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APPROXIMATE SOLUTION OF THE AN ELASTIC LAYER
VIBRATION TASK BEING EXPOSED OF MOVING LOAD

Annotation: The present work is devoted to the dynamics stability study of wave processes of plane and
circular elements, and it is also being considered a class of plane tasks about moving loads effect on the surface of a
layered elastic half-plane under the nonlinear law of stress versus deformation. While studying the wave processes of
planar and circular elements in deformable bodies, the concept of phase velocity is introduced as the rate of phase
medium change. In the case of harmonic vibrations of a cylindrical shell, the phase speed is expressed through the
frequency of natural oscillations of freely supported along the edges of the shell, and therefore, the investigation of
waves in plane and circular elements has the most direct relation to the problem of determining the own forms and
vibration frequencies of finite length shells. If the studies are carried out taking into account the material rheological
properties of considered system, there is a surrounding system environment, also generally displaying rheological
properties, the use of these methods is considerably difficult. In such cases, the influence of rheological parameters
on the components of the complex phase velocity is studied in definite values of the vibration frequencies. At present
article, it is being considered an approximate solution of the nonlinear task about the effect of a moving load on an
elastic layer lying on an undeformable base under the nonlinear stress law of depending strains from deformations.

Key words: stability, dynamics, mobile loading, harmonic oscillations, deformation, rheology, oscillation,
purity, wave processes.

While solving the problems of wave processes of plane and circular elements in deformable bodies,
the concept of phase velocity is introduced as the rate of change of the phase medium. In this case of
harmonic vibrations of a cylindrical shell, the phase velocity is expressed through the frequency of natural
oscillations freely supported along the edges of the shell, and therefore, the investigation of waves in
plane and circular elements has the most direct relation to the problem of determine the proper forms and
vibration frequencies of finite length shells.

In many studies, two methods are usually used to determine the characteristics of waves.

It is studied the instantaneous state of the medium, corresponding to a certain fixed time moment.

It is studied the change in time of the body constant state at some fixed point.

If the studies are carried out taking into account the rheological properties of the considered system
material or, there is a surrounding medium, also generally displaying rheological properties, the use of
these methods is considerably difficult. In such cases, the influence of rheological parameters on the
components of the complex phase velocity is studied for certain values of the vibration frequencies.

The physical law of stress-strain relation in a plane formulation is adopted in the form

o, = 3K80[1 + axogoz]+ 2,u(£jj - 5011 + ayowg}

O'zj:/‘gij[l"'a?/ol//gl’ (iij;i,jZX,y) )

rae &£,y - average volumetric strain and intensity of strain rate ¢ - small parameter.

— 54 ——
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Oscillations in a layer are boundary conditions:

o, =/fxt), 0,=0, y=h,
v=0,0,=0, y=0. 2)

Due to the boundary conditions, the longitudinal displacement # is an even function of the
coordinate and a transverse movement v odd in x .

Therefore, we will continue these functions on y from —/ to 0.
Then, instead of the problem for an elastic layer lying on an undeformable base, we obtain the task
for a thickness layer Zh(—h <y< h), on the surface of which y =t/ external forces are set

o, = f(x,t), o, =0. 3)

However, in such a formulation the problem remains very complicated in the mathematical
formulation and obtaining its solution presents great difficulties. This problem can be solved in an
approximate formulation, considering the elastic layer as an elastic thickness plate 2/ .

Approximate equation of the longitudinal vibration of a plate in a nonlinear setting for the main part
of the longitudinal displacementU has the following form:

. , @
+ 1_ f _ l_ P n__ 1 af Yy
u7 p\ 2u 0 x
Let us consider a special case of an external rolling effort, when:
fy (x,t) = f} (x - Dt), (%)
where D - the speed of movement of the external load on the surface layer is considered constant.
We introduce the moving coordinate
x'=x-Dt, (6)

and for simplicity X,y we omit the primes.
In moving coordinates, the longitudinal vibration of elastic layer or plate with the physical
nonlinearity of the law O (8) with allowance for the external mobile load is described by the following

nonlinear ordinary equation:

) 4

d U ,u - pc. d (2 dU N
dx dx

X,k
dx * P
3
H P
obtained from the (4) when replacing (6).

Integrating (7) on X, taking into account the damping condition at infinity
55

(p>-N2

_ 2,
9
(7
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Relatively d—U we obtain a cubic equation:

dx
(de3+ 3 f[de2+ 3 f2_9p(D2—C,i) au )|,
dx 2u "7\ dx 4’ 16 ax,k 4u—pC?
(®)
aw |1, 9u-pc2)  au Y
T v/ - - | S, ]=0
dx Su 2aux,k 4u—-pC,
Substitution
v _g 2.
dx 3
the equation(8) is reduced to the form:
S’ +PS+q=0, )

3
where: a=—1F,
2u /s

P__9p(Dz—Ci-)( 4u ]4
16axk  \4u-pC; )’

i.e. P does not depend on external load a

Q=_9(2ﬂ_pczé)( 4u ]fy

ook \ 4u—pCs

Let us consider the case when o < 0 (similarly, the problem is solved in the case & > 0).
If we consider the excess sound mode

D>C,

e

i.e. when the perturbation in the layer before the load is absent, it is clear that P > 0 and the equation(9) (
respectively (8)) has one real solution.
If the speed of movement of an external load D satisfies the inequality

D < C,

i.e subsonic mode,then P < 0 and the equation (9) ( respectively(8)) can have another solution.
One real solution of equation (8) in the subsonic mode has the form:
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R ORI GRS e

Integrating (10) X with respect to the damping condition of the displacement at infinity, and the
transition to the fixed coordinates, we obtain:

x—Dt 3 2 3 2
U= J P\ (€)Y | dC)_ ((p) (dC)) _d)|,.
3 2 2 3 2 3
The magnitude of the voltage O is approximately calculated by the formula:

52 [ (52 o 52T (527 |
—fy<x—Df>—aﬂ’f—f—1)/2<U>—fl<v>}

3 3
1 44— pC? oUu 1
U)=—x,k =112 +— ;
fz( ) 9x0 ( 4 ]( o fyj

(12)

where,

3
1 pC: \oU 1 a
HU) = xok 2 1= =2 | ==+ /- £ W)
9 4u )ox A+2u A+2u
From the last expressions it follows that when & — 0 we obtain a solution for the linear problem.
If the non-linearity parameter « is assumed sufficiently small, then instead of (11) we can
approximately use the formula for displacement:

- 1 PCi _ o 2 xk %
e G Treverald it ey
x[“ﬂ—pcfﬂﬂ pD* =2u Txf} } (13)

4u uplD? -

At small & values for the voltageo,,0,,0,, formulas are obtained:

N T
T p-clow S 91)2—02 4y p(D2




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

2 2 2 2 2 3

y 2 nu 2 ni ni 2 a
220 o B |2 oot B | (] B —a | o pet —3) [2Y
2 {P ( 2u J g [ 24 j ( ﬂ)L 2u j (PCM ﬂ):l ax’

l:pD2 [ﬂ - lJ +4u— 3(/1 + Z,u)} aax{y _

+
A+2u 2u
o PC; o £,(U) 4 *f,(U)
- pD*| =1 |+ Au—3(A+2p) [ —H— -« - 2—n 0 (14)

A+2u 2u ox 4u—pC.  Ox

2 g2 2 3 2 2 o?
o.=f +2 h ﬁ(pDz—zy)aij PD +’0C”” -1 j:y+

g 2 2u o \A+2u  2u ox

oA +pciq_2\82fz(v)};
A+2u  2u J ox’

4 3
1 x.k (4u— pC.. D* —2
O-XZ:a+(y_h2y3j 02[ /’l pclej|: IO 2_/'12 :|f;2ﬁ1.
1920w ) wplD*-Cy)

If f.(x—Dt) given as

f,(x=Dt)=o,B(x - Dt} "), (15)

. . . . O . .
then, for example, with respect to the dimensionless relation —= approximately obtain:
Oy

Gu 21874 4ol 02817, (a <0), (16)

where,

2 Jld - 2\ )
D*  xklau-pCl) (p 3ﬂ)>0

D*-C: 1152,u7,03(D2 —C,i)

The present work is devoted to the dynamics stability study of wave processes of plane and circular
elements, and it is also being considered a class of plane tasks about moving loads effect on the surface of
a layered elastic half-plane under the nonlinear law of stress versus deformation. A class of plane
problems on the effect of moving loads on the surface of a layered elastic half-plane is solved. The
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problems of this class are of great practical interest and, in addition, can serve as a standard for the
development of various numerical algorithms for solving dynamic problems.
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A. Ceiitmypatos', H.Meney6aes’, I'. Emmypat’, I.Kyze6aena'

'"KopxsIT ATa athinaarsl KpI3bU1opaa MeMIIEKeTTiK yHuBepcHTeTi, KpI3buiopaa
*E.BykeToB aThiHnarsl KaparaHibl MeMJICKeTTiK yHuBepcHTeTi, Kaparan sl

KO3FAJIMAJIBI )KYKTEMEHIH OCEPIHEH ITAH/IA BOJIATHIH,
CEPIIM/I KABATTBIH TEBEJIIC ECEBIHIH KYbIK HTEHITMI

AHHoTanusi. Byt Makana feHrenex jxoHe ’a3bIK IEMEHTTEPIiH TOIKBIH/IBIK MPOLICCTEDP KE31H/IE OPbIH allaThlH
OPHBIKTBUIBIK JUHAMUKACHIH 3€pITTEYre apHAaJFaH, XKOHE [ OChIFaH KOca KepHeyaiH JaedopManusiiaH ChI3bIKTHIK
eMec 3aHbl OOWBIHINA, KATHAPNBI TYPKBIp OETIMEH KO3FajIMallbl YCTeME XaFAaWbIHIAFbl, TOYEIIUIITIHIH Ka3bIK
ecenTep TONTaMachlH KapacThIpansl. JledopMmanusiiaHaTeIH JEHENEepAiH AOHTeNeK XOHE JKa3blK JJIeMEHTTEPiHiH
TOJKBIH/IBIK TIPOIICCTEPIH 3epTTey Ke3iHAe (ha3aibiK >KbUIIAMIBIK, (a3aiblk OPTAHBIH JKbLIIAMIIBIFBIHBIH ©3repy
IIaMacel JIeTeH YFBIM eHriziteni. Lunmuaapiik KaOBIKIIamapaslH TapMOHUKAIBIK TepOemici karmaibiHaa (hazaibIk
JKBIIIaMABIK, KaOBIKIIANAPIBIH IIETTEPIHIAE epKiH OpHAJNACKaH O3iHAIK TepOelic >KUUIIri apKpUIBl ©pHEKTENe],
COHJIBIKTAH JIOHTEJICK JKOHE HKAa3bIK AIEMEHTTEP TOJKBIHBIH 3€PTTEY, KaObIKIIAHBIH AKBIPJIbI Y3bIH/BIFBIHBIH JKHULITIK
TepOeici MeH aepdec GopMachiH aHBIKTayFa TikeJeld OalaHbICTHL. Erep 3apTTey KYMBICH KapacTHIPBUIBI OTHIPFaH
JKYlie MaTepHalIBIH PEOJIOTHSUIBIK KACHETI HETIriHIe XYpri3iice Hemece, KOpIIaFraH OpTa jKyheci Oojca, >KoHeE
JKaJIITBI KaFAalia PeoIOTUSIIBIK KAaCHETTePl aHBIKTAaNICa OHIa OYIT TOCLIAep Il KOMAaHy KBIIBIHFA COFaIbl.

TyiiiH ce3aep: OpHBIKTHUIBIK, AMHAMHUKA, )KBUDKBIMAIIBI )KYKTEME, TapMOHUSIIBIK TepOemicrep, nedopmarusi,
peororus, Tepoeric, )KALTIK, TOTKBIHIBIK MIPOIECTeD.
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A. Ceiitmypatos', H. Mexney6aes?, I'. Emmypat’, I'. Kyne6aesa'

'KbI3BUIOpAMHCKHI TOCY 1apCTBeHHBIH yHIBeacuTeT M. KopkeiT ATa, Kbi3suiopaa
ZKapaFaH,Z[I/IHCKI/Iﬁ rocyapcTBEHHBIN yHHBepcuTeT nM.bykeroBa, Kaparanna

HNPUBJIN)KEHHOE PEIIEHUE 3AJIAYH O KOJIEBAHHUH YIIPYT'OI'O CJIOA,
MOJIBEPTAIOIIETOCS BO3JIEMCTBUIO IMMOJABUKHOM HAT'PY3KH

AnHoTanusi: J/laHHas paboTa MOCBAIIEHA U3YYEHHIO TUHAMHUKH YCTOWYMBOCTH BOJHOBBIX IIPOLIECCOB MIOCKUX
U KPYTOBBIX 3JIEMEHTOB, a TAK)KE€ pacCMaTpUBAeTCs Kiacc IJIOCKUX 3a7ad O BO3ACHCTBUH IOJBIKHBIX HArPy30K Ha
[IOBEPXHOCTh CJIOMCTOM YIPYIrOM IOJIYIUIOCKOCTH IIpU HEIMHEMHOM 3aKOHE 3aBUCHUMOCTH HAIpPsKEHUH OT
nepopmanuii. Ilpyn mcciegoBaHUAX BOTHOBBIX ITPOIECCOB IUIOCKMX W KPYTOBBIX 3JEMEHTOB B Ae(opMUpyeMbIX
TeJlaX BBOJAUTCS MOHsATHE (Pa30BOil CKOPOCTH, KaK CKOPOCTH M3MeHeHHs (pa3oBoit cpenbl. B ciyuae rapmMoHUUeCcKHX
Koe0aHni IMITHHAPUIECKON 000709k (ha3oBasi CKOPOCTH BBIPAXKAETCS depe3 YacTOTy COOCTBEHHBIX KOJeOaHMA
cBOOOIHO OMEPTOH MO KpasM 0O0JI0OUKH, U TTOITOMY, HCCIIEJIOBAHUE BOJH B IUNIOCKUX W KPYTOBBIX JIE€MEHTaX NMEET
camoe IpsIMO€ OTHOIIICHHE K ITPOOJIeMe ONpeaeeHNsT COOCTBEHHBIX (POPM M 4aCTOT KOJICOaHU# 000I09eK KOHSUHOU
JuHBL. Eciu mccienoBaHus IpOBOISTCSA € YIETOM PEOJIOTHYECKUX CBOMCTB MaTepHajla pacCMaTPUBaeMON CUCTEMBI
WA, UMEETCS OKPY’KAIoMIasg CUCTEMY Cpefa, Takke B 0o0ImeM ciydae, IMpOSBIIIONIAs PEOJIOTHYECKHE CBOMCTBA,
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