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NAS RK is pleased to announce that News of NAS RK. Series of physico-mathematical 

scientific journal has been accepted for indexing in the Emerging Sources Citation Index, a new 
edition of Web of Science. Content in this index is under consideration by Clarivate Analytics to 
be accepted in the Science Citation Index Expanded, the Social Sciences Citation Index, and 
the Arts & Humanities Citation Index. The quality and depth of content Web of Science offers to 
researchers, authors, publishers, and institutions sets it apart from other research databases. 
The inclusion of News of NAS RK. Series of physico-mathematical in the Emerging Sources 
Citation Index demonstrates our dedication to providing the most relevant and influential content 
of physics and mathematics to our community. 

 
 
Қазақстан Республикасы Ұлттық ғылым академиясы "ҚР ҰҒА Хабарлары. Физика-

математика сериясы" ғылыми журналының Web of Science-тің жаңаланған нұсқасы Emerging 
Sources Citation Index-те индекстелуге қабылданғанын хабарлайды. Бұл индекстелу барысында 
Clarivate Analytics компаниясы журналды одан əрі the Science Citation Index Expanded, the Social 
Sciences Citation Index жəне the Arts & Humanities Citation Index-ке қабылдау мəселесін 
қарастыруда. Webof Science зерттеушілер, авторлар, баспашылар мен мекемелерге контент 
тереңдігі мен сапасын ұсынады. ҚР ҰҒА Хабарлары. Физика-математика сериясы  Emerging 
Sources Citation Index-ке енуі біздің қоғамдастық үшін ең өзекті жəне беделді физика-
математика бойынша контентке адалдығымызды білдіреді.   

 
 
НАН РК сообщает, что научный журнал «Известия НАН РК. Серия физико-математи-

ческая» был принят для индексирования в Emerging Sources Citation Index, обновленной версии 
Web of Science. Содержание в этом индексировании находится в стадии рассмотрения 
компанией Clarivate Analytics для дальнейшего принятия журнала в the Science Citation Index 
Expanded, the Social Sciences Citation Index и the Arts & Humanities Citation Index. Web of Science 
предлагает качество и глубину контента для исследователей, авторов, издателей и 
учреждений. Включение Известия НАН РК. Серия физико-математическая в Emerging Sources 
Citation Index демонстрирует нашу приверженность к наиболее актуальному и влиятельному 
контенту по физике и математике для нашего сообщества. 
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ON THE PERIODIC SOLUTION OF THE GOURSAT PROBLEM  
FOR A WAVE EQUATION OF A SPECIAL  
FORM WITH VARIABLE COEFFICIENTS 

 
 
Abstract. In this work the task of Goursat in a characteristic quadrangle for a wave equation of an express view 

with variable coefficients is solved. The spectral impression of the decision not traditional for such Voltaire tasks is 
gained. For this purpose as a vvvspomogoalny task the spectral task for the equation is used with we 
otklonyashchitsya by an argument. It is shown that the oprator of a type of Su(x)=u(1-x) plays a role of the operator 
Schmidt встречающиееся in decomposition of Voltaire operators. 

Keywords: Volterra operators, indefinite metric, Goursat problem, similarity operators, spectrum, spectral 
decomposition, Fourier method, orthogonal basis, the Hulbert-Schmidt theorem. 

 
1. Introduction. The investigations of the Dirichlet problem for the string vibration equation in a 

bounded region go back to J. Hadamard (Filler) who first noted the uniqueness of the solution in the 
rectangle. D.Burgin and Duffin [2] considered the Dirichlet problem for the equation ݑ௫௫ ൌ  ௧௧in theݑ
rectangle { 0 < x <Х ; 0<t<T}. It is shown that the un uniqueness of a solution in a certain space appears if 
and only if X / T is rational. The existence theorems for a solution in classical spaces are established, and 
the smoothness of the solution is as greater as the smoothness is larger of the boundary function and as 
worse the number X / T is approximated to the rational numbers. Also the Neumann problem considered. 
Later these results were refined and generalized by various authors (see, for example, [3], [4], [5], [6]). 
Sobolev [7] constructed an example of a well-posed boundary value problem in a rectangle for a 
hyperbolic system of equations, Yu.M. Berezanskii [8] constructed a class of regions with angles, a 
change in the domain inside which leads to a continuous changing of solution of the Dirichlet problem. 
For regions with a smooth boundary in smooth spaces, only the question of the uniqueness of solution of 
the Dirichlet problem was studied (see, for example, the work of RA Aleksandryan [9]). In work [3], 
Arnol'd, applying his results on the maps of the circle into itself, refines the results of [2], indicating that 
the proof of theorems on the existence of classical solutions of the Dirichlet problem can be carried over 
to the case of an ellipse. Row of investigations T.Sh. Kalmenov and M.A. Sadybekov’s are also devoted 
to boundary value problems of hyperbolic equations [10] - [12], the results of these researches are 
summarized in the monograph [13]. 

In [14], using the new general method, the properties of solutions of the Cauchy problem, are 
researched as well as of the first, second and third boundary value problems in the disk for a second-order 
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hyperbolic equation with constant coefficients are investigated. The application of this method to higher-
order equations can be found in [15]. A new and relatively simple method for constructing a system of 
polynomial solutions of the Dirichlet problem for second-order hyperbolic equations with constant 
coefficients in the disk is proposed in [16], and it is also proposed to construct a complete set of 
eigenfunctions for the Dirichlet problem for the string oscillation equation. The eigenfunctions 
constructed in this paper coincide with the eigenfunctions constructed earlier by RA Aleksandaryan [9]. 

The analysis of the contents of these studies has shown that the spectral properties of these boundary-
value problems depend on the geometry of the region, in particular, on the group of motion of the region. 
A non-equilateral triangle does not have a symmetry group, so we abandoned the characteristic triangle 
and began to consider boundary value problems inside the characteristic quadrangle. In this case, 
equations with deviating arguments appear naturally, which deserve a separate investigation [17] - [24]. 

 
 1. Let-  be the characteristic quadrangle of the wave equation, 

 

కξݑ  െ ఎఎݑ ൅ ݍ ቀ
కିఎ

ଶ
ቁ ൫ݑక ൅ ఎ൯ݑ ൅ ݌ ቀ

కାఎ

ଶ
ቁ ൫ݑక െ ఎ൯ݑ ൅ ݌ ቀ

కାఎ

ଶ
ቁ ݍ ቀ

కିఎ

ଶ
ቁ ,ߦሺ݂=ݑ   ሻ (1)ߟ

 
with the sides ܤܣ: ߦ ൅ ߟ ൌ 0, :ܥܤ ߦ െ ߟ ൌ 2, :ܦܥ ߦ ൅ ߟ ൌ 2, :ܣܦ ߦ െ ߟ ൌ 0 
(see Pic.1). 

 
 

Pic. 1 
 

Suppose that the right-hand side of equation (1) is a periodic function with some periods. The 
question is whether equation (1) can have a periodic solution for the corresponding behavior of the 
coefficients. It is known that a periodic problem is poorly posed for the wave equation because of the 
presence of an infinite eigenvalue at the point λ = 0. Therefore, we consider the Goursat problem for 
equation (1) and study the possibilities of periodic continuability of the solution of this problem to the 
whole ሺߦ,  .ሻplaneߟ

  

А 

D 

C 

B 

20  

0 2

1 

-1 

Ω 
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Formulation of the problem. Find the periodic solution of the Goursat problem for the wave 
equation 
 

ቐݑకξ െ ఎఎݑ ൅ ݍ ൬
ߦ െ ߟ
2

൰ ൫ݑక ൅ ఎ൯ݑ ൅ ߩ ൬
ߦ ൅ ߟ
2

൰ ൫ݑక െ ఎ൯ݑ ൅ ߩ ൬
ߦ ൅ ߟ
2

൰ ݍ ൬
ߦ െ ߟ
2

൰ ݑ ൌ ݂ሺߦ, 	ሺ1ሻ	ሺ1ሻ	ሻߟ

஺஻|ݑ ൌ 0, ஻஼|ݑ ൌ 0ሺ2ሻ		ሺ2ሻ	
 

 
 
To solve this problem, we make a variables of change. Assuming, 
 

ݔ ൌ
కାఎ

ଶ
, ݕ ൌ

కିఎ

ଶ
,we have 

 
ߦ ൌ ݔ ൅ ,ݕ ߟ ൌ ݔ െ ;ݕ ,ߦሺݑ	 ሻߟ ൌ ݔሺݑ ൅ ,ݕ ݔ െ ሻݕ ൌ ,ݔොሺݑ  ;ሻݕ
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కకݑ െ ఎఎݑ ൌ  .ො௫௬ݑ

 
After the replacement, equation (1) takes the form 

 
ො௫௬ݑ ൅ ො௫ݑሻݕොሺݍ ൅ ො௬ݑሻݔሺ̂݌ ൅ ,ݔොሺݑሻݕොሺݍሻݔሺ̂݌ ሻݕ ൌ መ݂ሺݔ,  .ሻݕ

 
After releasing the caps after the transformation, we get 
 

൤
߲
ݔ߲

൅ ሻ൨ݔሺ݌ ∙ ൤
߲
ݕ߲

൅ ሻ൨ݔሺݍ ∙ ,ݔሺݑ ሻݕ ൌ ݂ሺݔ,  .ሻݕ

 
This is a wave equation of a special form. Now let us consider the boundary conditions, and the 

region of variation of the new variables х, y. The mapping ݔ ൌ
కାఎ

ଶ
, ݕ ൌ

కିఎ

ଶ
 maps the domain  to the 

domain D (see Pic.2). 
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Consequently, our original problem takes the following form 
 

                                ൝
ቂ డ
డ௫
൅ ሻቃݔሺ݌ ∙ ቂ

డ

డ௬
൅ ሻቃݔሺݍ ∙ ,ݔሺݑ ሻݕ ൌ ݂ሺݔ, ,ሻݕ ሺݔ, ሺ3ሻ																																							ܦ߳	ሻݕ

௫ୀ଴|ݑ																						 ൌ 0, ௬ୀଵ|ݑ ൌ 0.																																																																													ሺ4ሻ	
 

 

The aim of this paper is to solve the Goursat problem (3) - (4) using the methods of the spectral 

theory of differential equations with deviating arguments [17-24], and the proof of the periodicity of the 

obtained solution. 
2. The researching methods  

First we study the corresponding spectral problem: 

 

                                           ൜
ሻݔሺ′ݕ ൅ ሻݔሺݕሻݔሺݍ ൌ ߣ ∙ ሺ1ݕ െ ,ሻݔ ݔ ∈ ሺ0,1ሻ,																																														ሺ5ሻ
ሺ0ሻݕ																																	 ൌ 0.																																																																												ሺ6ሻ	

 
 

where q(x) –is a continuous function. 

Question: under what conditions on q(x) the operator of problem (5) - (6) is similar to the operator of 

problem 

                                               ቊ
ሻݔሺ′ݕ ൌ ߣ ∙ ሺ1ݕ െ ,ሻݔ ݔ ∈ ሺ0,1ሻ,																																																																ሺ5′ሻ
ሺ0ሻݕ																					 ൌ 0.																																																																																		ሺ6′ሻ	 

 

Lemma 2.1. IfH=L2(0,1) and 

 
ሻݔሺݍ ൅ ሺ1ݍ െ ሻݔ ൌ 0, 

 
then the operators 

С (1,1) В (0,1) 

А (0,0) 

 
D (1,0) 

х 

y 

Pic.2 
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ܣ ൌ
݀
ݔ݀

, ሻܣሺܦ ൌ ሼݕሺݔሻ ∈ ଶܹ
ଵ, ሺ0ሻݕ ൌ 0ሽ 

 

ܤ ൌ
݀
ݔ݀

൅ ,ሻݔሺݍ ሻܤሺܦ ൌ ሼݖሺݔሻ ∈ ଶܹ
ଵ, ሺ0ሻݖ ൌ 0ሽ 

 
are similar to each other. 

Proof. We seek the transformation operator in the form 
 

ሻݔሺݖ ൌ ሻݔሺݕܶ ൌ ׬݁ ௤ሺ௧ሻௗ௧
ೣ
బ ∙  .ሻݔሺݕ

 
Then we have ݖሺ0ሻ ൌ ݁଴ ∙ ሺ0ሻݕ ൌ 0forݕሺݔሻ ∈  ሻ. Hence the operator T takes the domain of theܣሺܦ

operator A to the domain of the operator, that is, ܶ:ܦሺܣሻ →  .ሻܤሺܦ
Further, 

ሻݔሺ′ݖ ൌ ሻݔሺ′ݕ ∙ ׬݁ ௤ሺ௧ሻௗ௧
ೣ
బ ൅ ሻݔሺݍ ∙ ሻݔሺݕ ∙ ׬݁ ௤ሺ௧ሻௗ௧

ೣ
బ ൌ ሻݔሺ′ݕൣܶ ൅ ሻݔሺݍ ∙ ሻ൧ݔሺݕ ൌ  .ሻݔሺݕܤܶ

Consequently 
ݖܣ ൌ ݖ ′ሺݔሻ ൌ ሻݔሺݕܤܶ ⇒ ሻݔሺݕܶܣ ൌ ,ሻݔሺݕܤܶ ሻݔሺݕ∀ ∈ ,ሻܤሺܦ ܶିଵܶܣ ൌ  ,ܤ

 
it was required to prove. 

Lemma 2.2. If H=L2(0,1), and 
 
ሻݔሺݍ (1) ൅ ሺ1ݍ െ ሻݔ ൌ 0 ;  
ሻݔሺݕܵ (2) ൌ ሺ1ݕ െ ,ሻݔ ሻݔሺݕ∀ ∈  	,ଶሺ0,1ሻܮ
 

then the operators SA and SB are similar to each other, where 

ܣ ൌ
݀
ݔ݀

, ሻܣሺܦ ൌ ሼݕሺݔሻ ∈ ଶܹ
ଵ, ሺ0ሻݕ ൌ 0ሽ 

ܤ ൌ
݀
ݔ݀

൅ ,ሻݔሺݍ ሻܤሺܦ ൌ ሼݖሺݔሻ ∈ ଶܹ
ଵ, ሺ0ሻݖ ൌ 0ሽ 

 
Proof. Let 

ሻݔሺݕܶ ൌ ׬݁ ௤ሺ௧ሻௗ௧
ೣ
బ ∙  ,ሻݔሺݕ

 
then, by Lemma 1, we have ܶܣ ൌ ,ܤܶ ሻݔሺݕ∀ ∈  ሻ. Acting using the operator S on this equality weܤሺܦ
obtain 

 
ܶܣܵ ൌ  	.ܤܶܵ

 
To prove the lemma it suffices that the operators S and T commute. Let us verify that when the 

condition, ݍሺݔሻ ൅ ሺ1ݍ െ ሻݔ ൌ 0, is satisfied, the operators S and T commute. 
 

ሻݔሺݕܶܵ ൌ ׬݁ܵ ௤ሺ௧ሻௗ௧
ೣ
బ ∙ ሻݔሺݕ ൌ ׬݁ ௤ሺ௧ሻௗ௧

ೣ
బ ∙ ሺ1ݕ െ  ,ሻݔ

ሻݔሺݕܵܶ ൌ ሺ1ݕܶ െ ሻݔ ൌ ׬݁ ௤ሺ௧ሻௗ௧
ೣ
బ ∙ ሺ1ݕ െ  ,ሻݔ

 

If ܵܶݕሺݔሻ ൌ ׬݁ ሻ,тоݔሺݕܵܶ ௤ሺ௧ሻௗ௧
ೣ
బ ൌ ׬݁ ௤ሺ௧ሻௗ௧

భషೣ
బ , ׬ ݐሻ݀ݐሺݍ

௫
଴ െ ׬ ݐሻ݀ݐሺݍ

ଵି௫
଴ ൌ 0. 

 
Differentiating the last equation, we obtain 
 

ሻݔሺݍ ൅ ሺ1ݍ െ ሻݔ ൌ 0. 
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The previous equality follows from the last equality. In fact, if 
 

ሻݔሺݍ ൅ ሺ1ݍ െ ሻݔ ൌ 0, 
 
׬  ݐሻ݀ݐሺݍ

௫
଴ െ ׬ ሺ1ݍ െ ݐሻ݀ݐ

௫
଴ ൌ 0,  (7) 

 

׬  ሺ1ݍ െ ݐሻ݀ݐ
௫
଴ ൌ ฬ

ݐ ൌ 1 െ ߦ
ݐ݀ ൌ െ݀ߦฬ ൌ െ׬ ߦሻ݀ߦሺݍ

ଵି௫
଴ ൌ ׬ ߦሻ݀ߦሺݍ

ଵ
ଵି௫ ൌ ׬ ݐሻ݀ݐሺݍ

ଵ
଴ െ ׬ ݐሻ݀ݐሺݍ

ଵି௫
଴ ;  (8)  

 

׬  ݐሻ݀ݐሺݍ
ଵ
଴ ൌ ฬ

ݐ ൌ 1 െ ߦ
ݐ݀ ൌ െ݀ߦฬ ൌ െ׬ ሺ1ݍ െ ߦሻ݀ߦ

଴
ଵ ൌ ׬ ሺ1ݍ െ ߦሻ݀ߦ

ଵ
଴ ൌ ሺ1ݍ| െ ሻߦ ൌ െݍሺߦሻ| ൌ 

 

 ൌ ׬ ߦሻ݀ߦሺݍ
ଵ
଴ ൌ െ׬ ݐሻ݀ݐሺݍ

ଵ
଴ ,⇒ ׬ ݐሻ݀ݐሺݍ

ଵ
଴ ൌ 0.  (9)  

 
 It is obvious that (9), (8), and (7) imply the equality 
 

න ݐሻ݀ݐሺݍ
௫

଴
െ න ݐሻ݀ݐሺݍ

ଵି௫

଴
ൌ 0. 

 
From the last equality implies the equality ST = TS. The lemma is proved. 
Lemma 2.3. Let 

ܪ ൌ ,ଶሺ0ܮ 1ሻ, 
 

ሻݔሺݍ ൅ ሺ1ݍ െ ሻݔ ൌ 0, 
and 

ܣ ൌ
݀
ݔ݀

, ሻܣሺܦ ൌ ሼݕሺݔሻ ∈ ଶܹ
ଵ, ሺ0ሻݕ ൌ 0ሽ 

ܤ ൌ
݀
ݔ݀

൅ ,ሻݔሺݍ ሻܤሺܦ ൌ ሼݖሺݔሻ ∈ ଶܹ
ଵ, ሺ0ሻݖ ൌ 0ሽ 

 
Then the spectra of the operators SA and SB coincide. 
Proof. By Lemma 2, we have the equality 
 

ܶܣܵ ൌ ⇒,ܤܶܵ ܣܵ ൌ  ,ଵିܶܤܵܶ
 

where 

ሻݔሺݕܶ ൌ ׬݁ ௤ሺ௧ሻௗ௧
ೣ
బ ∙  .ሻݔሺݕ

 
Then 
 

ܣܵ െ ܫߣ ൌ ܶሺܵܤ െ ⇒.ሻିଵܫߣ ሺܵܣ െ ሻିଵܫߣ ൌ ܶሺܵܤ െ  .ሻିଵܶିଵܫߣ
 
Consequently, the resolvent sets of the operators SA and SB coincide, so their spectra also coincide. 
Now we investigate the spectrum of the operator SA, in view of their importance for applications, we 

give detailed calculations. 
 
Lemma 2.4.If  

 

 H=L2(0,1), Sy(x)=y(1-x), 

 



Известия Национальной академии наук Республики Казахстан  
  

   
40  

ܣ  ൌ
ௗ

ௗ௫
, ሻܣሺܦ ൌ ሼݕሺݔሻ ∈ ଶܹ

ଵ, ሺ0ሻݕ ൌ 0ሽ, 
 
that the operator SA has an infinite set of eigenvalues 

 

௡ߣ ൌ ሺെ1ሻ௡ ቀ݊ߨ ൅
గ

ଶ
ቁ , ݊ ൌ 0,േ1,േ2, …, 

 
and their corresponding eigenfunctions 
 

௡ݑ ൌ ݊݅ݏ2√ ቀ݊ߨ ൅
ߨ
2
ቁ ,ݔ ௡ܤ ൌ  ,ݐݏ݊݋ܿ

 
which form an orthonormal basis of the space H=L2(0,1). 
Proof. Let then ݑܣ ൌ  :therefore, we are dealing with a generalized spectral problem ,ݑܵߤ
 

 ൜ݑ
′ሺݔሻ ൌ ߤ ∙ ሺ1ݑ െ ,ሻݔ

ሺ0ሻݑ ൌ 0.
  (10) 

 
Differentiating equations (10), we obtain 
 

ሻݔሺ′′ݑ ൌ െߤ ∙ ሺ1′ݑ െ ሻݔ ൌ ߤ ∙ ߤ ∙ ሻݔሺݑ ൌ െߤଶ ∙  ⇒,ሻݔሺݑ
 

                                                                  ൜
ሻݔሺ′′ݑ ൌ ଶߤ ∙ 	ሺ11ሻ																																																																ሻ,ݔሺݑ
ሺ0ሻݑ ൌ 0, ሺ1ሻ;ݑ ൌ 0.																																																												ሺ12ሻ	

 

 

The general solution of equation (11) has the form 

 
ሻݔሺݑ  ൌ ݔߤݏ݋ܿܣ ൅ ,ݔߤ݊݅ݏܤ ,ܣ ܤ െ  (13)  ݐݏ݊݋ܿ

 

Substituting (13) into the boundary conditions (12), we obtain 

 
ሺ0ሻݑ ൌ ܣ ൌ 0, ሺ1ሻ′ݑ ൌ ሾെݔߤ݊݅ݏܣߤ ൅ ሿ௫ୀଵݔߤݏ݋ܿܤߤ ൌ ߤ ∙ ߤݏ݋ܿܤ ൌ 0. 

  
Since, B0, then the eigenvalues of problem (11) + (12) are found from equation 
 
 ∆ሺߤሻ ൌ ݔߤݏ݋ܿߤ ൌ 0,  (14) 
 

The trivial solution u (x)0 corresponds to the value =0, therefore it is not an eigenvalue. From the 

equation, cos=0, we find the eigenvalues of problem (11) + (12). 
 
௡ߤ  ൌ ߨ݊ ൅

గ

ଶ
, ݊ ൌ 0,േ1,േ2, …  (15) 

 

The square of each eigenvalue of problem (10) is an eigenvalue of the Sturm-Liouville problem (11) - 

(12), and the corresponding eigenfunctions coincide. But problem (11) - (12) can have other eigenvalues 

and corresponding eigenfunctions, so it is expedient to directly verify the eigenfunctions obtained. 

Substituting the eigenfunctions, un(x)=Bnsinnx, Bn-const into equation (10), we have 
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′௡ݑ ሺݔሻ ൌ  ,ݔ௡ߤݏ݋௡Β௡ܿߤ
 

௡ሺ1ݑ െ ሻݔ ൌ Β௡ ∙ ௡ሺ1ߤ݊݅ݏ െ ሻݔ ൌ Β௡ ∙ ௡ߤሺ݊݅ݏ െ ሻݔ௡ߤ ൌ 
 

ൌ Β௡ ∙ ௡ߤ݊݅ݏ ∙ ݔ௡ߤݏ݋ܿ െ ௡ߤݏ݋ܿ ∙ ݔ௡ߤ݊݅ݏ ൌ Β௡ ∙ ݊݅ݏ ቀ݊ߨ ൅
ߨ
2
ቁ ݔ ∙ ݔ௡ߤݏ݋ܿ ൌ Β௡ ∙ ߨ݊ݏ݋ܿ ∙ ݔ௡ߤݏ݋ܿ ൌ

ൌ ሺെ1ሻ௡Β௡ ∙  .ݔ௡ߤݏ݋ܿ
 
Consequently, 

′௡ݑ ሺݔሻ ൌ ሺെ1ሻ௡ߤ௡ݑ௡ሺ1 െ  ,ሻݔ
Where 
 

௡ߤ ൌ ߨ݊ ൅
గ

ଶ
, ݊ ൌ 0,േ1,േ2,…. 

 
Let us show the completeness of the system of eigenfunctions obtained. Suppose that for some, 

݂ሺݔሻ ∈ ,ଶሺ0ܮ 1ሻ, the equalities 
 

න݂ሺݔሻݑ௡ሺݔሻ݀ݔ ൌ 0, ݊ ൌ 1,2, …	.

ଵ

଴

 

are exist. Then 

න݂ሺݔሻ sin ቀ݊ߨ ൅
ߨ
2
ቁ ݔ݀ݔ ൌ 0,

ଵ

଴

݊ ൌ 0,േ1,േ2,…, 

න݂ሺݔሻ sin ቀെ݊ߨ ൅
ߨ
2
ቁ ݔ݀ݔ ൌ 0, ݊ ൌ 0,േ1,േ2,… .

ଵ

଴

 

 
Adding these two equalities, we have 
 

න݂ሺݔሻ ݏ݋ܿ
ݔߨ
2
sin ߨ ݔ݀ݔ ൌ 0, ݊ ൌ 0,േ1,േ2,… .

ଵ

଴

 

 
Hence, in view of the completeness of the system of functions ሼsin ߨ݊ ,ଶሺ0ܮ ሽ in the spaceݔ 1ሻ, we 

obtain ݂ሺݔሻܿݏ݋
గ௫

ଶ
ൌ 0 almost everywhere, hence ݂ሺݔሻ ൌ 0 almost everywhere. 

The orthogonality of the resulting system is verified by direct calculation 

නsin ቀ݊ߨ ൅
ߨ
2
ቁ ݔ ∙ sin ቀ݉ߨ ൅

ߨ
2
ቁ ݔ݀ݔ

ଵ

଴

ൌ 

ൌ
1
2
නሾcosሺ݊ െ ݉ሻߨ ݔ െ cosሺ݊ ൅ ݉ ൅ 1ሻߨ ݔሿ݀ݔ

ଵ

଴

ൌ 

 

 ൌ
ଵ

ଶ
ቂୱ୧୬

ሺ௡ି௠ሻగ௫

ሺ௡ି௠ሻగ
െ

ୱ୧୬ሺ௡ା௠ାଵሻగ௫

ሺ௡ା௠ାଵሻగ
ቃቚ
଴

ଵ
ൌ 0,при ݊ ് ݉. 

 
Calculating the norm of the eigenfunctions, we have 

௡‖ଶݑ‖ ൌ 2 ∙ න ଶ݊݅ݏ ቀ݊ߨ ൅
ߨ
2
ቁ ݔ݀ݔ

ଵ

଴

ൌ නሾ1 െ ߨሺ2݊ݏ݋ܿ ൅ ݔሿ݀ݔሻߨ

ଵ

଴

ൌ 1. 
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Lemma 2.4 is proved. 
Now we are able to prove the following theorem. 
Theorem 2.1. If ܪ ൌ ,ଶሺ0ܮ 1ሻ andݍሺݔሻ is a continuous real function satisfying the condition, 
 

ሻݔሺݍ ൅ ሺ1ݍ െ ሻݔ ൌ 0, 
 

then the eigenfunctions of the boundary value problem 
 

 ൜
ሻݔሺ′ݕ ൅ ሻݔሺݕሻݔሺݍ ൌ ሺ1ݕߣ െ ,ሻݔ

ሺ0ሻݕ ൌ 0
  (14) 

 
form a Riesz basis in ܮଶሺ0, 1ሻ. 

Proof. Let ݑ௡ሺݔሻ be the eigenfunctions of the boundary-value problem (10), then the functions 

ሻݔ௡ሺݕ ൌ ׬ି݁ ௤ሺ௧ሻௗ௧
ೣ
బ ∙  ሻݔ௡ሺݑ

 
will be the eigenfunctions of problem (14). In fact, 

 

′௡ݕ ሺݔሻ ൌ ′௡ݑ ሺݔሻ݁
׬ି ௤ሺ௧ሻௗ௧

ೣ
బ െ ሻ݁ݔ௡ሺݑሻݔሺݍ

׬ି ௤ሺ௧ሻௗ௧
ೣ
బ ,⇒ 

 

′௡ݕ ሺݔሻ ൅ ሻݔሺݍሻݔ௡ሺݕ ൌ ′௡ݑ ሺݔሻ݁
׬ି ௤ሺ௧ሻௗ௧

ೣ
బ .	 

 
Operating the operator ܵݕሺݔሻ ൌ ሺ1ݕ െ  ሻ by this equality, and taking into account the conditions ofݔ

the theorem, we have 
 

′௡ݕൣݏ ሺݔሻ ൅ ሻ൧ݕሺݍሻݔ௡ሺݕ ൌ ′௡ݑ ሺݔሻ݁
׬ି ௤ሺ௧ሻௗ௧

ೣ
బ ൌ ሻ݁ݔ௡ሺݑ௡ߤ

׬ି ௤ሺ௧ሻௗ௧
ೣ
బ ൌ  ⇒,ሻݔ௡ሺݕ௡ߤ

 
′௡ݕ ሺݔሻ ൅ ሻݕሺݍሻݔ௡ሺݕ ൌ ௡ሺ1ݕ௡ߤ െ ,ሻݔ ௡ሺ0ሻݕ ൌ 0.	 

 
It remains only to note that the operator 
 

ሻݔ௡ሺݑܶ ൌ ׬ି݁ ௤ሺ௧ሻௗ௧
ೣ
బ ∙  ሻݔ௡ሺݑ

 
linear bounded, and invertible operator in the space ܮଶሺ0,1ሻ. The theorem is proved. 

We now proceed to the solution of the problem posed earlier, for this we first solve the spectral 
problem 

 

 ൝
ቂ డ
డ௫
൅ ሻቃݔሺ݌ ቂ

డ

డ௬
൅ ሻቃݕሺݍ ,ݔሺݑ ሻݕ ൌ ሺ1ݑߣ െ ,ݔ 1 െ ሻݕ

௫ୀ଴|ݑ ൌ 0, ௬ୀଵ|ݑ ൌ 0.
  (15) 

  (16) 
 
 We seek solutions of this problem in the form 
 
,ݔሺݑ  ሻݕ ൌ ሻݔሺݒ ∙ ߱ሺݕሻ.  (17) 
 
Then from the boundary condition we have 
 

௫ୀ଴|ݑ ൌ ሺ0ሻݒ ∙ ߱ሺݕሻ ൌ 0,⇒ ሺ0ሻݒ ൌ 0; 
௬ୀଵ|ݑ ൌ ሻݔሺݒ ∙ ߱ሺ1ሻ ൌ 0,⇒ ߱ሺ1ሻ ൌ 0. 

 
Substituting (17) into equation (15), we have 
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൤ ݔ߲߲ ൅ ሻ൨ݔሺ݌ ሻݔሺݒ

ሺ1ݒ െ ሻݔ
∙
൤ ݕ߲߲ ൅ ሻ൨ݕሺݍ

߱ሺ1 െ ሻݕ
ൌ  .ߣ

 
Dividing the variables, we obtain two spectral problems: 
 

І. ൜
ݒ ′ሺݔሻ ൅ ሻݔሺݒሻݔሺ݌ ൌ ሺ1ݒߤ െ ,ሻݔ

ሺ0ሻݒ ൌ 0.
 

 

ІІ. ൜
߱′ሺݔሻ ൅ ሻݕሻ߱ሺݕሺݍ ൌ ሺ1߱ߥ െ ,ሻݕ

߱ሺ1ሻ ൌ 0.
 

 
If ݑሺݕሻ is a solution of the spectral problem 
 

൜ݑ
′ሺݕሻ ൌ ሺ1ݑߥ െ ,ሻݕ

ሺ1ሻݑ ൌ 0.
 (18) 

 
и ݍሺݕሻ ൅ ሺ1ݍ െ ሻݕ ൌ 0, then the function 
 

߱ሺݕሻ ൌ ׬݁ ௤ሺకሻௗక
భ
೤  ሻݕሺݑ

 
is a solution of the spectral problem II. Indeed 
 

߱′ሺݕሻ ൌ ׬ሻ݁ݕሺ′ݑ ௤ሺకሻௗక
భ
೤ െ ׬ሻ݁ݕሺݍ ௤ሺకሻௗక

భ
೤  ⇒,ሻݕሺݑ

 

߱′ሺݕሻ ൅ ሻݕሻ߱ሺݕሺݍ ൌ ׬ሻ݁ݕሺ′ݑ ௤ሺకሻௗక
భ
೤ .	 

 
 Let ܵݕ ൌ ሺ1ݕ െ  ሻ, thenݔ
 

ܵൣ߱′ሺݕሻ ൅ ሻ൧ݕሻ߱ሺݕሺݍ ൌ ׬݁ ௤ሺకሻௗక
భ
೤ ሺ1′ݑ െ ሻݕ ൌ ׬݁ ௤ሺకሻௗక

భ
೤ ∙ ሺ1ݑߣ െ ሻݕ ൌ  	,ሻݕሺ߱ߣ

 
߱′ሺݕሻ ൅ ሻݕሻ߱ሺݕሺݍ ൌ ሺ1߱ߣ െ  	.ሻݕ

 
Further, ݑሺ1ሻ ൌ 0 implies ߱ሺ1ሻ ൌ 0, so that it remains for us to solve the problem (18) 
 

൜ݑ
′ሺݔሻ ൌ ሺ1ݑߥ െ ,ሻݔ

ሺ1ሻݑ ൌ 0.
 

 
To use the results already known, we make a change of variable, assuming 
 

ሻݔሺݒ ൌ ሺ1ݑ െ ,ሻݔ ݒ ′ሺݔሻ ൌ െݑ′ሺ1 െ ,ሻݔ െݒ ′ሺ1 െ ሻݔ ൌ  	,′ݑ
 

൜െݒ
′ሺ1 െ ሻݔ ൌ ሻݔሺݒߥ
ሺ0ሻݒ ൌ 0

⇒ ൜ݒ
′ሺ1 െ ሻݔ ൌ െݒߥሺݔሻ,

ሺ0ሻݒ ൌ 0.
 

 
 
From Lemma 4 we know that 
 

߭௡ሺݔሻ ൌ Β௡ ∙ ݊݅ݏ ቀ݊ߨ ൅
గ

ଶ
ቁ  ,therefore,ݔ
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 ߭௡ሺݔሻ ൌ ߭௡ሺ1 െ ሻݔ ൌ Β௡ ∙ ݊݅ݏ ቀ݊ߨ ൅
గ

ଶ
ቁ ሺ1 െ ሻݔ ൌ Β௡ ∙ ݊݅ݏ ቂ݊ߨ ൅

గ

ଶ
െ ቀ݊ߨ ൅

గ

ଶ
ቁ ቃݔ ൌ 

 

 ൌ Β௡ ∙ ݏ݋ܿ ቀ݊ߨ ൅
గ

ଶ
ቁ ݔ ∙ ߨ݊ݏ݋ܿ ൌ ሺെ1ሻ௡Β௡ ∙ ݏ݋ܿ ቀ݊ߨ ൅

గ

ଶ
ቁ  .ݔ

 
We compute the eigenvalues 
 

߭௡′ ൌ Β௡ ቀ݊ߨ ൅
ߨ
2
ቁ ∙ ݏ݋ܿ ቀ݊ߨ ൅

ߨ
2
ቁ  ,ݔ

 

߭௡ሺ1 െ ሻݔ ൌ Β௡ ∙ ݊݅ݏ ቀ݊ߨ ൅
ߨ
2
ቁ ሺ1 െ ሻݔ ൌ ሺെ1ሻ௡Β௡ܿݏ݋ ቀ݊ߨ ൅

ߨ
2
ቁ  ,ݔ

 

߭௡′ ൌ ቀ݊ߨ ൅
ߨ
2
ቁ ሺെ1ሻ௡߭௡ሺ1 െ ሻݔ ൌ െቀ݊ߨ ൅

ߨ
2
ቁ ሺെ1ሻ௡ାଵ߭௡ሺ1 െ  ⇒,ሻݔ

 

߭௡ ൌ ሺെ1ሻ௡ାଵ ቀ݊ߨ ൅
ߨ
2
ቁ. 

 
Thus, the solution of the spectral problem (18) is the function 
 

ሻݕ௡ሺݑ ൌ ܿ௡ܿݏ݋ ቀ݊ߨ ൅
ߨ
2
ቁ  ,ݕ

 

but by the eigenvalues of the number: ߭௡ ൌ ሺെ1ሻ௡ାଵ ቀ݊ߨ ൅
గ

ଶ
ቁ, where ܿ௡- are the normalization 

coefficients. Let us calculate these coefficients 
 

௡‖ଶݑ‖ ൌ |ܿ௡|ଶ ׬ ଶݏ݋ܿ ቀ݊ߨ ൅
గ

ଶ
ቁ ݕ݀ݕ

ଵ
଴ ൌ

|௖೙|మ

ଶ
׬ ሾ1 ൅ ߨሺ2݊ݏ݋ܿ ൅ ݕሿ݀ݕሻߨ
ଵ
଴ = 

 

ൌ
|ܿ௡|ଶ

2
ݕ ൅

ߨሺ2݊݊݅ݏ ൅ ݕሻߨ
ߨ2݊ ൅ ߨ

ቤ
଴

ଵ |ܿ௡|ଶ

2
ൌ 1, ܿ௡ ൌ √2. 

 
For complete certainty, we verify the orthogonality of these eigenfunctions 
 

ሺݑ௡, ௠ሻݑ ൌ 2නܿݏ݋ ቀ݊ߨ ൅
ߨ
2
ቁ ݕ ∙ ݏ݋ܿ ቀ݉ߨ ൅

ߨ
2
ቁ ݕ݀ݕ

ଵ

଴

ൌ 

ൌ න ቂܿݏ݋ ቀ݊ߨ ൅
ߨ
2
൅݉ߨ ൅

ߨ
2
ቁݕ ൅ ݏ݋ܿ ቀ݊ߨ ൅

ߨ
2
െ݉ߨ െ

ߨ
2
ቁݕቃ ݕ݀

ଵ

଴

ൌ 

ൌ නሼܿݏ݋ሾሺ݊ ൅ ݉ሻߨ ൅ ݕሿߨ ൅ ሺ݊ݏ݋ܿ െ ݉ሻݕߨሽ݀ݕ

ଵ

଴

ൌ 

 ൌ ቂ௦௜௡
ሺ௡ା௠ାଵሻ௬

௡ା௠ାଵ
൅

௦௜௡ሺ௡ି௠ሻగ௬

௡ି௠
ቃቚ
଴

ଵ
ൌ 0, при ݊ ് ݉. 

 
We have proved the following Lemma 2.5. 
Lemma 2.5. The eigenfunctions of the spectral problem 
 

൜
߱′ሺݕሻ ൅ ሻݕሻ߱ሺݕሺݍ ൌ ሺ1߱ߥ െ ,ሻݕ ݕ ∈ ሺ0,1ሻ

߱ሺ1ሻ ൌ 0,
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ሻݕሺݍ ൅ ሺ1ݍ െ ሻݕ ൌ 0 
is a function 
 

߱ሺݕሻ ൌ ׬2݁ ௤ሺకሻௗక
భ
೤ ∙ ݏ݋ܿ ቀ݊ߨ ൅

ߨ
2
ቁ ,ݕ ݊ ൌ 0,േ1,േ2,… 

 
and eigenvalues are 
 

߭௡ ൌ ሺെ1ሻ௡ାଵ ∙ ቀ݊ߨ ൅
ߨ
2
ቁ , ݊ ൌ 0,േ1,േ2, … 

 
Theorem 2.2. If ܪ ൌ ,ଶሺ0ܮ 1ሻ and ݍሺݔሻ-continuous real function, satisflying condition. 
 

ሻݔሺݍ ൅ ሺ1ݍ െ ሻݔ ൌ 0, 
 

then the eigenfunctions of a boundary value problems 
 

൜ݕ
′ሺݔሻ ൅ ݕሻݔሺݍ ൌ ሺ1ݕߥ െ ,ሻݔ

ሺ1ሻݕ ൌ 0
 

 
form a Riesz basis of the space ܮଶሺ0, 1ሻ. 

The proof of the theorem follows in an obvious way from Lemma 2.5. We summarize the results of 
the lemmas obtained [2.1-2.5], in the form of the following theorem, 

 
 Theorem 2.3. If 
 

ܪ ൌ ,ଶሺ0ܮ 1ሻ и 
 

ሻݔሺ݌ ൅ ሺ1݌ െ ሻݔ ൌ 0, 
 

ሻݕሺݍ ൅ ሺ1ݍ െ ሻݕ ൌ 0 
 

then the spectral problem 
 

ቐ
൤
߲
ݔ߲

൅ ሻ൨ݔሺ݌ ൤
߲
ݕ߲

൅ ሻ൨ݕሺݍ ,ݔሺݑ ሻݕ ൌ ሺ1ݑߣ െ ,ݔ 1 െ ሻݕ

௫ୀ଴|ݑ ൌ 0, ௬ୀଵ|ݑ ൌ 0
 

 

has an infinite set of eigenvalues: 
 

௡௠ߣ ൌ ଶሺെ1ሻ௡ା௠ାଵߨ ൬݊ ൅
1
2
൰ ൬݉ ൅

1
2
൰ , ݊,݉ ൌ 0,േ1,േ2,… 

 
and the corresponding eigenfunctions: 
 

,ݔ௡௠ሺݑ ሻݕ ൌ ׬2݁ ௤ሺ௧ሻௗ௧ି׬ ௣ሺ௧ሻௗ௧
ೣ
బ

భ
೤ ∙ ݊݅ݏ ቀ݊ߨ ൅

గ

ଶ
ቁ ݔ ∙ ݏ݋ܿ ቀ݉ߨ ൅

గ

ଶ
ቁ   ,ݕ

 
which form a Riesz basis of ܮଶሺܦሻ. 
3. Results of the study Now we return to the original problem (3) + (4). Working Operator 

ܵ: ,ݔሺݑܵ ሻݕ ൌ ሺ1ݑ െ ,ݔ 1 െ  ሻ on equation (3), we obtainݕ
 

 ܵ ቂ
డ

డ௫
൅ ሻቃݔሺ݌ ቂ

డ

డ௬
൅ ሻቃݕሺݍ ,ݔሺݑ ሻݕ ൌ ݂ܵሺݔ, ሻݕ ൌ ݂ሺ1 െ ,ݔ 1 െ  ሻ.  (19)ݕ
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Expanding the function ݑሺݔ, ሻ, and ݂ሺ1ݕ െ ,ݔ 1 െ  ሻ in the eigenfunctions of the spectral problemݕ
(15) + (16), we have 

 

݂ሺ1 െ ,ݔ 1 െ ሻݕ ൌ ෍ ௡݂௠ݑ௡௠ሺݔ, ሻݕ
ା∞

௡,௠ୀି∞

, 

 
,ݔሺݑ  ሻݕ ൌ ∑ ∞௡௠ାߙ

௡,௠ୀି∞ ,ݔ௡௠ሺݑ  ሻ. (20)ݕ
 
 
where ௡݂௠, ܽ௡௠- are the corresponding Fourier coefficients. Substituting (20) into (19), we obtain 

෍ ௡௠ܽ௡௠ߣ

ା∞

௡,௠ୀି∞

,ݔ௡௠ሺݑ ሻݕ ൌ ෍ ௡݂௠

ା∞

௡,௠ୀି∞

,ݔ௡௠ሺݑ  ⇒,ሻݕ

ܽ௡௠ ൌ ௡݂௠

௡௠ߣ
. 

 
Consequently, 
 

,ݔሺݑ ሻݕ ൌ ෍ ௡݂௠

௡௠ߣ

ା∞

௡,௠ୀି∞

,ݔ௡௠ሺݑ  .ሻݕ

 
Theorem 3.1. If ܪ ൌ ,ଶሺ0ܮ 1ሻ and 
 
ሻݔሺ݌ (ܽ)  ൅ ሺ1݌ െ ሻݔ ൌ 0, ሺܾሻݍሺݕሻ ൅ ሺ1ݍ െ ሻݔ ൌ 0, 
 
then the Goursat problem 
 

 ൝
ቂ డ
డ௫
൅ ሻቃݔሺ݌ ቂ

డ

డ௬
൅ ሻቃݕሺݍ ,ݔሺݑ ሻݕ ൌ ݂ሺݔ, ,ሻݕ ሺݔ, ሻݕ ∈ ܦ

௫ୀ଴|ݑ ൌ 0, ௬ୀଵ|ݑ ൌ 0
 

 
is strongly solvable in the space ܮଶ,ఘሺܦሻwith weight, and for the solution ݑሺݔ,  ሻwe have theݕ

representation 
 

,ݔሺݑ  ሻݕ ൌ ∑ ௙೙೘
ఒ೙೘

ା∞
௡,௠ୀି∞ ,ݔ௡௠ሺݑ  ,ሻݕ

 

,ݔ௡௠ሺݑ ሻݕ ൌ ݌ݔ2݁ ቂ׬ ݐሻ݀ݐሺݍ െ ׬ ݐሻ݀ݐሺ݌
௫
଴

ଵ
௬ ቃ ∙ ݊݅ݏ ቀ݊ߨ ൅

గ

ଶ
ቁ ݔ ∙ ݏ݋ܿ ቀ݉ߨ ൅

గ

ଶ
ቁ   ,ݕ

 

௡௠ߣ ൌ ଶሺെ1ሻ௡ା௠ାଵߨ ൬݊ ൅
1
2
൰ ൬݉ ൅

1
2
൰ , ݊,݉ ൌ 0,േ1,േ2,… 

 
where ௡݂௠-are the Fourier coefficients of the function ݂ሺ1 െ ,ݔ 1 െ  ௡௠ሽ.The scalarݑሻ in the system ሼݕ
product in the space ܮଶ,ఘሺܦሻhas the form 

ሺ݂, ݃ሻ ൌ න න ݌ݔ݁
ଵ

଴

ଵ

଴
቎නݍሺݐሻ݀ݐ െ න݌ሺݐሻ݀ݐ

௫

଴

ଵ

௬

቏ ݂ሺݔ, ,ݔሻ݃ሺݕ  .ݕ݀ݔሻ݀ݕ

 
 Many people know the following lemma; nevertheless, for the sake of completeness, we  
give its proof.  
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Lemma 3.1. 
Let ݍሺݔሻbe a periodic function with period 1, that is, ݍሺݔ ൅ 1ሻ ൌ  ሻ.Then in order for the functionݔሺݍ

ܳሺݔሻ ൌ නݍሺݐሻ݀ݐ

௫

଴

 

was a periodic function with a period equal to 1-c is necessary and sufficient that 
 

නݍሺݐሻ݀ݐ ൌ 0

ଵ

଴

. 

 
Proof.  
(а) Necessity. Let Q (x) be a periodic function withperiod equal to one;  
Q (x) = Q (1 + x). Then 
 

׬ ݐሻ݀ݐሺݍ ൌ ׬ ݐሻ݀ݐሺݍ ൌ ׬ ݐሻ݀ݐሺݍ
ଵ
଴ ൅

ଵା௫
଴

௫
଴ ׬ ݐሻ݀ݐሺݍ

ଵା௫
ଵ ; 

 

න ݐሻ݀ݐሺݍ ൌ ฬ
ݐ ൌ 1 ൅ ߦ
ݐ݀ ൌ ߦ݀ ฬ ൌ නݍሺ1 ൅ ߦሻ݀ߦ ൌ නݍሺߦሻ݀ߦ

௫

଴

௫

଴

ଵା௫

ଵ

. 

 
Следовательно 

නݍሺݐሻ݀ݐ ൌ නݍሺݐሻ݀ݐ ൅ නݍሺߦሻ݀ߦ

௫

଴

ଵ

଴

௫

଴

. 

 

Hence it is obvious that׬ ݐሻ݀ݐሺݍ ൌ 0
ଵ
଴ . 

(b) The sufficiency. Assume that the following equalities hold: ݍሺݔሻ ൌ ݔሺݍ ൅ 1ሻ,  ׬ ݐሻ݀ݐሺݍ ൌ 0.
ଵ
଴  

Then 

ܳሺ1 ൅ ሻݔ ൌ න ݐሻ݀ݐሺݍ ൌ නݍሺݐሻ݀ݐ

ଵ

଴

൅ න ݐሻ݀ݐሺݍ ൌ

ଵା௫

ଵ

ଵା௫

଴

ൌ න ݐሻ݀ݐሺݍ ൌ ฬ
ݐ ൌ 1 ൅ ߦ
ݐ݀ ൌ ߦ݀ ฬ ൌ නݍሺ1 ൅ ߦሻ݀ߦ ൌ නݍሺߦሻ݀ߦ ൌ ܳሺݔሻ

௫

଴

௫

଴

ଵା௫

ଵ

. 

 
and it was required to prove. 

 
Corollary 3.1. If p (x) and q (y) are real continuous functions satisfying the following conditions: 
 

ሻݔሺ݌ ൅ ሺ1݌ െ ሻݔ ൌ 0, ሻݕሺݍ ൅ ሺ1ݍ െ ሻݕ ൌ 0, 
 

functions 

ܲሺݔሻ ൌ න݌ሺݐሻ݀ݐ

௫

଴

, ܳሺݕሻ ൌ නݍሺݐሻ݀ݐ

ଵ

௬

 

 
are periodic with periods equal to one. 

Proof. Lets show that if condition (1) is satisfied, we have 
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න݌ሺݐሻ݀ݐ

ଵ

଴

ൌ 0.	 

From condition (1), we have 
 

න݌ሺݐሻ݀ݐ ൅

ଵ

଴

න݌ሺ1 െ ݐሻ݀ݐ ൌ 0;	න݌ሺ1 െ ݐሻ݀ݐ ൌ

ଵ

଴

อ
ߦ ൌ 1 െ ݐ
ߦ݀ ൌ െ݀ݐ
ݐ ൌ 1 െ ߦ

อ

ଵ

଴

ൌ െන݌ሺߦሻ݀ߦ ൌ න݌ሺߦሻ݀ߦ

ଵ

଴

଴

ଵ

, 

Consequently, 
 

2න݌ሺݐሻ݀ݐ ൌ 0	 ⇒

ଵ

଴

න݌ሺݐሻ݀ݐ ൌ 0	

ଵ

଴

. 

Further, 
 

ܳሺݕሻ ൌ නݍሺݐሻ݀ݐ ൅ න ݐሻ݀ݐሺݍ ൌ െනݍሺݐሻ݀ݐ.

௬

଴

௬

଴

ଵ

଴

 

 
Corollary 3.2. The eigenfunctions of the spectral problem (15) + (16) are periodic with period T = 2. 
Proof. 
 

,ݔ௡௠ሺݑ ሻݕ ൌ ݌ݔ2݁ ቎නݍሺݐሻ݀ݐ

ଵ

௬

െ න݌ሺݐሻ݀ݐ

௫

଴

቏ ∙ ݊݅ݏ ቀ݊ߨ ൅
ߨ
2
ቁ ݔ ∙ ݏ݋ܿ ቀ݉ߨ ൅

ߨ
2
ቁ  ,ݕ

 

ݔ௡௠ሺݑ ൅ 2, ݕ ൅ 2ሻ ൌൌ ݌ݔ2݁ ቎නݍሺݐሻ݀ݐ

ଵ

௬

െ න݌ሺݐሻ݀ݐ

௫

଴

቏ ∙ ݊݅ݏ ቂ2݊ߨ ൅ ߨ ൅ ቀ݊ߨ ൅
ߨ
2
ቁ ቃݔ ∙ 

ݏ݋ܿ ቂ2݉ߨ ൅ ߨ ൅ ቀ݉ߨ ൅
ߨ
2
ቁݕቃ ൌ 

ൌ ݌ݔ2݁ ቎නݍሺݐሻ݀ݐ

ଵ

௬

െ න݌ሺݐሻ݀ݐ

௫

଴

቏ ∙ ݊݅ݏ ቀ݊ߨ ൅
ߨ
2
ቁ ݔ ∙ ݏ݋ܿ ቀ݉ߨ ൅

ߨ
2
ቁ ݕ ൌ ,ݔ௡௠ሺݑ  .ሻݕ

 
We now state the resulting final theorem. 
 
Theorem 3.2. Let, ܪ ൌ ,ሻݔሺ݌ ሻ,andܦଶሺܮ ,ሻݕሺݍ ݂ሺݔ,  ሻbe real continuous functions. If the followingݕ

conditions are true: 
 

ሻݔሺ݌ (ܽ) ൅ ሺ1݌ െ ሻݔ ൌ 0, 
(b) ݍሺݕሻ ൅ ሺ1ݍ െ ሻݔ ൌ 0, 
(c) ݂ሺݔ, ሻݕ ∈  ;ሻܦ଴ሺܥ
 
then the Goursat problem 
 

൤
߲
ݔ߲

൅ ሻ൨ݔሺ݌ ൤
߲
ݕ߲

൅ ሻ൨ݕሺݍ ,ݔሺݑ ሻݕ ൌ ݂ሺݔ, ,ሻݕ ሺݔ, ሻݕ ∈  ܦ

௫ୀ଴|ݑ ൌ 0, ௬ୀଵ|ݑ ൌ 0 
 
has a unique periodic solution, with a period T = 2. 
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4. Discussion. The incorrectness of the Dirichlet problem of the wave equation ݑ௫௫ െ ௬௬ݑ ൌ 0in 
region D [see Pic.2] is well known, from the operator's point of view the wave operator has a continuous 
spectrum, that is, zero is an infinite eigen value, the periodic problem has an analogous property, so we 
have a periodic problem turned their attention to Goursat's problem. 

5. Conclusions. Wave equations describe wave processes: propagation of sound, electromagnetic 
waves, waves on water, radio waves, etc. There are cases when waves of small amplitude form giant 
waves. This phenomenon is due to the duration of the wave propagation process, therefore the problem of 
stabilizing the solutions of the wave equation as ݐ → ൅∞is of great practical importance. One of the signs 
of wave stabilization is their periodicity. We have established that if the external perturbation is localized, 
i.e. is finite, and the coefficients of the wave equation are periodic and odd, then the solution of the 
Goursat problem admits a periodic extension to the whole plane of independent variables. 
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