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INTEGRO-DIFFERENTIAL EQUATIONS
WITH REGULAR KERNELS

Abstract. At the research of harmonious waves in deformable bodies, the concept of phase speed as the speed
of environment condition change is implemented; at the same time, the phase speed is expressed through the
frequencies of own fluctuations and therefore the research of harmonious waves distribution has a direct bearing on
the problems of definition of own forms and frequencies of the fluctuations limited in terms of plates. More difficult
fluctuation of rectangular flat element is the fluctuation when two of the opposite edges are hinge-supported, and
two other edges have different types of fixing or they are free from tension. This class of tasks leads to the
transcendental equations for determination of frequencies of own fluctuations which can be solved both numerically
and analytically. The transcendental frequency equations can be reduced to algebraic ones and to investigate the
influence of both boundary conditions at the edges of rectangular plate or rectangular flat element and parameters of
geometrical and mechanical character on the frequencies of own fluctuations of rectangular flat elements. In the
study of oscillations and wave processes in a deformable solid body core of a viscoelastic operators it is advisable to
take regular, so as soon as such statements describe the instantaneous elasticity, and then viscous flow, which is
typical for deformable bodies. Integro-differential equations with regular kernels, as you know, the equivalent
differential equations.

Key words: Maxwell model, core, regulator, plates, finite number, own fluctuations, compelled fluctuations,
transcendental, equations.

We will consider flat element as isotropic uniform elastic plate of constant thickness.
We will be limited to the task solution based on approximate equation of quartic cross fluctuations

o'W o'W o'W ,
?—AIA?+A2A2W+ Py =0/, /) (i=x) (1)

AO

wherecoefficients A jare equal to
2 2 272
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v — Poisson ratio; b — speed of cross waves distribution in plate material.
If the material of the plate satisfies the Maxwell model, that is, the operators L, M are equal

£t
(LM)E) = (/Lﬂ){f(t)—% Je 5(5)615} ®

where T - only one time of relaxation, then
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As seen, the kernel (3) is regular and in the place of equation (1) we have equation (4). Equation (4.)
can be generalized for any regular kernel, containing a finite number of regular components.

For other approximate oscillation equations for a plane element these equations for regular kernels
can also be reduced to partial differential equations.

As plate edges (y = 0;/,) As plate edges are hinge-supported, the solution of the equation (1) we will
find in

W(x,y,t)= exp(z’ % &)i W, (x)sin(kl—ﬂyj ®)

2

Substituting (5) in the equation (1), for Wk we get ordinary differential equation

d'w, AW
ot By TEW =0 ©

where coefficients B, B, are equal to

2 2
o fastt) )]
2 2

4 4 2 2 2
kx A b A b\ |(kr 1 (b
5= (T] eeli) -2l [TJ el
2 2 2 2 2

We will write down the common solution of the equation (6) as

7 () Cl{cos(aOX) ) cos(alx)} ) C{cos(aox) ) cos(alx)} )

n n n n

a a, dy a,
. . . . ®)

sin(a,x) = sin(a,x) sin(a,x) = sin(a,x)
+C, + +C, + ,
m m m m
a a, a a,
where C j - integration constants, a,, a; - roots of the characteristic equation
a*+B,a’>+B, =0 9)
0 1~

andare equal to

— 38 ——
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2
B B
Ay, == % (7(’) — B, (10)

Integers (72,/M) are got out of solution simplification condition at the satisfaction of boundary

condition at the left edge X =0, and other boundary conditions at X = ll lead to the transcendental

equation for the determination of frequencies of the plate own fluctuations.
We will analyse transcendental frequency equations of the first point.
In the beginning we will consider the simplest transcendental equation

a,cos(a,l,)sin(al,) — a,sin(a,l,)cos(a,l,) = 0. (11)

Wewillimplementdesignations

(12)

7—-8v

& -Q2-v)g ——(1 V)é}

and further we will lower strokes for simplicity.
As sines and cosines from any argument are equal

21+l

sinz = Z( ) Z( )]

ey )"

the equation (11) is equivalent to the following

o 2i 2j 2i 2j
Laay —ala o

a.o _1 i+J 1 0 0 1 ZZ(HJ) :O 13

° IZ(;,Z(;( ) i +D1(2))! =

If to accept that size is determined from the formula (10) with plus sign under the root, then it follows
that this root does not turn zero at any values y,V, af .

Therefore, in the beginning it is possible to put @, = 0 or for & we get the equation

) 8[(2—v)7+%(1—v)]52 8

= 0; (14)
(7—8v) (7-8v)

which roots are equal to
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o= (7 - SV)% \/4[(2 —V)y +%(1 — V):l +

(15)
+ \/8(1 +v2)2 +3y(1-v)2 - v) + %(1 —v)?

as the ranks in the formulae of trigonometrical functions meeting ranks in the equation (13), equivalent to

the equation (11) also meeting, at the research of private equation (13) it is possible to be limited to the
final number of the first composed.

Having taken first three composed in the ranks (13), we will write down it as

p 1

a,o(a’ —a; ){ —(a} +a)l* +} X

3 30
| | (16)
x[%(af +ajal +a§)+%a§af}lé +.. }=0

Roots from the formula a; = 0 are equal (15). The value (alz - ag ) is other than zero at any ),V, f .
If in formula (16) to take only two first terms, then we get

(a +a;)-1017 =0
or
B, 1017 =0 (17)
andfrequency equation

)
£ = 2y +10/ : as)
(2-v)

2y +1007°
£= " —— (19)
(2-v)

If in formula to take all three first terms, then we will get

which positive root is equal to

[(a;‘ +al)+ ¥a3af} —28(a’ + ) +2800 7 =0 (20)

or

[BOZ + %Bl} —28B, % +280/ " =0

and the frequency equation corresponding to them

— 4) ——
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[(2 —v)’ + %}54 - {(2 - v)(% ¥+ 2812) +2(1- v)}gz +

+[%y2 +56317 +28014} =0,

21)
which has two positive roots.

It is similarly possible to take first four and more cinaraemsix in the formula (13) and to get more
exact frequency equation and corresponding frequencies & .

To find the frequency equation from ranks of the equation (13) it is necessary to find out condition of
deduction legitimacy of finite number of terms in the ranks (13).

We will apply Dalamber's principle of ranks convergence to the ranks in the equation (13). We will
get

2 272
| a,ol | )

<g <1 22
@i+3)@2j+2)| ! 22

where 0<g< 1.

It follows from the inequality (22) that

2i+3)\2/+2
‘aéaf‘scli‘,:%z,j:f( = 3(2]+ ) (23)

The analysis of inequality (23) shows that it is correct when performing inequality

8 2 4 2 ( 8 j 2 2
—|—— g7 . <& -2DE°+EL - =C7.
(7—8\/)%” : : 7 gy I

wherecoefficients [, E are equal to

2

3
4[(2—v)7+2(1—v)]E: 8
(7-8v) ’ (7-8v)

orinequalities

D*-E<C}, (24)

At the set parameters of geometrical and mechanical character from the inequality (24) it is possible

to define necessary number of the first terms in ranks (13) to find the frequency equation relative
frequencies ¢£.

We will consider transcendental equation frequency equation
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2 2
_a, t+a;

2 sin(a,1, )sin(a,l, )—2cos(a,/, )cos(a,/, )= 0 (25)

a)a,

As well as transcendental equation (11), the equation (25) is equivalent to the following

o  » Y o
aya, 2{1‘\2 D, (F)Y e g (26)

p g 22 ))!
o 2 2j
(42 + a2 1)+ a, 4, g L g
(a 1)20: ,,Z;)( ) Qi+ D12/ +1)!

It follows from the equation, that, first, @, = 0 also we got frequencies (15).

We will write down the equation (26), having written out the first terms

{(aé +a’)J’ —%(Sag +5a +ajal)J* +}><

27)
115 6 2 2. 2 2v|76
x%[ao +a, +7a,a; (a,a; )]J +... }= 0
From (27) it also follows that it can be supposed (ag + alz )= 0 and we will get
2
B, =00r&? - Y __o (28)
(2-v)
which root is equal to
2
£= " 9
(2-v)
Similarly, we can put approximately
J?
(a; +a}) —?(Sag +5a} +ala’)=0 (30)
and we will get frequency equation
) 6
(SBO —9Bl)—?B0:O (31)

having positive roots.
We will consider more difficult transcendental equation

— 4y ——
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4[Q(Q— a, —a, )+ aoa1 [l cos a,l ) cos(all1 )]+
+ Z{a—‘z (Q —a/ )2 + a_13 (Q —a; )2} sin(a,/,)—sin(a,/,) =0,
a a

(32)

1 0

3-w| & ()
Q_7—4v[h2 2(12”

2j .
2[Q0(Qo—ao —at)+aga; {1—%}20( 1)+ (2‘“;'2])' 2<z+1>] N

where

which is equivalent to the following

2i 2j

4 2\2 4 20k i+ ay 4 2(i+j+1) _
+la —a’) +a —a -1/ JAUTITY =0 33
[a4(Qy - a?)? +al' (©, - ad) IEOLZO( " T 63

0, =(3 ‘ﬂ(fz ).

7—4y

We will write out the first terms in the equation (33)

4 4 2 2 2 2
[(a§ +a12)L1 +L21/2 —{L{ao T G j+L2(—a° T4 HJ“ +

12 2 6
+{%L [ao +a +15aa; (ao +a )]}+ (33)

+$Lz(a§ v a +?a5a5]ﬁ o0

[Qo( —a; - a, )+a§af];

2
4 2 4 2
Ly :[ao(Qo —q )2 tTa (Qo —ao) }
Being limited by the first term in the formula (33), we will get
(@l +al )L, +1,=0 (37

or

0, (B} ~2B,)-20,B8,B8, + 2B + B,[0,(Q, - B,)+ B,]=0 (39)
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The frequency equation (36) is the algebraic equation relatively to & and already depends on the
parameter ).

Equations of higher orderrelativelyto & already depend on the parameter ) .

It is also possible to consider other boundary value problems.

Thus, transcendental frequency equations can be reduced to algebraic and to investigate influence of
both boundary conditions at the edges of rectangular plate or rectangular flat element, and parameters of
geometrical and mechanical character on frequencies of own fluctuations of rectangular flat elements.
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AJK. CeiitTmypaTtoB, 9.2K. Moneaxanosa, M.JK. IlapmenoBa, K. Kanu6aiikpi3pl

KopkeiT ATa ateiHnarsl Kpi3smiopna MmeMiiekeTTik yanBepeuteTi, Keizpmopaa
TYPAKTHBI AAPOJIbI UHTEI'PO-IUOOEPEHIINAJIABIK TEHAEYJIEP

AHHoTanms. BepinreH >kympicTa IUTACTHHKAZAaH KYpalFaH MAaTepHAABIH KATIApJIBUIBIFBIH, PEOJIOIHSIIBIK
TYTKBIP KACHETTEPiH , aHU3OTPOIHUACHH JKOHE T. 0. 3epTTEy HOTIKENepi ecepe OTHIPHIN MICHIUITeH MEHIIIKTI JKOHE
epikci3 TepOernicTep eceOiHi KapacTHIPBUIFaH. 3epTTEY HATIKECHIH/IE TAPMOHUKAIBIK TOJKBIHAAPABIH Ae(opMaris-
JIAHATBIH JICHEIep JKaFIaibIHAAFb! (ha3aiblK KbUIIAMIBIFBIH, OpTa KYHiHIH €3repy JKbUITaMIBIFEI 1€l KapacThIPabl,
Oy1 perTe (azaiblK JKBUIAAMIBIK JKUUTITT MEHIIKTI TepOelic apKbUIBI ©pHEKTEeNei, COHABIKTAH TapMOHUKAJIBIK
TONKBIHIAPIBIH Tapalxy WpPOIECCiH 3epTTey MpoOJieMaNapblH aHBIKTay, MCEHIIKTI HBICAHOap MeEH OepiireH
MpJIACTUHKANAPABIH JKHUIUTIK INEKTeNTeH TepOeniciHe Tikened KaThIcThl Oomambl. Exi Kapama-Kapcel mIeTTepi
ToTIcaamn OEKITireH, aj 0acka eKi JKaFbl op TYpIIi OeKiTy TypJiiepiMeH YCTaThUIFaH HEMece KepHEY ocep eTIeHTiHaeH
OoxpIn opHANTacKaH OoJica, oHIa OYIT skarmail aca KypAesi TiIKOYPBIIITHI Ka3bIK AIEMEHT TepOelici OOIBI TaObIIa kL,
MyHmaif ecenrTep KIacchl CaHABIK TYpAe [I¢ HEMece aHAIMTHKAIBIK TypAe Ne MICHIUIeTiH MEHIIIKTI KHUTIK
TepOeIiciH aHBIKTAUTHIH TPAHCIICHICHTTIK TeHLYIepre akenei. TpaHCIeHACHTTIK KUUTIKTIK TeHIEYiH alreOpabIK
TYpre KeNTipe OTBIPHIN, TiK OYPHINITHI IUIACTUHKAIAP LIEKTIK IIApTTapblH, [C€OMETPUSUIBIK JKOHE MEXaHHKAIIBIK
CHUTIATTaFbI TiK OYPHIIITHI ’Ka3bIK JIEMEHTTIH TepOeltic TeHACYiHiHI ocepi HeTi3iHae 3epTTeyre 00mambl.

—— Y4 ——
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Tipek ce3nep: MakcBen Mozeli, AP0, PETYNSATOP, IUIACTHHKH, KOHEYHOE YMCIIO, COOCTBEHHBIE KOJIEOaHUs,
TPaHCICHICHTHBIC, YPABHEHUS, PEOJIOTHS.

A.K. CeiitmypaToB, A.JK. MagenxanoBa, K. Kanu6aikbi3bl
Ke3puopanHckuii rocynapctBeHHbIN yHIBEpcHTeT nM.KopkbiT ATa, T.KbI3pI10pIa

HUHTEI'PO-JUOPPEPEHIUAJIBHBIE YPABHEHUSA C PETI'YJIAPHBIMUA SAIPAMHU

Annoranust [Ipu ucciieoBanun KoyieOaHHUs U BOJHOBBIX MPOIIECCOB B TBEPAOM AehOPMUPYEMOM TeJe SIPO
BSI3KOYIIPYTHX OIEPaTOpPOB 1elnecoo0pa3Ho Oparh peryssipHbIMH, TaK KaK TOJbKO TAKHWE OMEPATOPbI OIKCHIBAIOT
MTHOBEHHYIO YIIPYTOCTh, & 3aT€M BS3KOE€ TEUeHHE, YTO XapaKTepHO Al AedopMupyeMbIX TBepIbiX Tei. MHrerpo-
muddepeHimanbHble YpaBHEHHSI C PErYJISPHBIMHU SIIPaMH, KaK HM3BECTHO, SKBUBAJIECHTHBI JuddepeHnnansHpM
YpaBHEHUSIM B YaCTHBIX NPOM3BOIHBIX. [IpM wnccrnenoBaHMHM TapMOHMYECKMX BOJIH B J1e(OPMHUPYEMBIX Teiax
BBOJUTCSI MOHSTHE (ha30BON CKOPOCTH KAaK CKOPOCTH M3MEHEHUsI COCTOSIHUSI Cpelibl, IIpH 3ToM (ha3oBasi CKOPOCTh
BBIPAXKAETCSI Yepe3 YaCTOThl COOCTBEHHBIX KOJIEOAHUH M MO3TOMY HCCIIEIOBaHHE PACHPOCTPAHEHHS TApMOHHYECKUX
BOJH HMEET MpsSIMO€ OTHOUICHHE K NpoOJieMaM OIpe/eseHus COOCTBEHHBbIX (OpM U HYaCTOT KoyeOaHHii
OTpaHMYCHHBIX B IUIaHE IUIACTHH. boliee CIIOXKHBIM KoJieOaHHEM MPSMOYTOJBHOIO IIOCKOTO AJIEMEHTA SIBIISETCS
KosiebaHKe, KOrjga JBa U3 MPOTHUBOIOJIOKHBIX KpaéB MIAPHUPHO ONEPTHI, a JABa APYTHX Kpas — UMEIOT Pa3iIMyHbIe
BU/IbI 3aKpeIUICHUss WIM CBOOOAHBI OT HampsbkeHuil. JlaHHbBIM Kiacc 3aiad NPUBOJAMT K TPAHCUCHACHTHBIM
YpaBHEHUSIM JUIS ONPE/ENeHHs 4acTOT COOCTBEHHBIX KOJieOaHHH, KOTOPbIE MOXHO PEIIaTh KaK YHCICHHO, TaK M
aHaJMTUYECKH. TpaHCIECHICHTHbIE YaCTOTHBIC ypaBHEHHS MOXKHO CBOJAWTH K alreOpanvyeckuM M HUCCIeN0BaTh
BJIMSIHME, KaK TPAHUYHBIX YCIOBUH IO KpasM MPSMOYTOJILHOM IUIACTUHKM WJIM MOPSMOYTOJBHOTO IUIOCKOTO
3JIEMEHTA, TaK M MapaMeTpOB FeOMETPHUUECKOI0 M MEXaHHUYECKOTO XapakTepa Ha 4aCcTOThl COOCTBEHHbBIX KOJIeOaHHi
HPSIMOYTOJIBHBIX [IOCKHUX AJIEMEHTOB.

KaroueBble ciioBa: mojenn MakcBesia, siIpo, perTeyilll, IUIACTUHKKAIap, akbIpFbl caH, aepbec TepoOedic,
TPaHCLEH/ICHTIK, TEHJIEY, PEOJIOTHS.
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