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COEFFICIENT CRITERION OF EXISTENCE OF MULTIPERIODIC
SOLUTIONS OF A LINEAR SYSTEM OF FOUR DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS ON DIAGONAL

Abstract. In the note, we considered a linear system of four differential equations with the differentiation
operator [, in the direction of the main diagonal of the space of time variables (7, ¢). We conducted a study of the

(0, w, w) -periodicity of the solutions of the linear system of equations with variables but constants coefficients on

the diagonal which depend on variables of the eigenvalues of the characteristic equation. The coefficient criterion of
the properties of separation and sign-definiteness of distinct real, multiple and complex conjugate eigenvalues are
found. Periodicity and continuous differentiability of eigenvalues are investigated. The coefficient sufficient
conditions for the existence of periodic solutions are established. The concepts of variable frequency and variable
period are introduced.

Investigation of the problems of partial differential equations is closely connected with the theory of ordinary
differential equations [1-5]. It is known that the study of the problems of multiperiodic solutions of systems of first-
order partial differential D, -equations originates in the works [6-8]. This investigation on the formulation of the
question adjoins previous studies [9-14].

Key words: linear system, differentiation operator, eigenvalues, characteristic equation, real and imaginary
parts, diagonal minors.

Consider a linear system
D,x=A(o)x,(1)
where A(G ) an 7 X 1 -matrix has the properties of periodicity and smoothness of the form
A(c +kw)= A(c)eCV(R"), VkeZ", ()
0 0

O =1 — et is called the characteristic of the operator p = — 4+ <e, > , T€(—0,+0)=R,
¢ or ot

t=(t,...t,)eRx..xR=R", e=(1,..,1) — m-vector, <,> denotes the scalar product,

ko = (kl @y ..., km a)m) - a multiple vector-period, X = (x1 yaens xn) - the unknown vector.

We form the characteristic equation
def A(c) - AE]=0, (3)
where £ - the identity matrix. The equation (3) for a fixed value 0 € R™ is solvable in the field of
complex numbers and has roots of the form 4,(0) =, (o) +if,(0), (j=1,n).
The elucidation of the question of the properties of smoothness, periodicity, sign-definiteness and
separation of the eigenvalues of the system (1) in the general case is a serious problem.

But in the well-known particular cases, the roots of equation (3) are determined in the radicals and it
is possible to solve this problem on the basis of the conditions imposed on the coefficients of the system.

— 74 ——




ISSN 1991-346X Cepusa pusuxo-wamemamuyeckas. Ne 3. 2018

When investigating various problems of non-linear systems corresponding to the linear system (1), it
is important to know that the eigenvalues of the matrix A(G ) have the following properties:

1°. Continuous differentiability: A,(c’) € C&)(R™), j=1,n.

2°. Periodicity: 4,(0 +kw)=A,(0), j=Ln,ceR" keZ".
3°. Property of having a fixed sign A (0) foreach j =1,

a) 1,(0)<0,VoeR" or

b) 4;(0)=0,VoeR" or

¢)1,(0)>0,VoeR".

4°, Separation of eigenvalues:

a)for j#1 ZJ(G) #A(0),VoeR" or

b) for j #1 ZJ(G) =1, (o), VoeR",

i.e. for each value, the eigenvalue A j (o) has constant multiplicity & = const forall o € R".
5°. Each of the sets Re{/”tj (0)} and Im{ij (0)} has properties 1°-4°.

We note that if eigenvalues of the matrix A(O' ) possess these indicated properties, then the system

(1) has a solution of the same structure as in the case of constant coefficients.

For the purpose of illustration, we consider the case when equation (1) in scalar form has the form
4

Dexizz%(a)xj, =14 4)
Jj=1
the equation (3) is always solvable in radicals, and the characteristic equation of the matrix

A(o) = [al.j (o )];1 can be represented in the form
A —a (o) +a,(0)A —a,(6)A+a,(c)=0, %)
where coefficients @ ; (o) are determined by the sum of all diagonal minors M j (o) of order J,
in particular, a,(0) =SpA(c), a,(c)=det A(c) and the coefficients a,(c) and a,(c) are
determined by expressions

a2 (0) _ 26: aajaj (O-) aaj,b’j (O-)

= (o) %p,p, (o)

Aj<p;
s Y (0) Qap, (o) Doy, (0)
a,(c)= ), la,, (0) a,,(c) a,, (o).

=1
é’f'<ﬁj<7f a/i"‘/(a) %y, (o) a},/},/(O')

Substituting

A=n- 4(0) (6)

4




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

we reduce equation (5) to the form

nt+ p(a)n2 +q(o)n +r(c)=0, )

where Po)=a:(0) 4 (0). 1(0)=0,(0) -2 ,(0)a,(0) + Ll (@),

ro)= %af (0)ay(0) - ial (0)ay(0) - %a:‘ (0)+a,(0).

Then, left-hand side of this equation identically rearranges by means of an accessory parameter O :

(772 + p(;) + pj - {2,0772 — (o) + (pz + p(o)p—-r(o)+ 2 ia)ﬂ 0. ®

We now choose O so that the polynomial in square brackets becomes a complete square. For this, it
must have one double root, i.e. equality must hold

2
o)
7 (@) -4 2p£p2 + p@)p - rio)+ 4 )] -0,
which is a cubic equation in unknown pO:

8p’ +8p°p(c) —2pl4r(c) - p*(0)]-¢"(0) = 0. ©)

Substituting
_ - plo)
p=u—"
we reduce equation (9) to the form

# + p(o)u+q,(0)=0 (10)

with coefficients

p(o )—LP (0)—r(0), ql(ff)——%p( )+ g4 o)+ p(G)r(G)

We calculate the discriminant A(0’) of equation (10)

Ao — 108 @) , Pi(©)
4 27

and require that it be sign-definite:
a) A(o)<0,0€R" or
b) A(c)=0,0€R" or (11)
o) A(oc)>0,0€R".

If any of the conditions (11) is satisfied, equation (10), and, consequently, equation (9), in accordance
with the conditions for the existence of the real roots of the cubic equations, has at least one real root

is sign-definite, namely, we set

U = 1,(0). Then we assume that p = p,(0) = p,(0) — P

pr() =) =L 1)

q(o)

For this value o0, the polynomial in square brackets in (8) has a double root F Therefore,
PO

equation (8) simplifies to

— 76 ——
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, . p(o) o L gq0) ) _
(77 R +po(0)) 2/30(0)(77 1p,(0) (G)J 0,

which splits into two quadratic equations, the roots are determined by the formulas
Vpy(0) £5(0)
771’ (O-) = : b
V2
—/py(0) £5(0)

n,(0)= N ., J=3.4,

i=12, (13)

where the function 0(0) has the form

5(0)=—py(0) - plo) - LD (14

J26,(0)
We impose the conditions of sign-definiteness on the function O(&):
a) 0(0)<0,0e€R" or
b) 0(0)=0,0€R"” or (15)
o0 0(0)>0,0€eR".

Obviously, in the case (15a), equation (9) has four distinct real roots, in case (15b) it has two distinct
double roots, and in case (15¢) there are four mutually conjugate complex roots, and

Ren,(0)#0, j=1,4, 0ceR". (16)
In the case of sign-negative p,(0’) and sign-positive 0(0), i.e. under conditions
0,(0)<0,6(c)>0,0€eR" (17)
roots 77 (U ), j= 1,_4 are complex-valued with nonzero real parts, therefore, we have property (16).
Under condition
p,(0)<0,6(c)<0,0€eR” (18)
these roots are either pure imaginary or zero.
As can be seen from the above eigenvalues A : (G) , ] = 1,4 of matrix A(O‘ ) of the system (4) are

determined by the relations (6), (12), (13), (14), which by conditions (2), (11), (12), (15), (17) and (18)
have the properties 1°-5°.

. .1 . 4
In other words, eigenvalues A ; (o), j=1,4 of the matrix A(0) = [al.j (o )]1 are complex-valued
functions of real arguments & € R” and its are continuously differentiable, @ -periodic, either coincide
or do not intersect, their real and imaginary parts have definite signs or are identically equal to zero.

Thus, the results obtained can be formulated as the following lemma.
Lemma 1. If one of the conditions (15), (17) or (18) is fulfilled along with the conditions (2), (11),

(12), then eigenvalues A ; (O'), J =1,_4 of matrix A(O') = [a[.j (O')]? of the system (4) have the
properties 1°-5°.
Obviously, under the conditions (2), (11) and (18), the eigenvalues A . (O') , J= 1,4 of the systems

(4), according to Lemma 1, are either pure imaginary or identically zero. Consequently, the homogeneous
system (4), in accordance with the general theory [15-16], admits multiperiodic solutions X in 7 € R
with frequencies V; (o)=ImA | (o) in the case Im A4 . (0)#0 and constant solutions X = const

in the case of zero eigenvalues.
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Thus, we give the following lemma.
Lemma 2. Under conditions (2), (11), and (18) the system (4) has an infinitely many of multiperiodic

in 7 solutions X = X(7, 0') nonzero, and their periods are equal to Qj (o)= 272'1/;1 (o), ceR”,
j=14.

If conditions (2), (11), (12) and one of the conditions (15) or (17) are satisfied, then, according to
Lemma 1, inequality (16) is satisfied.

Then homogeneous linear system (4) does not have bounded solutions with bounded initial
conditions except for the zero solution.

Hence the lemma holds.
Lemma 3. Assume that conditions (2), (11), (12) and one of the conditions (15) or (17) are satisfied.

Then, system (4) does not have multiperiodic solutions X(7, 0°) except for trivial.
If the conditions of Lemma 3 are satisfied, the eigenvalues A ; (0) can be represented in the form
_ . . 1A m
A, (0)=a,(0)tif;(0), j=14,0€R
with @ -periodic smooth in O real and imaginary parts, and, according to (16), we have
Re 4 . (o)=«a j (o) #0. For definiteness, we shall suppose that
. I A m
Re 1, (0)=a,(0)<0, j=14,0€R". (19)
We also note that @ -periodicity of the solutions X of system (1) under conditions of Lemma 1 is

determined by @ -periodicity of the initial datain t € R” if 7=0.
Then it is easy to show that matriciant X (7, &) of the system (4) satisfies the estimate

‘X(r, 0)‘ <7, reR (20)
where ¥ > 1, & > 0 are constants and
X(t,o0+kw)=X(r,0), keZ", oce€R". 21)
We introduce an inhomogeneous system of equations
4
Dx, =Y a,(0)x,+ f,(r.t.0), j=14. (22)

j=1
where f i (7,t,0) satisfy the condition

f,(t+0,t+ko,o+q0)=f,(z,t, 0)eCY'(RxR"xR™), k,qeZ", 23)

the period @ =0(0)#0, o € R™ and has properties
O(c +kw)=0(c)e C)(R"), keZ". (24)

Putting x = (xl, ey x4) and f(T, t,0)= (fl (7,t,0),..., f4 (z,t, O')) system (22) can be
represented in the vector-matrix form

D,x=A(o)x+ f(z,t,0) (22

which is convenient for the formulation of the following theorem.
Theorem. Under conditions of Lemma 3 with the additional condition (19), (23), and (24) system

(22) has a unique (6, @, @) -periodic solution

X' (r,1,0) = j X(z—5,0)f(s,t—er +es,)ds. 25)

— 78 ——
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Proof. The existence of the function X (7,t, 0) is ensured by the convergence of improper integral
(25) by theorem and estimate (20). Given that
D X(r,0)=A(c)x+ X(z,0)
it is not difficult to verify that by (25) it is possible to represent the solution of system (22), hence, of
the system (22). On the basis of (21), (23) and (24), it is easy to verify that this solution is of (19, , a)) -

periodicity. The uniqueness follows from the estimate (20).
In conclusion, we note that idea of a method of obtaining the results of this study can be generalized
to the more general case with nonlinearities on the basis of the methods of [17-20].
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A.A. Kyabxymuesa', K.A. Capraéanos’

1£\/I. OTtemicoB ateiHIars batric-Ka3akcTan meminekeTTik yHuBepcureti, Opan, Kasakcran;
K.2Ky06aHoB arbiHaarbl AKTe0€ OHIpIIK MEMJIEKETTIK yHUBepcuTeTi, Akrebe, Kazakcran

TY¥PAKTBI KOOOOUIHUEHTTI TOPT TUP®PEPEHINAJIBIK
TEHJAEYJIEPAIH CBI3BIKTHI )KYUECIHIH KOIIIIEPUOATHI
INEIIIMIHIH BAP BOJIYBIHBIH KOO®®UINHUEHTTIK BEJITTJIEPI

AHHOTanus. 3aMeTKana (7, ¢) yaKbITTHIK aiHBIMATbUIAPBIHBIH KEHICTITIHIH HETi3ri JUaroHaJIbIHBIH OaFrbITHI
OofietHia D, muddepeHnmanay oOmepaTtopisl TOpT TUPQPepeHIHaNIbK TEHACYIepIiH CBI3BIKTHL JKyHeci
KapacTHIPBUIFaH. XapakTePUCTUKAIBIK TEHACYMIH MEHIIIKTI MOHIEPiHIH aWHBIMANBUIAPBIHAH —TOYENILUTIKTE
aiiHpIManpl, Oipak JAMaroHaiga TYPakThl KOA(QUIHMEHTTI KapacThIPbUIATHIH CBHI3BIKTHI TEHJAEYJIEp KYHeciHiH
memiMinia (6, @, @) -epUOATHUIBIFBIH 3ePTTEY JKYPri3iireH. OpTypil HAKTHI, eceli XoHe KOMIUIEKC TYHiHaec
MEHIIIKTI MOHIEPIH aXbIPaThLTy jKOHE TaHOA aHBIKTAJIFaH KaCHeTTePiHiH Kod(duIreHTUIiK Oenriyiepl aHbIKTalFaH.
MeHIIiKTI MOHAEPIIH Y3uIici3 audde-peHIuaIIaHaThIHABIFBl JKOHE TEePUONATHUIBIFEI 3€PTTENTeH. [lepuoaTs
merrmMaepaiy 6ap OoyblHbIH KO3(D(UIMEHTTI JKETKUTIKTUIIK IapTTapbl OpHAThUIFAH. AWHBIMAIIBI TIEPHOJ JKOHE
allHBIMaJIbI YKULTIK YFBIMIAPhl €HTI31UITeH.

Jepbec TybIHABUIBI TEHACYJIEP MOCEIECIH 3epTrey KapamaiibiM nuddepeHmuanaslk Teraeynep [1-5]
CypakTapbIMeH ThHIFbI3 OaiiaHblcThl. BipiHmn perti nepbec TybIHIBbUIBI D -TeHIEYJep JKYHECIHIH KONmepHOATHI
HIeIIiMAepl CypaKTapbIHBIH 3epTTeyi 63 OacTtaybiH [6-8] eHOeKTepiHeH anaThHABFEl Oenriti. CypaKkThiH KOHBUTYBI
OoiibIHIa OepiiareH 3epTTey OYphIH XKYPIi3iiareH seprreynepre [9-14] koceuiaasl.

TyiiiH ce31ep: CBI3BIKTHI XKYiie, TuddepeHIHaIIbIK ONepaTop, MEHIIIKTI MOHJIEP, XapaKTEPUCTHKAIBIK TCHIEY,
HaKTHI )KOHE JKopamall OeltiKTep, AHaroHAIABIK MIHOPIIAP.

YK 35B10
A.A. Kyabxymuesa', )K.A. Capraéanos’

'3amanso-Kasaxcranckuii rocy1apcTBeHHBINH yHHBepcuTeT HM. M. YTemucosa, Ypaisck, Kazaxcran;
* AKTIOOHHCKHIT pervoHaIbHbIi Tocy[apcTBeH bl yauBepcuter uM. K. XKyGanosa, Axrobe, Kasaxcran

KO3®PUIIMEHTHBIE IPU3HAKHU CYIIECTBOBAHUSI MHOI'OITEPUOIUYECKUX PEIIEHUAMA
JIMHEWMHOM CUCTEMBI YETBIPEX JIA®PEPEHIIUAJIBHBIX YPABHEHUI
C IIOCTOAHHBIMUA HA TUAT'OHAJIM KOOOOPUIIMEHTAMU

AnHoTanusi. B 3aMeTke paccMOTpeHa JMHEWHas cucTeMa dYeTbipeX aud(GepeHIHaTbHbBIX YPaBHEHUH C
omeparopoM auddepeHnupoBanuss D, 1O HANPABICHUIO TJABHOM JUArOHAIM MPOCTPAHCTBA BPEMCEHHBIX
nepeMeHHbIX (7, t). [IpoBeneno uccinenoBanue (6, @, @)-NMEPHOAMYHOCTH PEIICHUH pacCMaTPHUBAECMON JTMHEHHON
CHUCTEMBI ypaBHeHI/lﬁ C MNEPCMCHHBIMHU, HO MNOCTOSAHHBIMU Ha JAWaroHajain KO3(1)(1)I/ILII/ICHT3MI/I B 3aBUCHUMOCTHU OT
MEPEMEHHBIX COOCTBEHHBIX 3HAYCHHH XapaKTEPUCTHYCCKOTO YpPaBHECHUS. BBISICHEHBI KO3 (OUIIMEHTHBIC MPU3HAKA
CBOWCTB pAa3lENICHHOCTH W 3HAKOOINPEAEIEHHOCTH pA3IMYHBIX BELIECTBEHHBIX, KPAaTHBIX M KOMIIJIEKCHO
COIIPSDKEHHBIX COOCTBEHHBIX 3Ha4yeHWH. lccienoBaHbl NMepHOJUMYHOCTE M HENpepbiBHAS AU(QEepeHIIPYEMOCTD
COOCTBEHHBIX 3HAUCHHHA. Y CTAHOBJICHBI KOA((UIIMEHTHBIE TOCTATOYHBIC YCIOBHS CYIICCTBOBAHUS TEPUOTUIECKUX
peuieHuid. BBeeHbl OHATHS IEPEMEHHON YaCTOThI M IEPEMEHHOTO NEPUOJA.

HccnenoBanme mnpobneM ypaBHEHHH B YACTHBIX IIPOM3BOIHBIX TECHO CBA3aHO C BOMPOCAMH TEOPHUHU
OOBbIKHOBEHHBIX  Au(pdepeHnnanbubix  ypaBHeHudd  [1-5].  M3BectHo, 4TO  MCClieOBaHHE  BOIPOCOB
MHOTOIIEPUOINIECKAX pelIeHnid cucteM D, -ypaBHEHHH B YacCTHBIX HMPOHM3BOIHBIX IEPBOTO MOpsiaKa OepeT cBoe
Hadajio B Tpydax [6-8]. JlaHHoe wmccieoBaHME MO ITOCTAHOBKE BOIPOCA NPUMBIKAET K paHee MPOBEACHHBIM
uccienoBanusam [9-14].

KaloueBble cioBa: JmHeliHas cucrema, audQepeHIUanbHbId  onepaTop, COOCTBEHHbIE 3HAYEHWUS,
XapaKTCPUCTHUCCKOC YPAaBHCHUE, ﬂeﬁCTBHTeHbele U MHHUMBIC 4aCTU, AUaroHaJIbHbIC MUHOPLI.
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