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INTEGRO-DIFFERENTIAL EQUATIONS 
WITH REGULAR KERNELS 

 
Abstract. At the research of harmonious waves in deformable bodies, the concept of phase speed as the speed 

of environment condition change is implemented; at the same time, the phase speed is expressed through the 
frequencies of own fluctuations and therefore the research of harmonious waves distribution has a direct bearing on 
the problems of definition of own forms and frequencies of the fluctuations limited in terms of plates. More difficult 
fluctuation of rectangular flat element is the fluctuation when two of the opposite edges are hinge-supported, and 
two other edges have different types of fixing or they are free from tension. This class of tasks leads to the 
transcendental equations for determination of frequencies of own fluctuations which can be solved both numerically 
and analytically. The transcendental frequency equations can be reduced to algebraic ones and to investigate the 
influence of both boundary conditions at the edges of rectangular plate or rectangular flat element and parameters of 
geometrical and mechanical character on the frequencies of own fluctuations of rectangular flat elements. In the 
study of oscillations and wave processes in a deformable solid body core of a viscoelastic operators it is advisable to 
take regular, so as soon as such statements describe the instantaneous elasticity, and then viscous flow, which is 
typical for deformable bodies. Integro-differential equations with regular kernels, as you know, the equivalent 
differential equations. 

Key words: Maxwell model, core, regulator, plates, finite number, own fluctuations, compelled fluctuations, 
transcendental, equations. 

 
We will consider flat element as isotropic uniform elastic plate of constant thickness. 
We will be limited to the task solution based on approximate equation of quartic cross fluctuations 
 

   (1) 

 

wherecoefficients are equal to 

   (2) 

 
v – Poisson ratio; b – speed of cross waves distribution in plate material. 

If the material of the plate satisfies the Maxwell model, that is, the operators ML, are equal  
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As seen, the kernel (3) is regular and in the place of equation (1) we have equation (4). Equation (4.) 

can be generalized for any regular kernel, containing a finite number of regular components. 
For other approximate oscillation equations for a plane element these equations for regular kernels 

can also be reduced to partial differential equations. 
As plate edges As plate edges are hinge-supported, the solution of the equation (1) we will 

find in 

   (5) 

 

Substituting (5) in the equation (1), for we get ordinary differential equation 
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where coefficients are equal to 
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We will write down the common solution of the equation (6) as 
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where  - integration constants,  - roots of the characteristic equation 
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   (10) 

 
Integers are got out of solution simplification condition at the satisfaction of boundary 

condition at the left edge , and other boundary conditions at lead to the transcendental 

equation for the determination of frequencies of the plate own fluctuations. 
We will analyse transcendental frequency equations of the first point.  
In the beginning we will consider the simplest transcendental equation 
 

   (11) 
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the equation (11) is equivalent to the following  
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If to accept that size is determined from the formula (10) with plus sign under the root, then it follows 

that this root does not turn zero at any values . 

Therefore, in the beginning it is possible to put or for we get the equation 
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   (15) 

 
as the ranks in the formulae of trigonometrical functions meeting ranks in the equation (13), equivalent to 
the equation (11) also meeting, at the research of private equation (13) it is possible to be limited to the 
final number of the first composed. 

Having taken first three composed in the ranks (13), we will write down it as 
 

   (16)  

 

Roots from the formula α1 = 0 are equal (15). The value is other than zero at any .  

If in formula (16) to take only two first terms, then we get 
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andfrequency equation 
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which positive root is equal to 
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If in formula to take all three first terms, then we will get 
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   (21) 

 
which has two positive roots. 
It is similarly possible to take first four and more слагаемых in the formula (13) and to get more 

exact frequency equation and corresponding frequencies . 
To find the frequency equation from ranks of the equation (13) it is necessary to find out condition of 

deduction legitimacy of finite number of terms in the ranks (13). 
We will apply Dalamber's principle of ranks convergence to the ranks in the equation (13). We will 

get 
 

   (22) 

 
where 0<q< 1.  

 
It follows from the inequality (22) that 
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The analysis of inequality (23) shows that it is correct when performing inequality 
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orinequalities 
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At the set parameters of geometrical and mechanical character from the inequality (24) it is possible 

to define necessary number of the first terms in ranks (13) to find the frequency equation relative 
frequencies . 

We will consider transcendental equation frequency equation 
 






 





 



 

  2242 )1(228
3

16
)2(

6

87
)2(  l

,028056
3

16 422 



   ll



1
)22)(32(

2
22

1
2
0 


q

ji

l

  
2

22
,

2
,

2
1

2
0

2232

l

ji
qqqaa jiji




2
,

2
.

242
, 87

8
2

87

8
jijiji Cq

v
EDq

v




















 

ED,

)87(

)1(
2

3
)2(4

v

vv
D







 




)87(

8 2

v
E






2
,

2
jiCED 





Известия Национальной академии наук Республики Казахстан  
  

   
42  

   (25) 

 
As well as transcendental equation (11), the equation (25) is equivalent to the following 
 

   

(26) 

 

  

 

It follows from the equation, that, first, also we got frequencies (15).   

We will write down the equation (26), having written out the first terms 
 

   (27) 

 

From (27) it also follows that it can be supposed and we will get 
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   (32) 

 
where 

  

which is equivalent to the following 
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We will write out the first terms in the equation (33) 
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The frequency equation (36) is the algebraic equation relatively to and already depends on the 

parameter  

Equations of higher orderrelativelyto already depend on the parameter . 
It is also possible to consider other boundary value problems. 
Thus, transcendental frequency equations can be reduced to algebraic and to investigate influence of 

both boundary conditions at the edges of rectangular plate or rectangular flat element, and parameters of 
geometrical and mechanical character on frequencies of own fluctuations of rectangular flat elements. 
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Аннотация При исследовании колебания и волновых процессов в твердом деформируемом теле ядро 

вязкоупругих операторов целесообразно брать регулярными, так как только такие операторы описывают 
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волн имеет прямое отношение к проблемам определения собственных форм и частот колебаний 
ограниченных в плане пластин. Более сложным колебанием прямоугольного плоского элемента является 
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