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APPROXIMATE SOLUTION OF THE AN ELASTIC LAYER  
VIBRATION TASK BEING EXPOSED OF MOVING LOAD 

 
Annotation: The present work is devoted to the dynamics stability study of wave processes of plane and 

circular elements, and it is also being considered a class of plane tasks about moving loads effect on the surface of a 
layered elastic half-plane under the nonlinear law of stress versus deformation. While studying the wave processes of 
planar and circular elements in deformable bodies, the concept of phase velocity is introduced as the rate of phase 
medium change. In the case of harmonic vibrations of a cylindrical shell, the phase speed is expressed through the 
frequency of natural oscillations of freely supported along the edges of the shell, and therefore, the investigation of 
waves in plane and circular elements has the most direct relation to the problem of determining the own forms and 
vibration frequencies of finite length shells. If the studies are carried out taking into account the material rheological 
properties of considered system, there is a surrounding system environment, also generally displaying rheological 
properties, the use of these methods is considerably difficult. In such cases, the influence of rheological parameters 
on the components of the complex phase velocity is studied in definite values of the vibration frequencies. At present 
article, it is being considered an approximate solution of the nonlinear task about the effect of a moving load on an 
elastic layer lying on an undeformable base under the nonlinear stress law of depending strains from deformations. 

Key words: stability, dynamics, mobile loading, harmonic oscillations, deformation, rheology, oscillation, 
purity, wave processes. 

 
While solving the problems of wave processes of plane and circular elements in deformable bodies, 

the concept of phase velocity is introduced as the rate of change of the phase medium. In this case of 
harmonic vibrations of a cylindrical shell, the phase velocity is expressed through the frequency of natural 
oscillations freely supported along the edges of the shell, and therefore, the investigation of waves in 
plane and circular elements has the most direct relation to the problem of determine the proper forms and 
vibration frequencies of finite length shells. 

In many studies, two methods are usually used to determine the characteristics of waves. 
It is studied the instantaneous state of the medium, corresponding to a certain fixed time moment. 
It is studied the change in time of the body constant state at some fixed point. 
If the studies are carried out taking into account the rheological properties of the considered system 

material or, there is a surrounding medium, also generally displaying rheological properties, the use of 
these methods is considerably difficult. In such cases, the influence of rheological parameters on the 
components of the complex phase velocity is studied for certain values of the vibration frequencies. 

The physical law of stress-strain relation in a plane formulation is adopted in the form 
 

 
    ;1213 2

000
2
000   jjjj xK

 
 

 
  ,,1 2

00  ijij   yxjiji ,,;    (1) 
 

где 00;  - average volumetric strain and intensity of strain rate   - small parameter. 
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Oscillations in a layer are boundary conditions: 
 

 
),,( txf yyy    ,0xy  ,hy   

 ,0v  ,0xy  .0y   (2) 

  
Due to the boundary conditions, the longitudinal displacement u  is an even function of the 

coordinate and a transverse movement v  odd in x . 
Therefore, we will continue these functions on y  from h  to 0. 
Then, instead of the problem for an elastic layer lying on an undeformable base, we obtain the task 

for a thickness layer  hyhh 2 , on the surface of which hy   external forces are set 
 

  
 ,,txfyy   .0xy   (3) 

 
However, in such a formulation the problem remains very complicated in the mathematical 

formulation and obtaining its solution presents great difficulties. This problem can be solved in an 
approximate formulation, considering the elastic layer as an elastic thickness plate h2 .  

Approximate equation of the longitudinal vibration of a plate in a nonlinear setting for the main part 
of the longitudinal displacementU  has the following form: 
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(4) 

Let us consider a special case of an external rolling effort, when: 
 

  
   ,, Dtxftxf yy    (5) 

 
where D - the speed of movement of the external load on the surface layer is considered constant.  

We introduce the moving coordinate 
 

  ,Dtxx    (6) 
 

and for simplicity yx,  we omit the primes. 
In moving coordinates, the longitudinal vibration of elastic layer or plate with the physical 

nonlinearity of the law    with allowance for the external mobile load is described by the following 
nonlinear ordinary equation: 
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 (7) 

 
obtained from the (4) when replacing (6). 

Integrating (7) on x , taking into account the damping condition at infinity 
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Relatively 
dx

dU
 we obtain a cubic equation: 
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Substitution 
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the equation(8) is reduced to the form: 
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i.e. P does not depend on external load а 
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Let us consider the case when 0  (similarly, the problem is solved in the case 0 ). 
If we consider the excess sound mode 
 

 ïëCD   

 
i.e. when the perturbation in the layer before the load is absent, it is clear that 0P  and the equation(9) ( 
respectively (8)) has one real solution. 

If the speed of movement of an external load D  satisfies the inequality 
 

 ïëCD   

 
i.e subsonic mode,then 0P  and the equation (9) ( respectively(8)) can have another solution. 

One real solution of equation (8) in the subsonic mode has the form: 
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Integrating (10) X with respect to the damping condition of the displacement at infinity, and the 

transition to the fixed coordinates, we obtain: 
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The magnitude of the voltage xx  is approximately calculated by the formula: 
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where, 
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From the last expressions it follows that when 0  we obtain a solution for the linear problem.  
If the non-linearity parameter   is assumed sufficiently small, then instead of (11) we can 

approximately use the formula for displacement: 
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At small   values for the voltage xyyyxx  ,,  formulas are obtained: 
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If  Dtxfz   given as  
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then, for example, with respect to the dimensionless relation
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The present work is devoted to the dynamics stability study of wave processes of plane and circular 

elements, and it is also being considered a class of plane tasks about moving loads effect on the surface of 
a layered elastic half-plane under the nonlinear law of stress versus deformation. A class of plane 
problems on the effect of moving loads on the surface of a layered elastic half-plane is solved. The 
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problems of this class are of great practical interest and, in addition, can serve as a standard for the 
development of various numerical algorithms for solving dynamic problems. 
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ҚОЗҒАЛМАЛЫ ЖҮКТЕМЕНІҢ ƏСЕРІНЕН ПАЙДА БОЛАТЫН,  
СЕРПІМДІ ҚАБАТТЫҢ ТЕБЕЛІС ЕСЕБІНІҢ ЖУЫҚ ШЕШІМІ 

 
Аннотация. Бұл мақала дөңгелек жəне жазық элементтердің толқындық процсстер кезінде орын алатын 

орнықтылық динамикасын зеріттеуге арналған, жəне де осыған қоса кернеудің деформациядан сызықтық 
емес заңы бойынша, қатпарлы тұрқыр бетімен қозғалмалы үстеме жағдайындағы, тəуелділігінің жазық 
есептер топтамасын қарастырады. Деформацияланатын денелердің дөңгелек жəне жазық элементтерінің 
толқындық процсстерін зерттеу кезінде фазалық жылдамдық, фазалық ортаның жылдамдығының өзгеру 
шамасы деген ұғым енгізіледі. Цилиндрлік қабықшалардың гармоникалық тербелісі жағдайында фазалық 
жылдамдық, қабықшалардың шеттерінде еркін орналасқан өзіндік тербеліс жиілігі арқылы өрнектеледі, 
сондықтан дөңгелек жəне жазық элементтер толқынын зерттеу, қабықшаның ақырлы ұзындығының жиілік 
тербелісі мен дербес формасын анықтауға тікелей байланысты. Егер зарттеу жұмысы қарастырылып отырған 
жүйе материалдың реологиялық қасиеті негігінде жүргізілсе немесе, қоршаған орта жүйесі болса, жəне 
жалпы жағдайда реологиялық қасиеттері анықталса онда бұл тəсілдерді қолдану қыйынға соғады. 

Түйін сөздер: орнықтылық, динамика, жылжымалы жүктеме, гармониялық тербелістер, деформация, 
реология, тербеліс, жиілік, толқындық процестер. 
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ПРИБЛИЖЕННОЕ РЕШЕНИЕ ЗАДАЧИ О КОЛЕБАНИИ УПРУГОГО СЛОЯ, 

ПОДВЕРГАЮЩЕГОСЯ ВОЗДЕЙСТВИЮ ПОДВИЖНОЙ НАГРУЗКИ 
 
Aннотация: Данная работа посвящена изучению динамики устойчивости волновых процессов плоских 

и круговых элементов, а также рассматривается класс плоских задач о воздействии подвижных нагрузок на 
поверхность слоистой упругой полуплоскости при нелинейном законе зависимости напряжений от 
деформаций. При исследованиях волновых процессов плоских и круговых элементов в деформируемых 
телах вводится понятие фазовой скорости, как скорости изменения фазовой среды. В случае гармонических 
колебаний цилиндрической оболочки фазовая скорость выражается через частоту собственных колебаний 
свободно опертой по краям оболочки, и поэтому, исследование волн в плоских и круговых элементах имеет 
самое прямое отношение к проблеме определения собственных форм и частот колебаний оболочек конечной 
длины. Если исследования проводятся с учетом реологических свойств материала рассматриваемой системы 
или, имеется окружающая систему среда, также в общем случае, проявляющая реологические свойства, 
использование этих способов значительно затруднено. В таких случаях изучается влияние реологических 
параметров на составляющие комплексной фазовой скорости при определенных значениях частот 
колебаний. 

Ключевые слова: устойчивость, динамика, подвижная нагрузока, гармоническая колебания, деформа-
ция, реология, колебание, чистота, волновые процессы 
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