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THE STUDY OF THE NEUTRON HALO OF THE ""BE NUCLEUS
TAKING INTO ACCOUNT THE INFLUENCE OF AN EXTERNAL FIELD

Abstract.The aim of work is a theoretical study of the Coulomb breakup of halo nuclei in time-dependent
quantum-mechanical approach. Exotic nuclei are the subject of intensive experimental research.Theoretical studies
of Coulomb breakup of halo nuclei are relevant for the interpretation and planning of experiments for the study of
light nuclei on radioactive beams.The investigations with beams of radioactive nuclei have opened new prospects in
studying the structure of the atomic nucleus and have found wide applications in other areas of physics, including
nuclear astrophysics. The halo is one of the most intensively studied objects in modern low-nucleus physics. A
characteristic feature of halo nuclei physics is correlations between the mechanism of nuclear reaction and structure.

The breakup is one of the important tools for thetheoretical study of the properties of halo nuclei. In these
reactions, the information from the breakup of the projectile into fragments can be used to make a conclusion about
the properties of the halo part of the wave function. With good approximation, the breakup could be considered as
atransition from bound state of two (three) particles to the continuum, due to changing Coulomb field.

In this paper, the energy levels of the halo nucleus of''Be are calculated, taking into account the effect of an
external magnetic field. The ''Be nucleus is regarded as a neutron halo consisting of '’Be core and one neutron. This
work is the initial stage of the work on the investigation of the breakup of halo nuclei in the quantum-mechanical
approach.

Key words: Halo nucleus, Coulomb breakup, breakup cross section, exotic states of the nuclei, nonstationary
Schrédinger equation, energy spectrum, nuclearpotential.

Introduction.For the first time, nuclei with a neutron halo were discovered in 1985 by Tanikhata and
et al. [1,2], where such exotic systems were tightly bound core and surrounded by a diffuse nuclear cloud.
These systems were observed in the ground states (g.s.) of some light, neutron-rich radioactive nuclei
located near the neutron stability boundary [3]. Previously it was believed that a halo could be formed
only in radioactive nuclei located close to the neutron drip line. However, in the late 50's of last century,
long before the discovery of the halo, A.I. Baz actually predicted [4] the possibility of its appearance even
in stable nuclei near the neutron or proton emission thresholds. In particular, it was shown in [5] that the
excited state of 3.09 (1/2) MeV of the stable "*C nucleus could have a halo structure with an increased
radius.

Coulomb breakup is one of the main tools for studying the halo nucleus. The crosssection contains
useful information about the structure of the halo. Thus, this topic is the subject of intense experimental
and theoretical research. Among the halo nuclei, the ''Be nucleus is of particular importance, since the
relative simplicity of its structure allowsmore accurate theoretical studies. In fact, the bound states of the
"Be nucleus can be described quite well as a '’Be nucleus and a weakly bound neutron. With a good
approximation, the decay can be regarded as a transition from a two-particle bound state to a continuum
due to a changing Coulomb field in the process of collision of nuclei with a target [6].

The neutron halo effect is caused by the presence of weakly bound states of neutrons located near the
continuum. The small value of the binding energy of a neutron (or a group of neutrons) and the short-
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range nature of nuclear forces lead to the tunneling of neutrons into the outer peripheral region over large
distances from the core of the nucleus. In this case, the distribution density of peripheral neutrons is much
smaller than the neutron distribution density inside the core [7].

Among the neutron halo nuclei, the nucleus ''Be is of particular interest. In the simplest
approximation, it can be considered as a two-particle system consisting of a '’Be core and a weakly bound
neutron. The halo-nucleus is described quite well by the wave function, which is the product of the wave
functions of the core and the external halo. A number of experimental facts confirm that nucleons forming
a nuclear halo have little effect on the core of the nucleus [6]. The most famous nuclei having the
structure of a single-neutron halo are ''Be, ''Li, '’C, "C and etc. [8]. They also have small binding
energies, anomalously large sizes, narrow momentum distributions of fragments after the breakup, large
interaction cross sections and electromagnetic dissociation.

The practical way of studying the halo structure is to investigate collisions of two nuclei with the
transfer of energy and momentum. As a result, the transient properties of nuclear systems are studied in
nuclear reactions, namely, the transition from the ground state to excited states [8]. The breakup is one of
the important tools for thetheoretical study of the properties of halo nuclei. In these reactions, the
information from the breakup of the projectile into fragments can be used to make a conclusion about the
properties of the halo part of the wave function. The Coulomb breakup is of particular interest,because the
uncertainty about the assumption that the nuclear interaction between the projectile and the target plays an
important role. Nevertheless, in order to correctly extract information from the cross sections, the
accuracy of the description of the reaction mechanism must be established [9].

A characteristic feature of the physics of the halo nuclei is the close relationship between the
mechanism of the nuclear reaction and the structure of the nucleus. The primary analysis [1,2] of
experimental data on the cross sections of the interaction of nuclei with a halo has already led to the
determination of the large material radii of these systems. Since in the known nuclei with a two-neutron
halo the ground state is the only bound state, the breakup of nuclei with ahalo in binary collisions is the
final process of any reaction accompanied by excitation of the exotic system. The development of
adequate models of the breakup is of great practical value as a means of extracting reliable information on
the structure of nuclei with halo and the dynamics of the interaction processes [10].

In this paper,theinfluence of an external magnetic field on the ground state of the ''Be nucleus is
investigated, the splitting of the energy levels are calculated by numerical and analytical methods. The
first order of perturbation theory was taken as an analytical method [11].

1. Numerical methods for solving the stationary Schréodingerequation. The problem is reduced to
solving the stationary Schrodinger equation (SE):

HYnim = EnUnim (D

The wave function could be written in the form:

Ynim (1) = Ry (r)Yim (6, ) )

whereY,,,, (8, ¢)-is a spherical function.
The Hamiltonian of the interaction [8]:

hZ
Hy(r) = —ZA‘*‘ch(T’) 3)
Then for the radial part Ry;(r)of the wave function we obtain the equation:

A+ 3
2u 2ur

[_ﬁ L{GEVIN ch(r)] Ry (r) = E Ry, (1) @)
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mypm, .
where u = # reduced mass, m,, m. u M= m, +m, —respectively, the masses of the neutron, core, and

nucleus of''Be.

To solve theproblem (4) it is more convenient to use the system of units, where - energy, potential
and mass are measured in the same energy units - MeV, and the radius of nucleus in fm, and hc = 197.328
MeV - fm. Then equation (4) can be written in the form:

41,443 d? 41,443 1(1+1)
YA 2 _H N2
2 (mn) dr z(mn) r

+Ver (M| Ri(r) = E Ry(r) ®)

The potential V,(r) consists of a central term and a spin-orbit interaction term taking into account the
spin of the neutron I and the angular momentum L of the relative motion of the neutron-core [6,9].

Ver(r) = Vo(r) + LIV (7) (6)

VA7) is an internal interaction between the nucleus and the fragment of the projectile [9]. The central
potential of equation (6):

Vo(r) = =V, f(r,Rp,a) (7

where the Woods-Saxon form factor:

f(r,Ry,a) = [1 + exp (r_RO)]_l (8)

a

Spin-orbit interaction is expressed as [9]:

1d
Vi (r) = Vig rar f(r,Ro,a) ©)
The values of the potential parameters are given in Table 1, they are chosen as in [6].

Table 1 - Potential parameters

Vi=o Viso Vis a Ro
(MeV) (MeV) (MeV fm?) (fm) (fm)
59.5 40.5 32.8 0.6 2.669

Here V; is the depth of the Woods-Saxon potential, a is the diffuseness, and Ry is the radius of the
"Be (Ry = 1.2A"*fm). The standard value ¥, is used for the potential depth Is for the p-shell core [1].
We seek the solution of the SE (5) under boundary conditions using numerical methods of the inverse
iteration [12], finite-difference [13] and the sweep methods [12].
Ry (r) = const,r - 0
{er | 5)
n(@) = 0,7 >

The method of reverse iteration is characterized by sufficiently rapid convergence to the solution. The
accuracy of the result must be checked on the residual. The accuracy of the computational scheme is equal
to A= |E O_F (i_l)l < 107% . In the equation, the second-order derivative can be simplified for a
computer scheme using finite-difference approximation, described in detail in paper [7]. A radial grid is
introduced over 1; on the interval r € [0,7,], for convenience we have introduced the notationR(7;))=R;.
The wave function for the first iteration will be foundby sweep method, then the normalization will be
checked. Thus, the energy level will be found. Negative energy states are normalized and describe either
the physical bound states of the nucleus ''Be or states forbidden by the Pauli principle[9].

—— |4 ——
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1.1 Numerical methods for solving the stationary Schriodinger equation.
1.1.1The results: energy spectrum of''Be.The stationary Schrodinger equation (radial part) is solved
by the method of reverse iteration [12]. The solution scheme is as follows:

AR = ER
(A—-TEO)R® = ROV ;-1 = (11)
O JEI() B .
E™ =E™ + RO RGE-1

whereE™ is the initial approximation for the energy, i - is the iteration number, R(®)- is the initial vector,
and the calculated finite vector R® - is normalized at each iteration R () = Eﬁ(lmax).

The advantage of this method is that the final answer will not depend on the choice of the initial
approximation, since the answer quickly converges. Nevertheless, the accuracy of the result must be
checked on the residual.

From equation (11) that the accuracy of the computational scheme is

A=|E® - EE-D] <1070 (12)
orthe discrepancy is§; < 107°:
(A—TED)R® =¢; (13)

1.1.2 The sweep method.We seek the solution SE (5) in the form (11) under the boundary conditions:

{Rm(r) - const,r - 0} (14)

Ry (r) = 0,7 >

In the equation there is a second-order differential, which can be simplified for a computational
circuit using the finite-difference method, described in detail in [13]:

(1) 1, p)
i( (1)): Rj+1_2Rj +Rj—1 (15)
dr? h?

]

Here we introduce a radial mesh with respect to rj, where h is the step along the grid rj, for
convenience, we have introduced the notation R (1)) = R;.
The Schrodinger equation goes to the following form

A p(1) 551 4 4 0 _5(0)

It can be seen that equation (16) consists of a three-diagonal matrix. The solution will be solved in the
following form, using the sweep method [12]:

Vi = %5V T B
\Tfj_l = aj—ﬁ,- + Bj—l (17)

Substituting Ej_l = aj_lﬁj + Bj_linto equation (16), we find that

R] = (X]' R]'+1 + B]
where the coefficients are:
- a S
of = —(d; +0-1) -
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' ~ -1 = .
B,=(d+ai18) (R” —B_, &) (18)

Using this scheme, at first the coefficients o ‘and Bj ‘are found (direct sweep), then the radial wave

function ﬁjgl)is found by reverse sweep. Further, the normalization is checked. Thus, there is a wave

function for the first iteration. Further, as described above, the energy level is found. Negative energy
states are normalized and describe either the physical bound states of the projectile or states forbidden by
the Pauli principle [9].

1.2 Results:the energy spectrum of 'Be. Applying these numerical methods, in this paper, the
energy levels of the ''Be nucleus for the Woods-Saxon potential were reproduced as a test program as in
[6,9]. The 'Be nucleus is regarded as a neutron halo consisting of a '°Be core and one neutron [6,9]. As a
result, energy levels were obtained for the ground and first excited states. These data are given in Table 2
and compared with the results of [9].

Table 2 - The energies of the ground and excited statesof' 'Be

Jn 1 Eexp.(MeV) Elheor.(MeV) Elheon(MeV)
[14] [9] (this work)

1+

> 0 -0.503 -0.5013 -0.5013

1-

3 1 -0.183 -0.1844 -0.1844

As already stated above, for a finite-difference approximation of a second-order equation with respect
to a radial variable r, a grid was used on the interval r € [0, r,,], where r,, = 800 fm for the ground and first
excited states [9]. The convergence of the computational scheme for Ar — 0 is presented in Table 3,
where N, is the number of points, Ar is the step along the radial grid, and E is the energy of the bound
state.

Table 3- Convergence of a computational scheme on a homogeneous radial mesh

N, Ar E =0 N, Ar E, =1
2000 0.4 -0.501318 2000 0.4 -0.184423
4000 0.2 -0.780709 4000 0.2 -0.1883722
8000 0.1 -0.845679 8000 0.1 -0.1903396
16000 0.05 -0.861629 16000 0.05 -0.1913216

2 The splitting of the energy levels of 'Be due to the influence of an external magnetic field
(Zeeman splitting).In this chapter, the effect of an external magnetic field on the halo state of the ''Be
nucleus is studied, i.e. the splitting of the energy levels by a numerical method is calculated and numerical
results are compared with the analytical solution. The first order of perturbation theory was chosen as an
analytical method [11].

Under the influence of an external magnetic field, the magnetic moments of the nuclei are oriented in
a certain way and it becomes possible to observe transitions between the nuclear energy levels associated
with these different orientations: transitions occurring under the action of radiation of a certain frequency.
The quantization of the energy levels of the nucleus is a direct consequence of the quantum nature of the
angular momentum of nucleus, assuming 21 + 1 values. The spin quantum number (spin) I can take any
value that is a multiple of 2. The splitting of energy levels in a magnetic field can be called a nuclear
Zeeman splitting, since it is analogous to the splitting of electron levels in a magnetic field (the Zeeman
effect) [11].

— 16 ——
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Nuclear magnetic resonance (NMR) based on the Zeeman effect is widely used in nuclear
spectroscopy. At present, it is difficult to indicate a field in the natural sciences, where NMR has not been
used to some extent. NMR spectroscopy methods are widely used in chemistry, molecular physics,
biology, agronomy, medicine and in the study of natural formations, etc. Devices for the investigation of
the entire human body by methods of magnetic resonance (by NMR tomography methods) have been
developed and are being manufactured [16].

Let’s write the radial Schrodinger equation (5) adding an external field AV

[ﬁd_z h2 l(l+1)
2m dr? 2m

+ V() + AV, ] R,(r) = ER,(r) (19)

We rewrite the equation, corrected for our system of units:

r?  d* | R0+ Vo AV, T\ _E
ZmTOZE() dr’z ZﬂTO,ZE() 1+eXp (T,;R) EoT'() (TO) - EO Rl ( ) (20)
a
2
2L+ 28Dy v + Ay | R0 = BR() . @1)

where the additional potential AV, describes the interaction of the neutron spin with an external
magnetic field, since, as mentioned above, the neutron halo nucleus ''Be is considered as system of
"Be+nand is defined as AV = B - [T S,,;correction factors for the nuclear system of unitsk; =41,443 and

k, =3.15-10" 3 Mev here B- is the strength of the magnetic field, p - is the magnetic moment of the

neutron, S,- s the pI‘O_]eCtIOIl of the spin on the axis. Since the neutron spin is s=1/2, the projection of the
spin on the selected direction takes two values: +1/2 and— 1/2. In the (21), the wave functionR;(r)must be
replaced by the spin wave function R;(r) = R;(r) - xm, Where y,, are two-component spinors, and the
spin operators are 2 x 2 matrices. For the case when the field is directed along the z axis: §, =

1/1 0
+5( ).
—z2\0 -1
In the representation |s mg), where the projection of the spin to the axis takes the values mg =
+ %,ms = - % then the basis vectors of this representation have the form [14]

=) =)

Introducing the spin wave function, it can be seen that the SE is splitted into two equations

E 1=E+AE 1
lmzi m=§
Em;:-% =E + AEm=_% (22)
so the level shifts are defined as:
(r)
AE 1—<le 2k2 B-u R,
=2
AE,,_2=< RO —<ky B RY) > (23)

The same can easily be calculated to the case when the field is directed along the x or y axes.
Next, the program was modified to calculate the energy shifts by introducing the spinor, so the
number ofmatrices and vectors are doubled.
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Stationary Schrodinger Equation

HoR,(r) = ER,(7) (24)
can be rewritten in the following form:

0
WL HR; =Y 6,ER; = ER; (25)

In order to describe the nuclear interaction, we used the Woods-Saxon potential with the parameters
given in the first chapter and the potential of the Gauss shape to verify the technique [14]:

V(r) = Voe‘(%) = peor? (26)

For / = 0, the potential depth is chosen as for the Woods-Saxon potential V; = — 59.5 MeV, the
potential widthg = riz =0.117 fm™2.
0
Figure 1 shows the potentials of Woods-Saxon(WS) and Gauss (Gof the ground state as a function of
the radial coordinate. According to the graph, it can be used the interval from 0 to 7,=8fm.

V(R;)

Figure 1 - The shape of the Woods-Saxon and Gauss potential for the ground state of ''Be as a function of the radial variable
The results for the ground state are shown in Table 4. The numerical results are compared with the

analytical solution, and the first order of perturbation theory is chosen as the analytical one [12].The SE,
taking into account the perturbation, is written as:

(Ho + AV)Ro(r) = EgRy(r) (27)
Ey = Ey + AE

The energy shifts in perturbation theory are calculated as:

AE: = fooRo(r)AVl(r) Ry(r)dr
2 Jo 2

AE 1 = ["Ro(r)AV_1(r) Ro(r)dr (28)

The field strength varied from 0.1 to 2000 Gauss; it can be seen that the results are in good agreement
with the analytical ones.

— 18 ——
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Table 4 - The energy shift of the ground state of''Be due to the influence of an external magnetic field

I{m:8 AEpen(Bz) AEnum(BZ) AEnum(BZ) AEpen(Bz) AEnum(Bz) AEnum(BZ)

M=200 perturbation Gauss num. WS num. perturbation Gaussnum. WSnum.
B (Gauss) mg=+1/2 spin projection mg= - 1/2 spin projection

0.1 0.0003 0.0003 0.0003 -0.0003 -0.0003 -0.0003
1 0.0030 0.0030 0.0030 -0.0030 -0.0030 -0.0030
10 0.0300 0.0301 0.0301 -0.0300 -0.0300 -0.0300
100 0.3008 0.3008 0.3008 -0.3008 -0.3008 -0.3008
200 0.6016 0.6016 0.6016 -0.6016 -0.6016 -0.6016
300 0.9024 0.9025 0.9025 -0.9024 -0.9025 -0.9025
400 1.2033 1.2033 1.2033 -1.2033 -1.2033 -1.2033
500 1.5041 1.5041 1.5041 -1.5041 -1.5041 -1.5041
1000 3.0082 3.0082 3.0082 -3.0082 -3.0082 -3.0082
2000 6.0165 6.0165 6.0165 -6.0165 -6.0165 -6.0165

Figure 2 shows the wave functions of the s-state of ''Be for the spin projection of +1/2 (Fig. a) and -
1/2 (Fig. b). Black is denoted for the Woods-Saxon (WS) potential, redline is Gauss (G). When the
magnetic field is varied, the wave functions do not change.
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Figure 2 - a) Radial wave function when the spin is directed upwards (+1/2) and b) when the spin is directed downward (-1/2)

Conclusion.Using numerical methods, in this paper, the energy levels of the ''Be nucleus were
reproduced as a test program using the Woods-Saxon potential for describing the nuclear interaction as in
[6,9]. The ''Be nucleus is regarded as a neutron halo consisting of a '’Be core and one neutron [6,9].

Also, the energy level shifts were calculated due to the influence of the magnetic field, using two
different potentials: the Woods-Saxon and Gauss forms. The numerical results coincide with the
analytical solution, and the first order of perturbation theory is chosen as the analytical one.

This work is the initial stage of work on the investigation of the breakup of halo nuclei in the
quantum-mechanical approach. A detailed investigation is planned to research the effect of the external
field on the breakup of the halo nucleus, using the numerical method for solving the nonstationary SE.

The authors express their gratitude to Prof. V.S. Melezhik for theformulation of the problem and
related discussions.
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U3YUYEHUE HEUTPOHHOI'O T'AJIO SIJIPA ""BE C YYETOM BJUSAHUS BHEIITHETO MOJIA

AnHoranus. [[enpropaboTHIABIACTCATEOPETHUECKOE HCCIECIOBAHIE IPOLECCOB KYJIOHOBCKOTO pasBajia Tajio
sep B paMKax HECTAIMOHAPHOTO KBAHTOBO- MEXAHMUYECKOTO MOIX0Aa. DK30THUECKHUE SApa SBIAIOTCS MPEIMETOM
WHTCHCHUBHOT'O AKCIEPUMEHTAIIFHOTO HCCIICAOBAaHM. TeopeTHdeckrne MCCIeIOBaHMs KYJIOHOBCKOTO pa3Baia rajo
siIep aKTyalbHBI JJISl WHTEPHPETAllMy M IUIAHUPOBAHUS SKCIIEPUMEHTOB 10 M3YYEHHUIO JIETKHX fA1ep Ha pagHoax-
TUBHBIX ITydkax. VIcciemoBaHWs C Iy9KaMH DPaIHOAKTHBHBIX SAEpP OTKPBUIM HOBBIE HEPCHEKTHBBI B H3YYECHUH
CTPYKTYpBl aTOMHOTO siipa W HAlUIM IIMPOKHE IMPHWIOKEHHS B JPYrHX o0nacTsx (u3uKu, BKIOYAs SAECPHYIO
actpodu3uky. ['ano sapa SBISIOTCS OJHMM M3 HauOoliee MHTEHCUBHO HCCIEAYEMBIX OOBEKTOB B COBPEMEHHOM
MAJIOHYKJIOHHOH siIepHON Qu3uke. XapaKTepHOW 0COOCHHOCTHIO (DU3UKH SIIEP C Tajio SBJISIETCS TECHAs B3aUMOCBSI3b
MEXaHU3Ma SIIEPHON PEaKIUU U CTPYKTYPHL.

PasBan sBisieTcss OMHUM W3 BaXKHBIX WHCTPYMCHTOB JJISi U3yUCHHsS CBOMCTB rayio siep. B 3Tux peakmusix,
nH(opManus, MOCTyNaIIas OT AUCCOLMAMN CHapsiia Ha )parMeHThl MOXKET OBITh MCIOJIB30BaHa, YTOOBI ClIeNIaTh
BEIBOJ] O CBOMCTBAX Taj0 YacTH BOJHOBOW (yHKIuH. C XOpOMINM MPHOIMKEHHEM, Pa3Ball Tajo sapa MOXHO pac-
CMaTpHUBATh KaK MEPEX0] OT CBI3aHHOTO COCTOSHHS JBYX (TPeX) YacTUIl K KOHTHUHYYMY, B CBSI3H C H3MCHSIOLIIMCS
KYJIOHOBCKHUM IIOJIEM.

B 1ianHOi paboTe pacuMTaHBl SHEPreTHUECKHEe YPOBHH Tallo sapa |'Be , ¢ y4eTOM BIMAHMS BHEIIHErO MarHHT-
HOTO TIOJIS, T.€. BBIYMCIICHO PACHICIICHHWE SHEPreTUYECKUX YPOBHEW UWCIEHHBIM M aHAJUTUYECKHM METOJaMH C
MCIOJB30BAHUEM JBYX pa3HbIX MOTeHIHaIoB:B (opme Bync-Cakcona u Taycca. Smpo "Be, umeromee Kak
HEHTPOHHOE TAJI0, COCTOSIIMH U3 Kopa '"Be i 0HOr0 HelfTpoHa. JTa paboTa ABIAETCS HAYAIBHBIM 3TAlloM PadoThI
10 UCCIIEI0OBAHMIO pa3BaJla Trajo sjep B KBAHTO-MEXaHUYECKOM HOIXOIE.

Ki1roueBble ciioBa: rajo s/po, KyJOHOBCKHUH pa3Ball, CEYeHHE pa3Baja, SK30THYECKHE COCTOSIHUS siiep, cTa-
roHapHoe ypasHeHue llIpenunrepa, sHepreTHIeckuii CeKTp, SAEpPHBIN MOTEHIHAI.
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