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BOUNDARY VALUE PROBLEM FOR ELASTIC HALF-SPACE BY
SUBSONIC VELOCITIES OF SURFACE TRANSPORT LOADS MOVING

Abstract. The first boundary value problem of the theory of elasticity for an elastic half-space at the movement
on its surface of subsonic trans loads is considered. The speed of motion is less or more than the speed of
distribution of elastic Rayleigh waves. On the basis of the generalized Fourier's transformation the fundamental
solution of a task is constructed which describes dynamics of the massif at the movement of the concentrated force
on and along its surface. Based on this, an analytical solution is constructed for arbitrary transport loads distributed
over the surface, moving with the pre- Rayleigh and super-Rayleigh velocities. It is shown that when the Rayleigh
wave velocity is exceeded, the transport loads generate surface Rayleigh waves.

The task is a model for research of the intense deformed condition of the pedigree massif in the vicinity of road
constructions at moving transport.

Keywords: boundary value problem, an elastic half-space, trans loading, subsonic speed, Rayleigh wave, the
stress-strain state.

Trans loads are very widespread in practice. As those we understand the moving loads which form
doesn't change over time, but their position are changing in the environment. Dynamic deformation
processes, which arise in the ground under their influence, expand with different speeds, characterizing
elastic properties of the medium. In isotropic elastic medium there are two sound speeds of expansion of
dilatation waves (c;) and shift (c;) waves (ci>c;). The relation of speed of trans load to the sound velocities
significantly influences to the stresses and deformations in the elastic medium. We consider here the
subsonic case, when speeds of loads are less then shift waves speed. This case is characteristic for trans
problems as the speed of the movement of the most modern vehicles is many less then the speeds of
elastic waves propagation. From trans loads we especially distinguish stationary ones which move in the
fixed direction with a constant speed (transport loads). This class of loads allows to investigate diffraction
processes in isotropic elastic medium in analytical form.

In papers [1-3] the fundamental and generalized solutions of the Lame’s equations are constructed
and investigated which describe the movement of elastic medium at the action of concentrated on an axis
and distributed loading in all range of speeds (subsonic, sound, transonic and supersonic ones). On this
basis in [4-7] the method of boundary integral equations has been developed for solving the transport
BVP in elastic medium with cylindrical boundaries. This class of problems is very important for
applications in the field of dynamics of underground constructions, trans tunnels and excavations of deep
laying.

However there is a class of model trans tasks (for example, road problems) when loadings move on
the surface of a half-space. It is known that there is also sound speed in an elastic half-space with which
superficial Rayleigh waves are propagating. The Rayleigh’s speed is less, but is very close to the speed of
shift waves [10,11]. Rayleigh's waves don't create tensions on half-space border, but significantly
influence on the tensions and deformations of the massif near a free surface.

For the first time such task was considered and solved for a subsonic pre-Ryleigh case by flat
deformation in work [8]. Here the analytical solution of this task in three-dimensional statement is
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constructed also in a subsonic case, when the speed of subsonic trans load is less or more than the
Rayleigh’s speed.
1. The statement of transport boundary value problem for elastic half-space

Elastic isotropic medium, with Lame’s parameters Au and the density p, occupies half-plane
x; >0, n (x)=(-1,0, 0) is unit vector of the external normal to its boundary D = {x eR’ X = 0}.

Constants ¢, and ¢, are the velocities of elastic waves propagation [11]:

2
A+2u , ¢, < ¢ (sonic speeds):
P \/

Boundary transport load P(x,?) are moving with constant subsonic speed (¢ <c,<c) along the axis

Xs: P(x,0) = pup;(x,x; +ct)e;. Components of stress tensor G; are connected with medium

displacements u(x,7) by Hook’s law:
oy = Adivudy + p(u;.;+u;., ) .

For dynamics problems this law better to write in the unitless form:

Hook’s law:
2
(o> C
y _ 1 :
— = —2— leUé‘ij'F (ui,j+uj,l.) (1)
H ¢
Here and everywhere further on the identical indexes the tensor convolution have been made. Private
Ou;

derivatives on the corresponding coordinate are designated by the index after comma: u;, T
j

Oy = 5,.j is Kronecker symbol.

The stationary movement has been considered that allows to pass into mobile coordinates system
which are connected with transport load. Further we use designations: x = (x,,x,), z=Xx3 +ctf.

It’s supposed that components of the load allow the Fourier's transformation, i.e. they are
representable in the form of Fourier's integraIS'

Py(x,.2) =0 (0.3,2) = f 7, 1.8)exp(-i(xyy +¢ 2))dndg

2 ) o
P.(1:6) = [ P, (3. 2) expliCeyn + 26))dydz
R2

The Lame’s equations for displacements of elastic half-space in mobile coordinates system have the
form [1]:
(72 =052 =C e (5a—0.))s7 |, =0 3)
1 2 Bk 2 z i J

This operator we denote L; ( 01,04,0,). Here two Mach’s numbers are introduced:

M =cle, M,=clc,,

which characterize the velocity of transport load in relation to the sound speeds of elastic waves.
Egs. (3) were studied in [2,3]. There are three cases: subsonic (c < cz) , transonic (cz <c< Cl) ,

supersonic (c > cl) and two sonic cases (c =0y, C= cl). In the first case (M, <1, M, <1) the system

(3) is elliptic, in the second one (M, <1, M, >1)it has have the mixed elliptic-hyperbolic type. In
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supersonic case (M, >1, M, >1) this system is strong hyperbolic. By sonic speeds it is mixed
parabolic-elliptic if M| <1, M, =1, and it’s hyperbolic-parabolic if M, =1, M, >1.

By sonic and supersonic velocities the shock waves can appear in elastic medium. There are the next
conditions on the jumps on their fronts F:

A P R e
— 2 F o
hj[al.jL—pc hZ[ui’Z]F’ i,j=12,3.

h” =1. It’s perpendicular to a front F in the

“4)

Here h(x,,x,,z)=(h.h,.h; 0 h ) is wave vector,

direction of wave propagation. The continuity of elastic medium gives the first condition. The second
condition is continuity of tangent derivatives at the front of a wave; it is consequence from the first one.
The third formula is law of momentum conservation on waves fronts.

Here we consider the subsonic case. It’s required to find the solution of the BVP which must to
satisfy

the attenuation condition on infinity:

u—>0 by x;,—>40 or z—xwo.(5)

Also we’ll enter later some additional radiation conditions by construction of BVP solution.

1. Green tensor of transport BVP
To solve the problem, we construct the Green's tensor Hl;. of the boundary value problem in a

moving coordinates system. For its determination we have the following boundary value problem.
To find the tensor solution of homogeneous motion equations :

2 2
(M;2 - M;Z);? + (M;ZA - %J@f nt=0, i,7,k=123, (6)

i
in the region x; > 0, which must to satisfy the attenuation condition at infinity:
H];.(x,z) — 0 for ”(x,z)” -0 . @)

Corresponding stress tensor 2}}1}{ , which are calculated by use Hooh’s law (2), has the form:

2;3{ =all}", 5jk *(HT’k"‘HZn»,‘) = S_i‘k(81’62’82)1_[;”(951’952’2):

®)

T h e o r e m. The solution of the given boundary-value problem has the form of the following
convolution on the boundary of a half-space
u;(x,x,,2) = IH;(xl,xz —Y2,2=Y3)P, (V2. ¥3)dy,dys,  j =123 €))
Rq
and must satisfy to the following singular conditions on the free surface : for x,=0

i =ally,, 0, +A1"  +11{",,)=06"0(x,)0(z), i,m,k=1273. (10)

A 2 M?
where O (X i) is generalized Dirac function, & = — = [C—IZ - ] = [—2 - 2] .
H G
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P r o o f. Indeed, by virtue of (1), (10) and the convolution properties we have on the boundary of the
half-space:

IZﬁ(O,xz = 12:2=Y3)Pu (D2, ¥3) dyydyy = 67 6(x,)0(2) * p,, (x,,2) = p;(x,,2).
Rq

Here on the right there is a functional convolution along the half-space boundary and tensor
convolution by the index m. The displacements (9) satisfy to the homogeneous transport Lame equations
(3) in the half-space:

o0
L}(6,,0,,0,)u; = Ipn(h,yz)L{' (01,02,0)1(x1,25 = ¥, 2= y3) dyrdy; =0
Rq
in view of (6) and the invariance of these equations with respect to the shift at the boundary of the
half-space
This tensor Il(x,z) gives possibility to use the formula (9) for determination of displacements in a
half-space for any loading on its surface. The stresses at any point of the elastic half-space on the area
with the normal n are determined by the formula

S(xp,Xp,2,n) = 0 (X1, X5, 2)n ;€ =

® (11)
=Hen; jzij(xlaxz —Y2,2=y3)P1 (Y2, ¥3)dy,dys.
R4
Thus, the definition of the fundamental displacement tensor determines the solution of the problem.
We construct the tensor T1(x, z) using the scalar and vector elastic Lame potentials.
2. Statement of the transport problem for Lame’s potentials
The displacements of the elastic medium can be represented in terms of the scalar and vector Lame’s
potentials [1,11]:
u=gradp+roty (12)

Since the three components of the displacements are determined through four potential components,
the vector potential is usually associated with a Gaussian or Lorentz gauge. Here it is convenient to use
the representation:

v =yie; +roty,e;),

which uniquely links the three components of displacements with three potentials. If the displacements
satisfy to the homogeneous Lame equations, then the potentials satisfy the d'Alembert’s wave equation
with the corresponding velocity:

2
cle(p—a—Z) =0,
ot (12)

2
AAy, - aa;/;k =0, k=12

where A is Laplace operator. In the moving coordinate system these equations are transformed to the form:

(13)
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To construct the tensor H;. , we use similar potentials. Namely, we represent it in the form
T} (x1,%y,2) = D, (0,,0,,0,)®@, =0, D" + ¢;,30,07 + ekjlelBajaiq);n
Dy,(0,,0,,0.) =0y
D,(0,,0,,0.) = €30,
D,;5(0,,0,,0,) = ekaemaiaj

Here ij,klm=1,2,3, ejjk is Levi-Civita pseudotensor. The first potential describes the gradient

(14)

component of the displacements field, and the other two potentials describe the rotor (solenoidal)
components . The potentials satisfy to the
transport wave equations:

o*"
m 2 J _ -
We name them fundamental potentials. To calculate them we use boundary conditions (9) :
by X1 = 0

alli 8, +(I7 +II7) = 5/"8(x,)8(2)
where
M7 =AD" +430,0,D7F +e45€,;30,.0,0 ;@3
I, =0,0,0" + ¢;30,0,07 + eijlelkz»akajalq)gn >
I}, =0,0,®1" + €;30,0,D% + ¢ ;;€,;0,0 ;0,07 ,
We can to write it in the form:
B,,(8,,0,,0.)®) =5]"5(x,)5(z), n,m=123, (16)

where
B, @, = [28561(1){" +0; {(eik381 +€1430; )(D? +0; (eijlelk381 + € €430 )(Dgn }]+
+ a[ADI + 010,008 + 0e,,0,0,0 D1 5, =
B,,(0,,0,,0,)®, = (0‘5:'1A + 26161')@? +0; (a5ilelgsaj +ey30; + e1k3ai)®r2n +
+0,0; {aé‘ilekjlelﬁas + (eijlelk3al + eljlelk3ai)}q)gn =
= (aMlzé;lazaz + Zalai)q)in + 0y (a5ilelgsaj +€y30) + elkSai)CDrzn +

m
+0,0; {aé‘ilekjlelﬁas + (eijlelk3al + eljlelk3ai)}q)3

This implies
B,1(01,0,,0,) = (aMlzé}lazaz + zalail
B»,(6,,0,,0,) =0y (0‘51'1@1{,'38]' + €30, + elk3ai)
B;3(0,,0,,0,) = 0,0, {aé}lelql€ISSas + (eijlelk3al + eljlelk3a[)}

Using the properties of the permutation of the indices of the Levi-Civita tensor and the formula for its
convolution:

€ij€lkm = OO m 5im5kj’

these operators can be greatly simplified:
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B11(8,0,,0,) =(aM7d? +207 ),
B,1(6,,0,,0.) =20,0,, B4(0,,0,,0.)=20,05,
B)2(81.0,.0.) = 0 (ey30; + €430 + €430, ) = (@30, + 20,0, ) =
= a(e1238182 +€5130,0, ) +20,0, =20,0,,
B,,(0,,0,,0.) =0, (0‘521%'351' +ey30, + elk3az) =
= (€130101 + €1230,0, ) = 0,0, = 0,0y,
B3,(01,0,,0.) = 0 (€5430; + €330 ) = 9,03,
B5(0,,0,,0,)=0,0; {aekjlelm3am + (eljlelk3al + el_jlelk3al)} =
= (803 = 040,13 ) 0100, + (51403 — 51301 )0,0,0, +
+(8148 3 = 61354 )0,1040; = (030,40, — 050 ,0; ) + 20,0,0 = 20,0,05.
B13(0,,0,,0.) = €, ;1€;30,0,0 ; + €, ;330,00 ; =
= (02013 = 02301101040, + (8483 = 61354 ) 0,0,0; = 20,0,05,
B13(0,,0,,0,) = €, ;€430,0,0 ; + € ;y€430,0,0 ; =
= (82403 = 0230101040 + (814 3 = 61354 ) 020,80 ; = 20,0,05.
As a result, we get:
B, =(aM[0.6, +20}), B, =20,0,, B3 =200;,
B,1(01,0,,0.) =20,0,, By,(0,,0,,0.) =0,0, =0,0;, By3(0,,0,,0,)=20,0,05, (17)
B31(0,,0,,0.) = 20,03, B3,(0,,0,,0.)=2030,, B33(9,,0,,0.) =20,0,05.

Thus, the problem of constructing the transformants of the unknown tensors reduces to determining
the Lamé potentials satisfying equations (14), the boundary conditions on the free surface (16), and the

damping conditions at infinity:
q)’]‘. — 0 by ||(x,z)|| — 0, (18)
and certain radiation conditions, which we discuss below.

3. Determination of Fourier transforms of fundamental potentials
To construct the solution, we use the Fourier transform of the potentials with respect to x,,z. In the

space of Fourier transforms, they correspond to variables 77,4 . Their Fourier transforms are defined by
the relations:

D" = [®" (x,2)expliny+igz)dzdy, , © =4—2jc1> (x,77,5) exp(—irp,—ilz)dgdn
R JT R

In the space of Fourier transforms the equations for the potentials (14) have the form:
24m
i O~ DT =0, o, =41-M7, j=123 (19)
dxz 77 j j j s j j:]_aa'
1

The expression under radical is positive, because we consider the subsonic case.
The boundary conditions are transformed to the form:

— 26 ——
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Bik (ala_in’_ig)allcn (xlana é/) = é‘lm by X1 = 0. (20)
Conditions for damping at infinity: for V7,
D} (x41,7,£) = 0 by x —> 00, 1)

By these conditions the solution of Eq. (19) has the form:

Pf = gpj’?(f;,g)exp(—xm/772 + af(z) , Re\n’ +a;¢? 20. (22)

Functions qz);.‘ (n,¢) are determined from boundary conditions (19) :

3
zBin (_ \’ 772 + ajzé/z >_i77> _l§)¢;n = é‘lm 5 k:1;2;3 (23)
=l

Thus, for each fixed m, we have the linear system of three equations for determination ¢}, from
which we find

m
gg;." :M ) (24)
A@,¢)
Here A’;? is corresponding algebraic complement, and the denominator is equal to
A(?], é/) = det {Bkj (_V 772 + afé/z H _ina _lé/)} .
This is a well-known Rayleigh determinant. In this case it has the form:
A= 4V2\/V2 —MEc? \/vz M3 (P -M3 ) v =t gt (25)

The properties of Rayleigh determinant are known. For transport problems, it was well studied in [1].

In particular,
A(n.¢)=0

by 77:771§(§)=i|é’|\/M§—1 & Q=é’,§(n)=i¢

2

R
where M, =c/cg, ¢y is the velocity of the surface Rayleigh wave, which is subsonic (cz < ¢, ). It can

(26)

be determined from the equation:

4«/1—m121/1—m22—(2—m22)2=0,mj:cR/cj (27)

Formulae (22), (24) formally resolve the problem in the potentials. However, in order to reconstruct
the originals, it is necessary to investigate the properties of the transformants - integrand functions in (18),
which essentially depend on the speed of a transport load.

6. Restoration of originals IT]' and Zj”-’k by pre-Releygh speed c

From (14) we get
I = D, (0,~i n,—ic)®) (x1,n,5) = MD,(” (01,—in,—i¢) exp(— xm/nz + angz ) =
A1.€) o8)
— A" (n, . .
Iy = %DM (—n* +a,s% —in.-ic) eXp[— Xy’ +a,g’
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ﬁlr(n (xlﬂnv ;) = Dkn(_\[ 772 + a_]Z‘é,z v_inv_i§)¢:1 (xlﬂnv ;) exp(_xl V 772 + afé&) (28)

Using the inverse Fourier transform, we obtain

T} (5,5, 2) = (270) [ T} (7, Y exp(=ix ,+¢ 2))dgdn =
=27)7 [ D, (=1 + &7, in, i) @) (1, exp(—x\ |7 + e —inx,=if 2)dgdn = (29)

=Q27)” I Doy + OZ({:; g?ié’)A" @.¢) exp(—x,\[17° + a:¢? —inx,—i{ z)dgdn

Let us calculate the fundamental stresses and their transformants. For this, we use the formulas (10),
from which we obtain

ne= A 5w w1 AT ) = 87,(8,,0,,0,)I]" =
= j’k(al’82962)Dln(61’62’az)q):':(xlaxbz) = Tjkn(al’azﬂaz)q)r(xl’xzaz)a (30)
Ty = S%4(0,,0,,0.)D,,(0,,0,,0.)

Hence we get

0 =T\ +a,6” —in—ie)®)) (x,1,6) =

. . Am B}
= Tjkn (_V 772 Ta, 2 sl TIa—IG)MeXP(_ IR 772 + angz )

A(17,4)
The original of the stress tensor in any point (x, z) is calculated by use the formula
S0 (6,%,,2) = 27) [ 20,18 ) exp(=ix ,+¢ 2))dd. (31)
RZ

For ¢ < ¢, the determinant A(77,{ ) # 0 for any real &,77. That is, at the pre-Releygh velocities all
the integrands are continuous and tend exponentially to zero when (77,£) tends to infinity. Therefore, the
integrals exist and satisfy the damping conditions at infinity.

When x; =0, (x,,2) #(0,0), the integrands in (29) and (31) are also continuous and integrable,

since they are oscillating and have the order of damping not lower 0((7]2 + gz)_l )

7. Determination of displacements and stresses at pre-Rayleigh speeds of transport load
To calculate the displacements of the medium for arbitrary transport load, we find the Fourier
transform of the displacements. According to (9) and the convolution properties

I’_lj(xlanaé/) = FXZ,Z[uj(xlaXZaZ)] Zﬁ;?(xl,ﬂ,g)l_?n(ﬂ,g). (32)

Substituting it in (28), we have

- P (11,94, (17,6) / o /
uk(xlanaé/):pm e )% é/ Dkn(_ 772+an 2,—177,—1g)exp —X 772+ang2

A(n,¢$)

Returning to the original, we obtain formulas for calculating the displacements at pre-Rayleigh
speeds:

— 28 ——
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1 _ .
g (315%2,2) = [ [ 1, exp(iCeyy + 26))dndg
T R2

To determine the stresses, we use the formula (11), which for the Fourier transforms has the type:

1 =, _ .
Oy 2,9) = [ =810 P, (1,6) exp(-ixyn + 26))dnd.
T R

At pre-Rayleigh velocities in formulas (31) and (32), all the integrands are continuous and tend
exponentially to zero by x; — co. Therefore, the integrals exist and satisfy the damping conditions at

infinity. The asymptotic behavior of displacements at infinity is determined by the asymptotic of the
transport load on the surface of the half-space.

6. Construction of Green tensor I1}' at super-Rayleigh speed (c, <c<c,)

If subsonic speed ¢ is more then Rayleigh speed cg then for constructing the solution we transform
contour of integration in the e-vicinity of point {,(77) by any fixed 7 by way of moving along the circle
of radius € in upper half-plane of complex { by z>0 and in under half-plane by z<0 to get under sign of
integral the waves, which tend to zero by |Z| — 0. If £ = 0, then, with use the theorem on residue of

complex analysis, we get Green tensor in the form:
A7’ T} (x,,X,,2) =

= J'{VP IZD (=’ +a; ¢ in,il)——2= A, (1,6) exp(—x,\n° +a;¢? —i(z)dg}e_i”xzdn — (33)

A A@7,¢)
— M—W A’T(n—’é/;) M2 M A 7’(773‘2*24/13 (ﬂ))d
lﬂsgnZZL; [ d gRJ A . Cim) [ i -1 J 7

Here to calculate the Value Principle integral we can use the formula:

V.P. J.D (—m* +a;¢?,in,id) m((n’g))exp(—x“/772+afé’2—ig“z)dg:

(Yzln (xlaza 775 g) + Y('xlaza 77: _g))exp(_xl \’ 772 + ajzé‘z )dga

Ar(n.8)e™
A,¢)

Il
S ey 8

Y, (x,2,7,6) = D, (—\n* + a;{? i, if ) ——"2———

The last integral doesn’t have singularities in Rayleigh’s points and can be calculated numerically.

The second summand in formula (33) describes the surface Rayleigh waves, which are generated by
transport load when cz<c<c;

By c=cgthe stationary solution of this problem doesn’t exist.

Conclusion. Here presented solutions of boundary value problems are very useful for applications
when assessing the impact of road trans on the environment. It allows to determine the stress-strain state
of the rock massif, depending on its elastic properties, the type of the acting load and the speed of the
vehicle. This is especially true now with the development of high-speed road and rail trans, the speed of
which can have a devastating impact on the surrounding areas. The obtained solutions allow us to
determine the range of possible speeds of movement, taking into account the strength properties of the
rock massif and the road surface, which makes it possible to ensure the safety and reliability of operation
of modern vehicles.
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JLA. AntekceeBa
WucTtutyT MaTeMaTuku U MatemaTuyeckoro moaenuponanus MOH PK

KPAEBAS 3AJJAYA IS YIIPYT'OI'O IOJTYITPOCTPAHCTBA
ITPA JO3BYKOBBIX CKOPOCTAX ABUKEHUS IOBEPXHOCTHOU HAT'PY3KHN

AnHoTanus. PaccmarpuBaercst mepBasi KpaeBast 3ajjada TEOPUH YIPYTOCTH JJISL YIPYTOro MOJIYyIPOCTPAHCTBA
IpU ABWXKEHUHM IO €ro IOBEPXHOCTH TPAHCHOPTHOM HArpy3KH €O CKOPOCTBIO, MEHBIICH, YeM CKOpOCTb
pacnpocTpaneHus: ynpyrux BosH. Ha ocHoBe o0oOmenHoro npeoOpaszoBanus dypbe moctpoeH TeH3op I'puna -
(hyHIaMEHTaJIbHOE pEIIeHUE 3aa4l, OMUCHIBAOIIEE TMHAMUKY MAaCcCHBA IPH JIBIXKEHUH COCPEIOTOYEHHOM CUIIBI IO
€ro moBepxHOCTH. Ha ero ocHoBe MOCTPOEHO aHATUTUYECKOE PELICHUE ATl IMPOU3BOJIBHBIX PACHPENEICHHBIX MO
[IOBEPXHOCTH TPAHCIIOPTHBIX HArpy30K, IBHXKYIIUXCS C JOPEIECEBCKOM U CBEPXPENIEEBCKOM CKOPOCThIO. ITokazaHo,
YTO IIPY NPEBBIIIEHUU CKOPOCTH BOJIHBI Peness TpaHCIOPTHBIE HArpy3KU I'€HEPUPYIOT IIOBEPXHOCTHBIE PEJIEEBCKUE
BOJIHBI.

3ajgaya SIBISIETCS MOJAENBHOM JUISl MCCIICAOBAHUS HAIPSHKEHHO-Ie(GOpPMUPOBAHHOTO COCTOSHHUS ITOPOIHOTO
MacCHBa B OKPECTHOCTHU JOPOKHBIX COOPYKEHUI NPU JBIKYIEMCS TPAHCIIOPTE.

KiioueBble cioBa: ymnpyroe HOIyOpOCTPaHCTBO, TPAHCHOPTHAs HArpys3ka, I03BYKOBas CKOPOCTb, BOJIHBI
Pernesi, HanpspKeHHO-1e()OPMUPOBAHHOE COCTOSTHHE.
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