be equivalence-generatable formulas.Consider an arbitrary & -definable
equivalence relation, generated by the predicate R(x,y). By the hypothesis, the set of E " _classes is

densely ordered. By 1-indiscernibility there is neither a leftmost £~ -class nor a rightmost £ " _class. Also,

by 1-indiscernibility, there is no £ " class having at least one endpoint (if every E " _class had at least one
endpoint, we would have a contradiction with the weak o-minimality of M").
By weak o-minimality of structure M’ for any a € M’ R(M',a) and R(a, M) are unions of a finite

number of convex sets. Therefore, there are only finitely many formulas of the form F“(x, y), F (x,)),
F"(x,y), G°(x,), Gi(x,y), G/ (x,y), 1<i<n,, 1< j<n,for some n,n, <. Since by the
hypothesis R(x, y), L(x,y)are equivalence-generatable formulas, then each non-trivial formula from the
listA:={F°(x,y), F'(x,y), F (x,y), G(x,), Gjl.(x,y) , Gj.*(x,y) [1<i<n,1<j<n,}
generates an equivalence relation. Thus, we obtain only a finite number ofJ -definable equivalence
relations generated by the predicate R(x, ).

Let{E (x,y), E,(x,¥),....,E (x,y)} be a complete list of (J-definable equivalence relations,
generated by the predicate R(x, y) . By 1-indiscernibility there is no, j such thati # j, 1<i, j <nand for
someaeM' E(a,M")C E (a,M"), supE,(a,M")=supE;(a,M") or
inf £,(a,M")=inf E,(a,M").

Alsothere donot exist suchi, j€{l,...,n}that for someae M’ E (a,M")\E (a,M")#Dand
E(a, M)\E(a,M") = Q.

Further, for any 1<i, j<nif there existsa € M'such thatE,(a,M')C E (a,M "), then for any
aeM' E(a,M") E, (a,M"). Thus, there is1<m <n (it is possible the situation when for some
i,je€{l,...n} E(a,M")=E;(a,M")) and possibly some renumbering of the existing equivalence

relations in such a way that for any a € M’ we would have
E(a,M"Yc E,(a,M"Yc...c E, (a,M").

Since, by the hypothesis, the set of £ -classes is densely ordered for each J -definable equivalence
relation £(x, y), then E, -subclasses of each E,

.., -class are densely ordered without endpoints, where
0<i<mand

Ey(x,y)=x=y, E,  (xy)=x=xAy=y.

Further, it can be established by standard methods that 74#(M ") admits elimination of quantifiers up to
atomic formulas and formulas E,(x,y), 1<i<m, whence we obtain that7h(M')is countably
categorical.
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C.C. Baiizanos', B.III. Kyinemos >

'Maremartika 5oHe MaTEMATHKANBIK MOJIE/IbIEY HHCTHTYTHI, AnMathl, Kasakcran;
*XaJbIKapaibiK aKIapaTTHIK TEXHOJIOTHsANAp yHUBepcuTeTi, AnMarsl, Kazakcran

BUHAPJIBI IPETUKATTAPMEH ECENITIK-KATEIOPUSJIBIK BOCAH
O-MUHUMAJIIABIK TEOPUSAJIAP BAUBITY TYPAJIbBI

AnHoTanusi.OChl )KYMBICTa K€3 KeJI'eH OWHAPIIbI IPEAUKATIICH |-aHBIKTAIMAIIbI €CEeNTIK-KaTeropHsIbK 00CaH
O-MHHUMAJJIbl KYPBUIBIMAAP OalbITy Ke3iHIe TeOPHSTHKAJIBIK-MOJENBAIK KAaCHEeTTep/l CakTally Cypakrapsbl
3eprreneHeni. OCBIHBIH aNJbIHIA YHApibl MNpPEJIMKATTapPMEH ECeNTIK-KaTeropusIblK 00caH O-MUHHMAIIIbI
TeopusUIapbl  0albITy Ke3iHAE TEOPHUSATHKAJIBIK-MOJENBAIK KACHETTepAl CakTally CypaKTapbl3epTTEeNeHII.
DKBUBAIEHTTIK-KAIBINITACKaH (BopMynia TyCiHiri edrisinmi: erep R(X, V) — keilbip anreGpanbik emec 1-tum p

yuin p -crabunbai Gpopmyna 6osca, onna R(X, Y) SKBUBAIEHTTIK-KalbINTaCKaH (OPMyJia [€N aTalajbl erep Ke3
KeNreH P -cTa0uiibIi OH JKaKKA Kapail JeHeCTi Hemece COoNl jKakka Kapail menecti ¢dopmymnacet R(M,a)
KUBIHTHIFBIHBIH MAKCUMAIIIbI IOHEC MIEKAPAChIHAH KAJIBINTACTHIPbUIFaH Keilbip @ € p(M') skBUBaTIEHTTIK-OPHEKTI

Oomaznpl. EHri3iireH SKkBHBaJEHTTIK-KaJiblNTacKaH (opMyna TYCiHIK TepMHHIEPMEH JeHecTik panrici 1 1-
aHBIKTAJIMaJIbl €CENTiK-KaTeropusUIbIK 00CaH O-MUHUMANIbl KYPhUIBIMIAP/bl 1-aHbIKTaIMalbl 00CaH 0-MHUHUMAJIJIbI
0alBITHIH/IA €CETITIK KATerOPUSUIBIKTHI CAaKTay KPUTEPUI1 abIHIbI.

Tipek ce3aep: 0ocaH O-MHHHMAaJJIBIK, €CENTIK KaTETOPHSUIBIK, l-aHBIKTAIMAyIIbUIBIK, MOJENbAED OalbITy,
9KBUBAJICHTTIK-OPHEKTI (JOPMYJIa, SKBUBAJICHTTIK KATHIHACHL.

C.C. Baiizkanos ', B.I1I. Ky/memnios 2

'"MHCTHTYT MaTEeMATHKH H MATEMATHYECKOIO MOJIEIUPOBAHMS, AIIMATHI;
*MexyHapOIHbIil yHUBEPCUTET HH(POPMALMOHHBIX TEXHONOTHH, AJIMAThI

Ob OBOT'AINIEHNA CYHETHO KATEI'OPUYHBIX
CJABO O-MUHHMMAJIBHBIX TEOPUU BUHAPHBIMHU ITPEJUKATAMUA

AnnHoranus. B HacTosmel paboTe UCCIEAYIOTCS BOMPOCH COXPAHEHUS TEOPETUKO-MOMEIBHBIX CBOWCTB IpPH
oOorameHusx |-Hepa3IMYMMBIX CYETHO KATETOPHYHBIX CJNab0 O-MHHUMAJIBHBIX CTPYKTYpP IPON3BOJIBHBIM
OuHapHBIM TpeaukaToM. PaHee ucClIeZOBamMCh BOIPOCHI COXPAHEHHsS TEOPETHKO-MOJEIBHBIX CBOMCTB IpH
00OraIIeHUsIX CYETHO KAaTErOPUYHBIX CJ1a00 O-MHHMMAIBHBIX TEOPUH YHApPHBIMU NpeIuKaTaMu. BBeleHO moHsATHE

SKBHBAJIEHTHOCTb-TeHepupyemMoii  popmynel: ecim R(X,y) — p -crabunbHas ¢opMyna sl HEKOTOPOTO
neanreOpanueckoro 1-tuna p ;10 R(X,)) HasbiBaeTcs 9KBUBAICHTHOCTh-TEHEPHPYEMON (HOPMYJIOi, ecin mobas
P -cTabmibHas BEIMYKIIasl BIIPABO WIIH BIICBO (opMyiia, 00pa3oBaHHAs H3 MAKCUMAIIBHBIX BBITYKIIBIX ITIOJIMHOXKECTB
muoxectBa R(M,a) mns wexkoroporo a € p(M') sBnsercs >KBUBaJIEHTHOCTh-TEHEPUpYHOLIEH.B TepMunax

BHOBb BBEJICHHOTO TOHSTHS 9KBUBAJIETHOCTh-TE€HEPUPYEMOi (pOpMyIbl MOIydYeH KPUTEPUil COXpaHEHHs CUETHOM
KaTerOpUYHOCTH 1-HepazmnyuMoro ciabo o-MHHUMAaJILHOTO o0oranieHust OMHApHBIM NPEANKATOM |-Hepa3nun4nMbIX
CYETHO KaTEeTOPUYHBIX CJ1a00 0-MUHHUMAIIBHBIX CTPYKTYP paHra BBITYKIOCTH 1.

KiroueBble cioBa: ciabasi 0-MHUHUMAJIBHOCTb, CUETHAss KaT€rOpPUYHOCTb, |-HEpa3lIn4uMOCTbh, oOoraimieHue
MoJieTiel, SKBUBAJICHTHOCTh-TeHEpHUpYIomas (hopMyIia, OTHOLIEHHE SKBUBAJTEHTHOCTH.
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