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AN ANALYTICAL SOLUTION TO THE PROBLEM OF THE
THERMOMECHANICAL STATE OF A ROD OF LIMITED LENGTH
WITH SIMULTANEOUS PRESENCE OF END TEMPERATURES
AND LATERAL HEAT EXCHANGE

Abstract.This article deals with the problems of numerical study of the thermomechanical state of rods. On the
basis of the fundamental law on the change in the amount of heat, an equation of the established thermal
conductivity for a horizontal rod of limited length and a constant cross section is constructed through a fixed cross-
section in a time Ot. In this case, different temperatures are set at the two ends of the investigated rod, and heat
exchange with the surrounding medium takes place through the lateral surface. In addition, the investigated rod is
made of thermal protective material ANV-300. The determining law of the distribution of temperature, of all the
corresponding deformations and stresses, and also of the displacement along the length of the investigated rod. The
values of the thermal elongation and the resulting axial force are calculated.

Keywords:temperature, rod, thermal energy, algorithm.

In a complex thermal zone, bearing components of reactive and hydrogen engines, nuclear and
thermal power stations, processing lines of processing industries, as well as internal combustion engines
operate. The reliable operation of these structures will depend on the conditions of the thermoelectric
power of the bearing components. Therefore, this study is devoted to a numerical study of the state of the
thermoelectric power of the structural components in the form of rods of limited length, bounded at both
ends.

The proposed computational algorithm is based on the principle of energy conservation. In this case,
all types of integrals in the functional energy formulas are integrated analytically. In this case, the
numerical solutions obtained will have high accuracy.

1. Statement of the problem

We consider a horizontal rod of limited length and a constant crossed section which area isF (cm?).
The axis ox of the rod is directed from the left to the right which coincides with the axis of the rod.At the
left end of the rod, the temperatureT; [c®], is given, and the direction T,[c°]. In this case T; > T,. Through
the lateral surface of the rod, heat exchange takes place with its surrounding medium. In this case, the heat
transfer coefficient h [%], and the ambient temperatureT,.[c®]. The calculation scheme of the process

is shown in Fig. 1




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

hiTo.

20000222000 :
S ESNS N annn

X=0 L XTZL
T, 2

Figure 1 - The calculation scheme of the problem

It is required to determine:

1) The law of temperature distribution along the length of the investigated rod.
2) The amount of thermal elongation of the test rod.

In case of pinching the two ends of the rod, it is necessary to determine:

3) The arising axial forces.

4) The field of distribution of the components of deformations and stresses.

5) The field of distribution of displacement.

The physical and mechanical properties of the material of the rod under investigation are

[th

characterized by the coefficients of thermal conductivity K, ] thermal expansion « [ ] and elastic

k . . .
modulus E [ﬁ] If we take into account that the investigated process of the rod material is much larger

than the cross-sectional area, then it is possible to neglect the temperature gradients in the directions
perpendicular to the axis of the rod without significant error, and take the temperature constant at each
point of the cross section perpendicular to the axis. With this assumption, a temperature with a function of
only one independent variablex, and the field of temperature distribution along the length of the rod can
be described by an ordinary differential equation.

According to the fundamental law of thermophysics, the amount of heat passing through the time dt
through the cross sections of the rod at a distance of x [cm] from its left end will be

—KyxFZ-dr (1)
whereT (x) — is the temperature distribution field, which is still unknown.

At that time, the amount of heat passing through the time dt through the cross section, located at a
distance x + dx[cMm] from the left end of the rod, will be equal to

K (S + dx) dr @)

In addition, the portion of the rod enclosed between the sections spaced from the left end of the rod at
a distance of x and x + dx[cm], due to the thermal conductivity process, acquires during the time dt the
amount of heat equal to the difference of the indicated quantities (1) and (2) e.

In addition, the portion of the rod enclosed between the sections spaced from the left end of the rod at
a distance of x and x + dx[cm], following the heat conduction process, acquires in the time dt the
amount of heat equal to the difference of the indicated amounts (1) and (2),

dT
KxxFﬁdT (3)

It should also be noted that during this same time, a heat loss is equal to

hPdx(T — T,.)dt 4)
where P[cm] is the cross sectional.

— 26 ——
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But since the process we are investigating is steady-state, i.e. stationary, then the from (3-4) we have
azT
KxF —— dxdt = hPdx(T — T,.)dt (5)

From this, for the problem under consideration, we determine the equation for the steady-state heat
conductivity

d’T _ hP(T—To)

dx? KyxF (6)
For convenience, we introduce the notation
2 _ hP
ac = KoiF @)
considering that the ambient temperatureT,. = const,0 < x < [, then we have
d(T-Too) _ dt
dx T dx (8)
hence we also obtain
d?T  d?(T-T,)
— =X <x<
dx? dx? 0sxsl ©)
Taking (7) and (9) into account, we rewrite (6)
dz(T_Toc)
— 2= —at(T-T) =0 (10)

This equation is an ordinary differential equation with constant coefficients. Then its general integral
will be

T—Ty=Cie™* +Che ™™, 0<x=<I (11)

whereC; andC,are constants of integration. Their values are determined from the boundary conditions
at the ends of the rod.

T(x =0) = T;[c°];T(x = 1) = T,[c]; (12)
T,—-T,,=C,+C
1~ loc all 2 _al} (13)
TZ - TOC - Cle + Cze
From these systems, the valuesC; and C,.
C — (TZ_TOC)_(TI_Toc)e_al
1=
ZshEal) (14)
C — (Tl_Toc)ea _(TZ_TOC)
2 2sh(al)

Substituting (14) into (11), we determine the field of temperature distribution along the length of the
rod under consideration, taking into account the operating conditions [2]
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T(x, h, Kxx, P, F, TOC) — TOC + (TZ—ToC)Sh(aX;Z((Z;,)_Toc)Sha(l_x) , 0 <x< l (15)

On the basis of the fundamental theory of thermal physics, it is possible to determine the elongation
of the rod under consideration if it is pinched by one end and the other is free

Al = [aT(x)dx = & T(x)dx = (T, 1 +[(T, - T, Nch(al)~1)/ a (T, = T, )(1 - ch(al) | @)}/ sh(al)} ~ (16)

In the event that both ends of the rod are clamped, an axial compressive force R is produced in it,
which will be directed along its axis ox. Its value is determined by the corresponding Hooke law [3]

N,EF  oEF
l

R=

(T J+(% -1 NcHal) 1)/ a—~(T -T, )1-cHal)/ a)|/ sKal)} (17,

In this case, according to the length of the investigated rod, the distribution law of the thermoelastic
component of the voltage t can be determined according to the generalized Hooke law

o= == E LI [ T Neal) 1) a- (G ~T, )0~ clab/ @) sha)) )

Then the distribution law of the corresponding thermo-elastic component of the deformation is also
determined according to Hooke law

£= % = —% T 1+((1, =T, Neh(al)=1)/ a— (T, =T, )1 - ch(al)/ @))/ sh(al)} (19)

Further, according to the theory of thermal physics, the law of distribution of the temperature
component of deformation

(5~ T, )shax) +(T, - T, )shal —x)
sh(al)

Then the temperature component of the voltage is already determined according to Hooke law

gx)=—al(x)= —0!{]; .t },0 <x</ (20)

(7, =T, )sh(ax) + (T, =T, )sha(l - x)
sh(al)

GT(x)zEgT(x):—aE{Z)c+ },OSxSl (21)

After this, according to the theory of thermo elasticity, it is possible to determine the law of
distribution of the elastic component of deformation

e.0=¢ ~&()=-LI+ (I ~T, NeHal) 1) a~(1; ~T, )1~ chal)/ )/ shad) +

) ~ ~ (22)
a{T (LT )9 + (5~ T, yshatl x)},ogxg

oc shal)

— 28 ——
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Then, according to Hooke law, we can determine the law of distribution of the elastic component of
the voltage

01~ B5,(9) =009 = T+ {T =T, Yetlal) 1) (G ~T,)A~cHab) @ sHab) +

(23)

OE{T ' (BT, JsHa9 +(T =T, )shdl —)

. 0<x</
shal)

Finally, we can determine the law of distribution of the displacement of the cross-section of the rod.
ItisdeterminedfromtheCauchyrelations

gx(x):g—u;:Uzjex(x)dx+C (24)
X

Here the value of the constant C is determined from the pinning conditions U(x=0)=0. Then we have

U= T+ o1 o7 Y v ad Tt (@~ T )ehar— (T~ T,)]
alshal ashal
(25)
+—2 (T -T,)chal—(T,~T,)]
ashal

Bt 1.

c0’

Then we have /=100cm, Ky, = 100 h=10
T,=600°C; T,=100°C; r=1cm.

T, = 20°C; a=125-10" =; E=2-10"%L.
cm

cm2c0’

Then we get the results shown in Figure-2. In Figure-2, a) the law of the distribution of temperature
along the length of the rod is given. The resulting law of distribution of deformation components is given
in Figure-2, b). It can be seen from the figure that the thermo-elastic component of the deformation €-is
constant along the entire length of the rod.

At that time, the elastic component of the deformation £,(x), on stretches near the jamming, has a
stretching character. In the middle section of the rod, &€,(x) has a compressive character. The temperature
component of the deformation Er(x) along the entire length has a compressive character. Its maximum
value corresponds to the highest temperature.

The nature of the component stresses is similar to the corresponding deformations. This is clearly
seen from Figure-2, c). In Figure-2, d) the distribution field for the displacement of the cross-sections of
the rod is given. It can be seen from the figure that the cross-sections of the rod in section 0 < x < 6,9
are moving in the direction of the x axis. At that time, the largest displacement Umax1 = 0.0043092 cm
corresponds to the coordinate cross-section of which x = 8 cm;

The cross sections of the rod located in the section 70 <x <l = 100 cm move against the direction of
the axis ox. Here, the largest displacement U,,,>=-0,0016472 cm corresponds to a cross section whose
coordinate is X = 94 cm. Moreover, [U,,q 1/l U a2 =2,61639;
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a) The temperature
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c) voltage
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Figure - 2. The laws of distribution of temperatures, strains, stresses and displacements
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¥3BIHJIBITbI HIEKTEYJII TYPAKTBI TEPMOMEXAHWKAJIBIK KYWJITH
_ BIP ME3I'UINE IHEKTIK TEMIIEPATYPAHBIH
KOHE BYUIPJIIK KbLTY AJIMACY 9CEPI ECEBIH TAJIJAMAJIBIK INEIITY

AnHotanusi. byl Makanana e3eKTiH TepMOMEXaHMKAIBIK KYHiH CaHIBIK 3€pTTey IpobiieManapbl Kapac-
TBHIPBLIA/IBL.

KenTeren enpipic opbIHIApbIHIA HETI3r KYPBUIBIM 3JEMEHTTEepi KYpAETi JKbUTy Ke3lepi dCepiHAe TYPaKTHI
JKYMBIC JKacaiimel. OHIIPICTIH Y3IIKCi3 KYMBIC Kacaybl OpHHE COJ AJIIEMEHTTEPIiH CBHIHBIN KajlMayblHA TiKeJeu
OaiinanbicTbl. COHJIBIKTAHAA aJJBIH — ajla HEeri3ri KYPBUIBIM JJIEMEHTTEpPAIH Op TYpJl KbUIy Ke3lepi ocepiHie
KaH/ail TepMO-MeXaHHKAJbIK JKaF/iaiia OONybIH TEPEeH 3epTTey OHMIPICTIH Y3IIKCi3, TYpakKThl, camaibl )KYMbIC
’Kacay TYPFbICBIHAH ©Te 03eKTi Maocere OOJIbI TaObUIaIbI.

Ot yakpITTa TYPaKThl KOJJCHEH KHMa apKbLIbl ©TETiH JKbUIy MOJIIEPiHIH e3repyl Typaibl ipreii 3aHHBIH
HETI31H/e IIEKTi Y3BIHIBIKTHI KOHE KMMAChl TYPAKThl KOJJICHEH ©3CKTIH JKbUTy OTKI3TINITICIHIH TEHICYIH KYpyFa
Oonanpl.

Byt xarnaiina KapacThIpbIIFaH ©3€KTiH €Ki YIIBIHIa SpTYpJli TeMneparypa OenrijeHeni, ajl KopiaraH OpTaMeH
JKBUTYy aJMacybl OyHipiik Oer apkbuibl eteni. CoHbIMEH Karap, 3eprreneTiH e3¢k ANV-300 TepMUsUIBIK KOPFaHbIIIT
MaTepualiblHaH JKacaJFraH. bapiiblk OopbelH anaTelH aedopmaiysuiap MEH KepHeynepre OaiaHBICTBI, COHAal-aK
3epTTENreH O3CKTiH Y3bIH/BIFbI OOMBIHIIA KO3FATy KE3iHAEr TeMIlepaTypa TapalnyblH aHBIKTAWTHIH 3aH. JKbUTyIIbIK
Y3apTyIbIH KOHE OCBTIK KYIITIH MOHIEPi ecenTenei.

PeakTHBTI jk0HE CyTeri KO3FalITKBIIITAPHIHBIH KOMIIOHEHTTEPI, SIPOJIBIK KOHE XKbUTY SJIEKTP CTAHIIMSIAPBI,
OHJICY OHEPKICIOIHIH OHIeY JKeliiepi, CoHAai-aK IIIKiI jKaHy KO3FAJITKBIILTAPbl 0ap KypIell >KbUly aiiMarbIHIA
KyMbIc icreiini. Ochl KYpbUIBIMAAPbIH CEHIM/II KYMBIC ICTE€YI MOMBIHTIPEKTEP KOMIIOHEHTTEPIHIH TEPMOAIIEKTPIIIK
KyarbiHa OaiiiaHbicThl Ooianpl. Jlemek, Oyi1 3epTTey eKi jKarblH/a IIEKTEJIreH HICKTeYNi Y3bIHIBIKTAFbl ©3eKTep
TYpIHJET] KYPBUIBIMJIBIK KOMIIOHEHTTEP/IIH TEPMOAJIEKTPIIIK KyaThIHBIH Xal-KYHiH CaHIBIK 3epTTeyre apHajFaH.
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AHAJIMTUYECKOE PEHIEHME 3AJTAYN O YCTAHOBUBIIET OCs
TEPMOMEXAHHUYECKOI'O COCTOSIHUSI CTEPKHSI OTPAHUYEHHOM JJIMHBI
P OJHOBPEMEHHOM HAJIMYUHU KOHIEBBIX TEMIIEPATYP U BOKOBBIX TEIINIOOBMEHA

AHHoTanms. B naHHOI cTathe paccMaTpuBarOTCS MPOOJIEMBI YHCICHHOTO H3YYEHHS TEPMOMEXaHHYECKOIo
cocrosHus cTepkHell. Ha ocHoBe ¢yHIaMeHTanIbHOroO 3aKoHAa 00 M3MEHEHUM KOJIMYECTBAa TeIUla, NpoLIelee 3a
BpEMs quepe3 q)HKCHpOBaHHOFO CCUCHUA CTPOUTCA YPAaBHCHUC YCTAHOBJIMBLUICTOCA TEIIJIONPOBOAHOCTH JJId
TOPHU30HTAJILHOTO CTEP>KHS OTPaHMYECHHOHN JIMHBI U TOCTOSIHHOTO ONEPEYSHHOTO CEYEHHS.

IIpn 3TOM Ha NBYX KOHIIAX HCCIEIYEMOTO CTEpXHs 3aJaHbl pa3sHble TEMIIEpPaTypbl, a yepe3 OOKOBOH Io-
BEPXHOCTH IIPOUCXOUT TEIUIOOOMEH C OKpY’Karollei ee cpemoil. Kpome Toro, nccienyemslii CTep>KeHb BBITIOJIHEH
n3 Tepmo3ammrTHOro Matepuana ANV-300. Ompenensromiics 3akoH paclpelelieHusl TeMIepaTyphl, BceX
COOTBETCBYIOLIMX JedopMalMi M HANPSOKSHUH @ TakKe IEePEeMEeIICHUS MO UIMHE HCCIENYyEeMOro CTEepIKHS.
BBI4ucnsroTCS BETMYMHBI TEPMUYECKOTO YATHHEHHS 1 BOSHUKAIOIETO OCEBOTO yCHIIHS.

B cnoxHol TepMmueckod 30HE pabOTAalOT IONIUMITHUKOBBIE KOMIIOHEHTHl PEAKTUBHBIX M BOJOPOIJHBIX
JBHTaTeJIe, aTOMHBIX U TEIUIOBBIX JIEKTPOCTAHLMH, TEXHOJIOTHUESCKUX JINHUH IepepadaThIBaOIIUX IPOU3BOACTB, a
TaKKe JBUraresieil BHyTpeHHero cropaHus. HanexHas pabora 3THX KOHCTPYKUIME OyleT 3aBHCETh OT YCIOBHii
TEPMO3JAC KOMIIOHEHTOB IMOJUIMITHUKA. H03TOMy 9TO HUCCJIICAOBAHUE MOCBAIICHO YUCICHHOMY U3YUYCHHUIO COCTOAHUSA
TEPMOJJIC HECYIIMX KOMIIOHCHTOB KOHCTPYKIHI B BHJE CTEP)KHEH OTPaHUYCHHOU JJIMHBI, OTPAHUYCHHBIX C 000UX
KOHIIOB.

[IpennaraeMplii BBIMUCIUTEIBHBIN alTOPUTM OCHOBAH Ha IMPHUHIMIIE COXpPaHEHUs SHepruu. [Ipu 3ToM Bee THITBI
MHTETrpajJioB B (DyHKUMOHAJBHBIX (OpPMyJIax SHEPrHMH HHTETPUPYIOTCSA aHaJIMTHYecKH. IIpum 3TOM moydeHHbIE
YHCJICHHBIE PEIleHUs OyIyT HMETh BBICOKYIO TOYHOCTb.
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