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THE COMPLETENESS
OF THE NONCOMMUTATIVE t;a.¢,) SPACE

Abstract. Considering the commutative case, we know that a maximal function f = sup,|f,| belongs to
L, () if and only if there is a factorization f, =cz, =z,c foralln € N, where ¢ € L, (1) and sup,||z,le <

oo, The theory of vector-valued noncommutative Lp -spaces are introduced first time by Pisier in 1998. Pisier

considered the case M is hyperfinite. This theory solved maximal function’s problem in noncommutative case.
Later in 2002 Junge and Xu introduced general case. By using these noncommutative vector valued Lp -spaces
Junge solved noncommutative version of Doob’s maximal inequality problem in general case.

The noncommutative vector-valued Hardy spaces were introdused in [2]. In this paper, we consider maximal
function’s problems on noncommutative Hardy spaces. For this reason we introduce a noncommutative vector-
valued symmetric Hardy space.

Our aim is discover their properties. It is presented another useful proof of completeness of this space. We also
obtain factorization theorem like Saito’s theorem. The work is mostly theoretical. The results can be used to further
develop of noncommuative martingale theory, noncommutative ergodic theory, and operator valued Hardy spaces
theory.

Key words: von Neumann algebra, 7 -measurable operator, subdiagonal algebra, noncommutative symmetric
space, noncommutative Hardy space.

1 Preliminaries and Introduction
Let S(0,1) be the space of all measurable real-valued functions on (0,1) equipped with Lebesgue

measure m (functions which coincide almost everywhere are considered identical).
For x € §(0,1) we denote by u(x) the decreasing rearrangement of the function | x|. That is,

ut,x)=inf{s>0:m({|x>s})<t}, t>0.

Definition 1 We say that (E, ||*|| ) is a symmetric Banach function space if the following holds.

(a) E is asubset of S(0,1).

(b) (E, |I"llg) is a Banach space.

(¢)If xe E andif y € §(0,1) are such that | y |<| x|, then y € E and ||y|lz < l|x||g.

(d)If xe E and if y € S(0,1) are such that x(y)= u(x), then ye E and ||y|lz = llx||.

Furthermore we recall that the norm in E is said to be order continuous if, for every sequence
{x,},50 € E such that x, 40 in S(0,1), we have that ||x,||z = 0. Order continuity of the norm is
equivalent to separability of the space £ (see [10]).
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Special examples of such Banach function spaces are the spaces L, (0,1), 1 < p < oo, equipped with

their usual norm ||-[|,,.
We recall that every symmetric Banach function space satisfies

L,(0,1)c EcL,(0,1)

with continuous embeddings.
We say that y is submajorized by x in the sense of Hardy-Littlewood (written y < x) if

I;y(s,y)ds < j;y(s,x)ds, t>0.

Now let £ be a Banach lattice. Let 0 <7 <oo. Then E is said to be r -convex and r -concave, if
there exists a constant C > 0 such that for all finite sequence (x,) in E

n Yr n r
<2|xk|r) sc(Zuxkuz«) ,

k=1 E k=1

n 1/1" n 1/T
(anknz) <c (Zmr) ,
k=1 k=1 E

and as usual the best constant C >0 is denoted by M "’ (E) and M (n (E), respectively. We recall that

and

for 7; <r, we have
M"Y (EY<M"™(E)
and
Mr2 (E)< Mr1 (E).
For all needed information on convexity and concavity we once again refer to [10]. If
M™ ) (E)=1, then the r'th power
E' ={xeL,(Q):x|"ekE}

endowed with the norm
T

1
lxllgr = || lxI /7
E

is again a Banach function space which is 1/ min(1,7) -convex.

Let H be a Hilbert space. The closed densely defined linear operator x in H with domain D(x) is
said to be affiliated with M if and only if uxu=Xx for all unitary operators u which belong to the

commutant M of M . An operator x affiliated with M is said to be 7 —measurable, if for every
& >0 there exists a projection e in M such that e(H) < D(x) and 7(1—e) <¢. The set of all 7-

measurable operators will be denoted by L,(M ). The set L,(M ) is a *-algebra with sum and product
being the respective closure of the algebraic sum product [12]. For each x on H affiliated with M , all
spectral projection esl(| X[) = X(sw0)(I X]) corresponding to the interval (s;o0) belong to M , and
x€ Ly(M) if and only if . (|x[) <o for some s €R. Recall the decreasing rearrangement (or
generalized singular numbers) of an operator x € L (M ) is defined as follows
put,x)=inf{s>0: 4 (x)<t},t>0
—— 7 ——
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where
A(x)=17(e; (| x])),s > 0.
The function s> A (x) is called the distribution function of x. For more details on generalized

singular value function of measurable operators we refer to [7]. Recall the construction of a Banach
symmetric operator space L,(M ,7) (for convenience L,(M )).Let E be a Banach symmetric function

space. Set
L. M,r)={xeL,(M,7): u(x)e E}.

We equip L,.(M ,7) with a natural norm
||x||LE( l,7) - ”'u(x)| E’ X e E(M ’T)'
It was further established in [15] that £(M ,7) is Banach.

Since for each operator x € L (M )
m(x|")= p(x)",
we conclude for every symmetric Banach function space E on the interval (0,1) which satisfies
M"Y (E)=1 that
L,(M):= {xeL,M):|x|"eL, (M)}

and
,

g =)

‘r — H| X |l/r
E Ly(M)~

b, o, =l
See [3, 5].
Let M be a finite von Neumann algebra on the Hilbert space H equipped with a normal faithful

tracial state 7. Let D be a von Neumann subalgebra of M , and let ®:M — D be the unique normal
faithful conditional expectation such that 7o ® = 7. A finite subdiagonal algebra of M with respect to
® isa w -closed subalgebra A of M satisfying the following conditions:

(i) A +J(A) is w -dense in M ;

(ii) @ is multiplicative on A , i.e., ®(ab) = ®(a)D(b) forall a,be A ;

(iii) A NJ(A) =D, where J(A) is the family of all adjoint elements of the element of A , i.e.,
J(A)={a":aecA).

The algebra D is called the diagonal of A . It is proved by Exel [6] that a finite subdiagonal algebra
A is automatically maximal in the sense that if B is another subdiagonal algebra with respect to @
containing A , then B=A .

For brevity, we introduce the following definition which was defined in [1].

Definition 2 Let E be a symmetric Banach space on (0,1) and A be a finite subdiagonal

subalgebra of M . Then H,(A)=[A] called symmetric Hardy space associated with A , where

Lp(M)
[~]LE(M) means closure in the norm of L,(M ). We denote [A, ]LE(M) by Hy(A).
The theory of vector-valued non-commutative L, -spaces were introduced by Pisier in [11] for the

case, when M is hyperfinite and Junge introduced these spaces for general setting in [8] (see also [4, 9]).
The theory for the space L,(M ;¢ ) was developed by Defant in [3] and Dirksen in [5] and in full

analogy with the special case L, =L, considered in [4, 8, 9]. In fact, most of the basic results follow
verbatim as soon as were replaced L, by L., L » by LEX’ where 1/p+1/p'=1, and L, , by LE1/2 in

the proofs of those results.
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Let us denote by L, (M ;/_) the space of all families x =(x,),, in L,(M ,7) for which there are

operators a,be L ,,(M) and a uniformly bounded sequence (¥,),-; in M such that there is a
factorization x, = ay,b forall n € N. We set

ey, = inf el |y supl,

0 ”b”LEl/z M )}’
where the infimum is taken over all such possible factorizations. Moreover, we denote by L,.(M ;/ fg’)

(here "col" should remind on the word "column") the space of all x =(x,),., in L,(M ) for which there

are b e L,(M ) and a bounded sequence (y,),,, in M such that x, = y b for all n. We then put
Pull A, o

Similarly, the row version consisting of all families x = (x,),., admitting a factorization x, = ay,
with ae L,(M ) and (y,),., bounded in M is denoted by L,(M ;/””") and we define
||x||LE(M ALS! = inf{”a”LE(M) Sup”yn ||oo}

In both cases the infimum is again taken over all possible factorizations.
Now we define the analogue of this space by a similar way.

Definition 3 We define H (Al ) as the space of all sequences x=(x,),,, in H.(A) which

admit a factorization of the following form: there are a,beHEl/2 (A), and a bounded sequence

)= inf {sup|

Il o
LE(M A0

y=(,) A such that
x,=ayb,Vn2x1. (1)
Given x € H.(A,? ) define
”x”HE(A;Zw) = H’lf{”a”HEl/2 (A) Sljp © ”b”HEl/z (A)}’ (2)
where the infimum runs over all factorizations of (x,) as above. Moreover, let us define

H,_(A;0%") as the space of all (x,) ., in H,(A) for which there are b€ H,(A) and bounded
sequence (y,),,, in M such that x, =y b and

il acr,, = infisup ]yl [Pl cn - 3)

Similarly, we define the row version H,(A;¢)") all sequences which allow a uniform factorization

Vi

x, =ay,, again with a € H,_(A) and (y,),,, uniformly bounded in M.
This space with H (A7) was introduced in the paper [13, 14, 2] with some basic properties.

Section 1 contains some preliminary definitions. In section 2, we prove that H,(A,/_) is Banach

space.
2 Main results

Theorem 1Let E be an r -convex symmetric Banach space on (0,1) for some 0 <r <oo. Assume

E does not contain c,. Then H_(A,l ) is Banach space.

Proof. Let us first check that satisfies  triangle inequality. Let

”'”HE(A 2D
(h'"),(h?)e H (A, ), choose a factorization of A with j=1,2:
h;/) — a(j)xij)b(j)’ Yn
— 69 ——
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such that

N P 0
HEI/Z(A) HEI/Z(A) HE(AI’ )

and

supHx,(,‘” HOO <l+eg, j=1,2. )

Indeed, for any & > 0 choose a factorization 4 = c’yd"Y Vn>1 with j=1,2 such that

(@2} (2} _
¢ eH ,(A), dV eH ,,(A)sup|y] =a
n
and
) 1 y(/) r
W, o Ao zjaie sup[=—| [a2d” : (5)
E >“ oo n (04
H A H A
g2 ) 0 g2 )
Then by choosing
H( (/))Hl/2 azH(h(/))Hl/z d(j)
Hp (AL, ) b(j) He(ALl,)
1 1
aEC(j) aid(j)
H o1 A) H 12 A)
and
1 1
aZC(J) aZd(.l) yr(:J)
) = Ho1a M) H o2
. b
" alo|
Hp(ALL)
we obtain
a(/)x(J)b(J) — C y(l)d(l) — h(}) i=1 2
and
s P
H o2 ) Hyp(Al,)’

1/2

e
Ho1p M)

Let ¢ =[(a")" |u" and b =v" |bY | be the polar decompositions of (a'”’)" and b",

respectively. Then u’x!v) e M, so we can substitute x'” by u’x'’v'" and therefore we are

Hp(ALL) '

allowed to assume that the ) and b are positive for j=1,2. Define operators:

1 1
a=(| (a(l))* |2 + (a(z))* |2 +¢&)? and b= (| b |2 +| p? |2 +£)2;
clearly,
1
||a||2 < (H(a + H(a +¢£)?
EE(A) E2(A) E2(A)
1
—dno Ae) 2
(H(h” )HHE(A,( ) H( )HHE(A 0 ) ’

— 70 —
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a similar inequality holds for b with norm ||||é By Remark 2.3 in [4] there exist contractions
0,0 eM such that | (@) |= a(0)"|bY |= Vb and
(a)(l))*w(l) + (a)(Z))*a)(Z) - r(a2)’(9(1))*9(1) + (9(2))*9(2) - I"(bz).
And, since a',b"' €M and (a')" =a,be L,(M), by Proposition 4.3. (i) in [1] there exist the
W y@eM and w”,w? €A such that a”' =vPw? and b7 = w?v?, where
W, w?) e HEV“ (A). Obviously,

h,(ll)+h,(l2) :(W(l))*l[(v(l))*l(w(l))*u(l)xr(ll)v(l)e(l)
2)\*,,(2),.2),,2 nQ2) ,,(2)\-1 (2)\-1
+(@ ) u 7 x,v7T (V)T (W)

unitary operators Vv

Define the sequence
e— (1, (D1 Dy (1) (D) (1) a(1) @y*,,@,.2,,2 9?2 (,,2\"1
=) (@) u x v H(07) u T x v e (v

Since  y, =(W")'[AY + AP ](w?) ' e H (A) by Proposition 4.3. (i) in [1]
v, € H (A)nM = A. Consider for each fixed 7 the following mapping:
UMM)->M,M)

defined by
(1)y* (2)\* Q) 0 (1) 0 9(1) 0
i -[@ @ )fu [ |
0 0 0 u? 0 v J)e? o

(1)
Yo 0
X=( : y(z)]eMz(M).

where

n

We need to show that ||yn || <l1.

Indeed,
y _H(V(n) [(w“))*u“)x“)v“)ﬁ(”+(a)(”)*u(z)x(z)v(”&(”](v(z))‘lH
n
_ H(a)(”)*u“)x‘“v(”ﬁ(” + (w(z>)*u(2>x<z> @@ H _ ||U(X)||
@")  (0®) 4 OB IO
< 2) |X|| 2 2
0 0 0 u( 0o v 6% 0
1 1 1 1
% * 2 2
SHa)l a)lmza;zuz\ "0 + 6.6, | SHr(a )Hz Hr(b )Hz <1.
So,
T
H( n n )HE(A,(foo) || ||HE1/2(A) HEl/z(A)
1 1
<y P +]j®y P +e)(|a" P| +|1d® | +é)?
" 14 ™) H 14 ™) " 1a®) " 1a®)
1
<l vt H My e
Ho1p @) Hoap @) Ao @A) H 1 A)
=l x® e
H( n )HHE(A,( ) H( )HH (AL, )

Then letting £ — 0, we obtain the desired triangle inequality. To show the completeness, we take a
Cauchy sequence () e H (A, ) for which we may assume without loss of generality that for all k
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H(hm _hum)u < 2;”’ (=1.2.).

HpAt,) 2

Define for each N the sequences

o0

N o NG ()
UK th) he

=N
in H.(A).
First,we need to show that all of them belong to (A, ) forall N and that

N ~N+1
<270
I,
Let
h(j) _h(j+1) — a(j)x(j)b(j)
O]

with
<27/,

HamH p H < 2_j,supHx,(1j)H <27
H o2 H 12 ) n 0

As above, we may assume that @'/’ and b are positive, obviously

Z [(a") Pe HE1/4 (A), Z b e HEl/4 (A)
Jj=1 j=1

and
N y* |2 N (y* |2 —
> 1@y 5 [CEONE M.
j=1 H a7 EV4
E
> . 2 > ) e .
ZW (a(.l))* | ZHa(«/)H < 22—21 <1;
=) M) o5 Aap®) 5
similarly,

0
Z | b(j) |2
Jj=1

3 LTINS ¥ e
_Zulb |H1/2(A> Zb Hm(A)_l'
E J=1 E

=]
H g8/
gl

1 1
Define a := (Z; [(@”) P +6)* € H ), (A) and b= (Zf:1 |67 [ +&)? € H ,,(A), then

1
2

0 .
||a||H o :HZW”)* ? te
E =

H 14 ()
0 1 0
o = 2

<@y P +¢)? =Z“a‘j“H o FESIHE

a H s () e
and

<
”b”HEl/z (A) — l+e.
: : ) = DN*1,,0)

So by letting &€ — 0, we obtain ||a||HEl/2 ") <1 and ”b||HE”2 = l. Let a’ =|(a”’)" |u"’ and

b =y ||, On the other hand, according to Remark 2.3 in [4] there exist contractions
®,0Y eM such that | (@V)" |= a(@")" and | |= 8Vb as above. Thus

— 72 ——
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0
N _ e ( L .
é,(.) — 2 (a)(])) u(])x(('J))v(])a(J).
J=N

Hence suanﬂ;\’H <27 So we obtain
[ee]

N N (D Y*,, () ()1,() () N ) N =J —-(N-1)
HQ-)HSZVH(‘” Julxg Vo HSZVH% Hs%z <2
j= j= j=

and
77:[\’ — Za(j)x(./)b(./) — Z | (a(./))* |u(./)xr(l./')v(j) |b(j) |
=N J=N
_ Z“( ) uDx I gp = “(Z( oY U X9 )b = a¢ b,
Jj=N J=N
Hence
n" e Hy(AsL,)
and
N < ‘ N <9-(N-D)
H77 HHE(A;%) _||a||HE1/2 (A)Sljp <, OO”b”HE”2 (A) <2 ‘
So
S (k+1) (k) 1 N+1 N
+1) _ — + <"
Z(h h)—n H77 Hp(A,) 270
k=1 Hp(Asl,)
as N >«
N
Z(h(kJrl) _h(k)) N 771.

k=1
Therefore we get A" — Y + 7' conclusion.
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12 PhD, On-dapabuaTbiHIaFbIKa3aKyITTHIKyHUBEPCUTETIHIHOKBITYIBICHL, AnMaThl, KazakcTan

KOMMYTATHUBTI EMEC H (A, () KEHICTII'THIH TOJBIKTBIFbI

AuHoTamusi. KoMMyTaTHBTI >KaFmaiipl KapacTelpa OTBIPBIN, f = sup,|f,| Makcumanabl GyHKIHACH
L » (4) — ra Toyenni 6onca, conna Tex conna rana Gapasik n € N ymin fn =cz, = z,C (axropusanusaysl 6ap

Oosaapl, MyHIarsl C € Lp (1) wxone supyllz,lle < . BekTOp—MoHII KOMMYTATHBTI eMeC Lp —KEHICTIKTEpiHIH

TeopusichiH 1998 sxbutel anrani pet ITucee enrisren. ITucke M -runepakpIpibl GONFaH JKaFqaiblH KapacThIpraH. Byt
Teopusi KOMMYTAaTHUBTI eMec arjaaiina MakcuMmanasl GyHKIMs Mmocenecin memri. Keiinipexk 2002 xbutbl FOHre

skoHe Lyit >kanmel karmaiiga eHrisreH. OCBl BEKTOP-MOHIII KOMMYTATHBTI eMec Lp -KeHICTIKTEpiH MaiIaIaHbII,

FOHre xanmbl sxarnaiina JlyOThIH MaKCHMAJIIbI TSHCI3/IIK MOCEIICCIHIH KOMMYTATHUBTI €MeC HYCKACBIH HICIIITI.

KommyTaTuBTi emec BekTop-MoHIi Xapau KeHicrikrepi [2]-me enrizimai. Ocbl Makanana KommyTatuBTi emec
Xapay KeHICTIKTepiHAe MakCUMaiasl (pyHKIMSHBIH Macelnenepid KapactbipaMb3. Con cebenti 613 KOMMYTaTHBTI
€MeC BEeKTOP-MOH/li CHMMETPHSUIBIK Xap/an KeHICTIKTEPiH eHIi3eMis.

Bi3miH MakcaThIMBI3 OJIAPIBIH KacHETTEpiH KepceTy. Bysl KeHICTIKTiH TOJBIKTBIFBIH JQJCIACUTIH Tarbl Oip
naiinanel gonen kentipinreH. Conpaif-ak, CaliTo TeopeMachl YKCAWTHIH (aKTOPH3ALMSIIBIK TEOPEMAHBI allaMbI3.
KOMMYTaTHBTI eMec MapTHUHTal TEOPHUsCHl, KOMMYTATHUBTI €MEC SPTOJUK TEOPHUSCHI KIHE OorepaTtop MOHII Xapan
KEHICTIKTIKTep TEOPHUSCHI YIIiH KOIIaHyFa O0Iabl.

Tyiiin ce3nep: ®on Heiiman anrebpachl, 7 - eeMJli oneparop, cyoquaroHaibi anredpa, KOMMYTAaTHBTHI
€MeC CHMMETPUKAIBIK KEHICTIK, KOMMYTAaTHBTHI eMec Xapu KeHICTiri.

K.C. Tyaenos', JI. laynr6ex’

12 CHC, MHCTUTYT MaTeMaTHKH U MaTeMaTHIeCKOro MoAeInpoBanus, Anmatel, Kazaxcran
' PhD, npenonasatens, Kazaxckuii HalMoHAIbHBINA YHUBEpCHTET HM. Asb-Dapabu, AnMaTel, Kazaxcran

MOJHOTA HEKOMMYTATUBHOTI'O TIPOCTPAHCTBO (A, ()

AnHoTamusi. PaccMatpuBasi KOMMYTaTHBHBIN CITydaid, MBI 3HAaeM, 4TO MakCHMaibHast GyHKIWS f = sup,|f;,|

npuHanIeKuT L » () Torma m ToNBKO TOTMA, KOT/IA CYIIECTBYET (paKTOPH3ALMS fn =cz,=z,c s Beex n € N,

rae C eLp (1) w supyllzylle < . Teopust BEKTOpP-3HAYHBIX HEKOMMYTATHBHBIX L , “TIPOCTPAHCTB  BIICPBBIC

BBogutcs Iluckeom B 1998 roay. Iluche cumrtan cinydait M runepkoHeyHbIM. JTa TEOpHs peliaia 3aaady
MaKCUMallbHON (YHKINU B HeKOMMyTaTHBHOM cirydae. [To3maee B 2002 roxy FOnre n Croif mpencTaBuiId OOIHiA

ciyyait. Mcrnone3yst 9TM HEKOMMYTATUBHBIE BEKTOPHO3HAYHBIE L » “TIPOCTPaHCTBA, IOHre pemmn HeKOMMYTaTHB-

HBI BapUaHT MaKCUMAaIIbHOH 3a/1a4un HepaBeHCTBa JlyOa B 00IIeM ciydae.

HexommyTaTrBHBIE BEKTOpHO3HAYHBIE IPOCTPAHCTBA XapAW OBUIM MHTPOAYIHMPOBaHHI B [2]. B HacTosmieit
paboTe paccMaTpUBalOTCS 3aJa4l MaKCUMalbHOW (QYHKIMHM HA HEKOMMYTATHBHBIX MpocTpancTBax Xapau. [To aToit
MPUYHHE MBI BBOJIUM HEKOMMYTATHBHOE BEKTOP-CHMMETPUIHOE CHMMETPUYHOE IPOCTPAHCTBO XapaH.

Hama nens - oTkpbITh MX cBoiicTBa. IlpencraBieHo eme OAHO MOJNE3HOE AOKA3aTENBCTBO IOJIHOTHI 3TOTO
npoctpaHcTBa. MBI Takke IoiydaeM Teopemy (akropusaiyu, Takylo kak teopema Caiito. Pabora B ocHOBHOM
TCOPETUUCCKA. PesyanaTm MOryT 6I)ITb HUCIIOJIb30BAaHbI JIsA IlﬁﬂbHGﬂHl@FO pa3BUTHA HeKOMMyTaTHBHOﬁ TCOpUU
MapTUHTAI0B, HEKOMMYTaTUBHOM AProAUYeCcKOl TEOPUU U ONIEPATOPHO3HAYHOM TEOPUH POCTPAHCTB Xap/H.

KiaoueBble cioBa: anmrebpa @®on Heiimana, 7 -u3MepuMblid omeparop, NOAAWArOHANbHAs anredpa,
HEKOMMYTAaTHBHOE CHMMETPUYIHOE IMPOCTPAHCTBO, HEKOMMYTATHBHOE IMPOCTPAHCTBO XapIH.
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