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CRITERIA FOR STRONG CONVERGENCE OF SOLUTIONS
SINGULARLY OF THE PERTURBED CAUCHY PROBLEM

Abstract: The first-order integral equation with a non-smooth right-hand side is solved by the deviating
argument method. It is shown that the solution of the corresponding singularly perturbed Cauchy problem converges
to the solution of a non-perturbed problem. The criteria of strong convergence and the spectral properties of the
auxiliary problem are used. The square root of a class of Sturm-Liouville operators is found.

Keywords: strong convergence, spectrum, spectral decomposition, square root of the operator, equation with
deviating argument, Hilbert-Schmidt theorem.

1. Introduction
We consider a singularly perturbed Cauchy problem

Ly=¢y'(x)+ayx)=1x),x (0,1]
y(0)=0
in space LZ (0, 1), where d is the complex constant, £ > 0 is a small parameter, and f (X) ELZ (0, 1).
For what values of the constant @ the solution of problem (1.1) - (1.2) converges strongly to the
solution of the problem Ly, =ay, (x) =f(x) ,for e > 407

(1.1)-(1.2)

The solution of problem (1.1) - (1.2) has the form y(x, &f ) = Lj f (x) , hence, we are talking about

-1 -1 . .
the strong convergence of the sequence of operators Lg to the operator Lo =1/a, where is the I unit

operator. Since the right-hand side of (1.1) is not assumed to be smooth, we mean the strong solutions of
problem (1.1) - (1.2), and (1.1) is understood almost everywhere in (0.1).
To clarify the formulation of the problem, we give the corresponding definitions [1, ¢.11].

Definition 1.1. Let’s {An} a sequence of bounded operators. It is said that this sequence converges

A —A” —0 for 1—>0,

uniformly to the operator A , if |

Definition 1.2. A sequence {An} of linear operators (generally speaking, unbounded) with a

common domain of definition is called strongly convergent on D (to the operator) if for any u € D
‘ Anu—AuH —0 at #—>X,

Definition 1.3 A sequence {An} is called weakly convergent (to A) if for any u € D sequence the

{A,u} sequence converges weakly to Au , in other words, this means that (Anu,l// ) - (Au, l//) for any
ueD andany e H=L" (0,1).
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a

The inverse operator l; of problem (1.1) - (1.2) has the form L;l f (x) = l J. f (x)eiz(H)dt
€ 0

and, obviously, this operator is completely continuous in the space H =L’ (0,1) JIf HL;1 —LBIH — 0for

-1, . o . .
N —>0 | then the operator lo is also completely continuous. Since it is not so, uniform convergence is

not possible. If @ >0, then, weak convergence holds, which was proved in [2]. The main difference
between the formulation of the problem and the known singularly perturbed problems [3-12] is that we do
not require the right-hand side of a certain smoothness, so all known methods are not applicable in this
situation. Our method is based on the spectral decomposition of Volterra operators [13-17].

. . . o —1
The aim of the paper is to establish a criterion for strong convergence of a sequence of operators Lg

-
to an operator L, , for £ — +0 .
2. Research methods

In our investigations we rely on the following Banach-Steinhaus theorem.

The Banach-Steinhaus theorem. In order that the sequence of linear bounded operators A,, strongly
converges, it is necessary and sufficient that the norms of the operators A, be uniformly bounded, and
that the sequences A,,X be convergent for all X of some dense in /1 the set [18, ¢.129].

Consider in space H=L (0, 1) the Sturm-Liouville boundary value problem

(%)= uy(x);
y(0)=0,)y'(1)+by(1) =0,

where b — const,b > 0; u — is the spectral parameter.

(2.1)-(2.2)

If 4=0,, then the general solution of equation (2.1) has the form y(x) = A+ Bx, where 4,B -
const.  Substituting this expression into the boundary conditions (2.2), we obtain
A=0;B+b-B=0,B(1+b)=0, since b>0,B=0,le y(x)=0.

If u = 0, then the general solution of equation (2.2) has the form,

Bsi

y(x,,u)zAcos\/;x+L\/;x(,u;tO), 2.3)

i

Where 4, B — arbitrary constants depend (in general) on the spectral 4/ parameter. Substituting

(2.3) into the boundary conditions (2.2), we obtain a system of equations with respect to unknown
constants 4, B.

Consequently, the eigenvalues of the Sturm-Liouville operator are the squares of the roots of the
characteristic function

A(y)zcos\/;ntb-sm £ _p. (2.4)

NP

For real values b the problem (2.1) - (2.2) is self-adjoint, therefore all the zeros of the function (2.4)
are real, that is, if 4§ it is a zero of a function A( ,u) , then it is a real quantity, then \/E a real or purely
imaginary quantity.
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If cos,/u, =0, then sin/u, ==1, so A(@):ii;ﬁo; if sin/4, =0, then A(u0)=i1¢0;,

Ta

it t,=0, then D(0)=l+b>1. Using these circumstances, we transform equations to a form

convenient for investigation.
b
a(u)=beosdi (e g
T b

Thus, the zeros of the function A(/i) coincide, with nonzero zeros of the function
F(Nu)= e +Ju1b.

Assuming, V=\/,17 for convenience, we investigate the zeros of functions F' (V) =1gv+v/b which,
as we have already noted, are real or purely imaginary. Since the function £ (V) is odd, if V,, it is a zero
of this function, then it —V}, is also its zero, and since (—VO )2 = Vg , the "negative" zeros of the functions
F (V) do not give new eigenvalues, so it suffices to restrict the right half-axis v > 0 and the upper part of

the imaginary axis V = iZ'(Z' > O).

T T
If V=i2'(2'>0), then F(iT)ZtgiT+%=(thT+gji¢0 the function A(,u) does not have

negative zeros, in other words, the Sturm-Liouville problem (2.1) - (2.2) does not have negative
eigenvalues.

If v>0,then F(v)=tgv+ g , and it is obvious that this function does not vanish in those intervals,
where tgv>0, ie. when nr<v<nr +%,n =0,1,2,..., therefore, we study the intervals
V4
n/Z'—ES vinr,n=12,....
. . Vg nx .
It is obvious that F(nrx —3) =—w,F(nrx)= " >0, when n=1,2,...,the derivative of the

+ 1 > % >0, Consequently, in the

function in this interval F(v) is positive, since F'(v)= 5
cos” v

V4
interval (nﬂ 5 nﬂ'jn =1,2,... exactly one root of the equation is contained F(v) = 0. Thus, if 5 >0

, then the function F(v) has no imaginary roots, i.e. all its roots are real, while the positive roots are
localized in intervals

nﬁ—%<vn <n7z,n=1,2,...;F(v )=O

n

Now we investigate the behavior of these roots V, =vn(b),n:1,2,... for b — 4o . From the

equation F (vn) =0, we have.
tgv, =—v /b,(n=L2,..),> Vv, =nr+arctg (—%”j =nr —arctg%

Consequently, blim v (b)=nr—arctg0=nz,n=12,....
—>+00

— 92 ——
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When the parameter b is changed, the roots V, (b)(n=1,2,) do not stick together, as can be seen
from inequality

(b

vm(b)—vn(b)=(n+1)7r—arctgv"%(b)—nﬂ+arctg%=7r+arctgv”—)—arctgv"%(b)>7r+0—%2£.
. r
Consequently, b>1(1;1,£,n|v’1 (b)-v, (b)| > E’m’n =12,....

We estimate the rates of aspiration to its boundary values v, (b) ,n=1,2,... of the roots at b —> +00 .
By Lagrange's formula [19, p.226], we have

F(n;r)—F(vn):%—OzF’(fﬂ)(n;z—vn):(l+ : )(nﬂ—vn),

b cos’ &,

nr
nT=v, =9 bl =1 5 v, (b) <&, <nm,

+ 2 + 2
b cos” ¢, cos” &,

O<nm-v, <ﬂ,Vb>0.
1+b

Now we find the normalized eigenfunctions of the boundary-value problem (2.1) - (2.2)

2
corresponding to the eigenvalues u = vf,(nﬂ' —%j <u,< (niz)2 ,n=12,.... It is not difficult to see

that the eigenfunctions have the form @, (x)an -sinv x,n=1,2,..., where B the normalized

coefficients, we calculate these coefficients.
1 1 2 . 2 .
. 1- 2 B 2 B 2
||§0’1(X)||2 :Bf 'ISlnz vnxdx:Bj .jde:_" X—M ‘%): n 1_S1n vn :1,
0 7 2 2 2v 2 2v

n n

Consequently B, ( b ) = (2.5)

So 1im B, (b)=+2
b—+w
Let's find the limit hlim @,(x) . By the Lagrange formula

sinnzx—sinv,x =x-cos&, (nz—v,),v, <& <nmn=12,...

|sin nzx —sinv, x| <[4 (nz-v,) < il nZ

,Vb>0,= ||sin nﬁx—sinvnx” < ﬂ||x|| < ﬂ,Vb >0.(2.6)
1+ 1+b 1+b
Then, by (2.5) - (2.6), we obtain that H(p” (x)- J2 sinn 7sz — 0, for b > +0.

Indeed
@, (x)- V2'sin nﬂ'x” = HB” sinv,x — V2 sin n;rx” = HB,, sinv,x — V2 'sin vV, X++2sinv, x— V2 sinn 7rx” <

b

< ‘Bn —\/E‘Hsinvnx”+\/§||sinvnx—sinn7rx|| < ‘Bn —\/§‘+ \{Enbﬂ —0 at b — +oo
+

Since the boundary value problem (2.1) - (2.2) is self-adjoint, its normalized eigenfunctions

{(on (x)},n:L 2,...form an orthonormal basis of the space LZ(O,I). We have proved the following
lemma.
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Lemma 2.1. If b > 0, then the Sturm-Liouville boundary value problem
—"(x) = uy(x),x€(0,1);
y(0)=0,y'(1)+b-y(1)=0 D22

has an infinite set of positive eigenvalues [, (n:LZ,...) localized in the intervals

2
(n;z—%} <u, < (n;z)2 n=12,..

Own functions: @, (x)= B, -sin /1, x,B, (b) = \/2/[1— Snzlzvn Jn ~1,2,.,
1%

n

corresponding to these eigenvalues, form an orthonormal basis of the space H = L’ (0, 1) )

The following equalities hold:

1y blierJ,un (b)=nx; (2.7)

2) lim B, (b)=~2; (2.8)
3) e, (x)—\/fsin n;zx” > 0upu b—>+0,rae n=1,2,.... (2.9)

Lemma 2.2. (about the square root). If b is an arbitrary complex constant, and A is an eigenvalue of
the Sturm-Liouville boundary value problem

Lz=—z2"+b'z=z(x),x€(0,1); (2.10)
z(0)=0,z'(1)+bz(1)=0, (2.11)
then the quantity i\/z is an eigenvalue of the Cauchy problem

Bz :z'(x)+bz(x) :iﬁz(l—x),x €(0,1]

2.12)- (2.13
2(0)=0 (2.12)- (2.13)

and conversely, if i\/z it is an eigenvalue of the Cauchy problem (2.12) - (2.13), then z (x)it is an

eigenfunction of the boundary-value problem (2.10) - (2.11) corresponding to the eigenvalue A .
Evidence.

2 " . . .
Assuming U =A—b" from (2.10), we have —z (X) =uz (X) The general solution of this equation

has the form

z(x,\/;)zACOS\/ZX+M,A,B—COHSL (2.14)

Ju

If £#=0,then z (x, O) = A+ Bx, then from the boundary conditions (2.11) we obtain

z(x,O) 0=A4=0,= Z(x,0)=Bx,:> z'(x,O):B,
[2/(x,0)+b-2(x,0)] =B+b-B=B(1+b)=0,= B=0,z(x,0)=0.

If u = 0, then substituting (2.14) into the boundary conditions (2.11), we obtain

— g4 ——
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Z<x’\/;) X—OZA:O’jz(x’\/;)zB'Sin\/;x(ﬂio)sjz'(xa\/;) =B-COS\/;x,:>Bcos\/;+b-BSin‘/; =
v Ju

B'{COS ﬂ+bM]—

i

Thus, the eigenfunctions of the Sturm-Liouville problem (2.10) - (2.11) have the form

z(X,\/;): B'Sj;\/;x
(2.15)

Where {\/; } - are the roots of equation

cos\/;+b-sm\/;:0. (2.16)

Ju
By virtue of formulas (2.15) - (2.16), we have
z(l—x,\/;)z Bsinyfu(1-x) _ p.Sinypucos g1 —cosf g sin [ pux :B_sin\/;cos o cos ﬂ‘Bsin\/; _
T i Ui e

H {z’(x;\//j)

CO \/—COS HX —COSAJ U — Z( \//.—I)Z—COS ,Lt~[%+z(x,\/;):l:—cos ,Lt~l:%+z(x,\/;):l:—cos
b-z(l—x,\/;)z—cos\/;-[z’(x,\/;)+b~z(x,\/;),:> z’(x,\/;)+b~z(x,\/;):—

o]
w7

(2.17)

LA (1-
cos \/;
From equation (2.16), we have

B 3 __b2+,u A 1 A
tgp=—Ju /b= 1+1g’\Ju =1+ = ) bz’cosf =5
b’ b’ b ,
oS =T A o T P e g it = V(1)

It is obvious from the boundary condition (2.11) that z (0) =0.

Note that A =+/g+b* , there fore A =+/z+b", and the signs before the radical are chosen
b

+
Ju+b
Conversely, if (2.12) - (2.13) holds, then putting x =1 in (2.12), we obtain z'(1)+b—z(1)=0.

Differentiating equations (2.12), we obtain

z"(x)+ bz'(x) = ix/zz'(l - x) = ix/z[i\/zz(x)—bz (1 - x)] = —lz(x)i \/Ibz(l - x),:>
2" (x)+ b [ £VAz(1=x)=bz(x) ]| = =2z (x) £ bz (1-x),2" (x) = b’z (x) = =22 (x)
—2"(x)+bz(x) = Az(x).

Corollary 2.1. If @, (x) the normalized eigenfunction of the Sturm-Liouville problem (2.10) - (2.11),

according to the rule cos \/; =

then we have the formula
gz)é(x)-cos\/Z:—b-[(pH (1-x)+o,(x) cosﬂ], (2.18)

where are L, eigenvalues, and @), (x) the eigenfunctions of the Sturm-Liouville problem:
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@ ") = 1,0,(3); 2 (0)=0 z, (1)+bz,(1)=0 '

The formula (2.18) is a simple consequence of formula (2.17).
Lemma 2.3.If b the real quantity is different from zero, then we have the formula

= 2,1
=3 (.0, (x) = —Z(’)"T”cos 2, *In(x),
p— - 2.19)

where % (x) (n=1,2, ...) are orthonormal eigenfunctions of the boundary value problem:
- y”('x) = luy(x)5x € (Oal)a
y(0)=0,y'1) +by(1) =0

Evidence.

N (2, ()™ g (x)eb* (e, @, | 0@ _e,0-x)
(@".p,) = [e"p, (x)dx = [ 2 8| [ ‘ 2 B g, (1) =
0 COS ’L[n b COS lL[n

1 b 1 1 b(l- x)
Zq)n()e + e @n( dx+j€xq0n(x)dx—¢)"()e +Ie n(x)dx+(ebx,¢n)’
0

b 0 COS\/;n

COS IL[”
(Dn (l)e + j‘ eh(l A)(Dn( ) — 0 => ¢n (1) — _1 e ¢n (x) _ ( 7¢n
0 COS”IL[ b OCOSJ COSJ

Consequently

*@,(x).

o © @, (l)cos
R VRS L Ul /13

n=1

Lemma 2.4. If Gand £(¢ # 0) are arbitrary complex constants, then the operators

A,y=8/(x)+ayx);0(4,) = {1x) e C(O) N(01],(0) =0},
and
B 2= (1) +Reaz(x):(B,) = {z(x) € C (0D N0, 2(0) =0}
similar to each other and the similarity operator is the multiplication operator
]

Vi=c © f(x)

Evidence.
_ima
Assuming, y=V z=e ¢ Z(x) we have y(0) = z(0) = 0, and
/ma 7,& /ma /max
Ay=¢- [e ¢ ¢ z(x)]+a*e ¢ z(x)=e ¢ [e—z'(x)-

—jma-i-z(x)+Rea-z(x)+ijma-z(x)] = e_ijmTax[gz '(x)+Rea-z(x)]=V_ B, z(x) =>

AV z=V.Bz,=>V'AV =B,
Corollary 2.2. The norms of operators A_l B ! are the same. In fact,

B'=V'4V,

, similarly from equality,
A ZVSBZIV; , IMEEM HA; H < HBg_ H we have, therefore, A:‘ =
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3. Research results
Theorem 3.1. If y(x, & f ) is a solution of a singularly perturbed Cauchy problem

Ly=8'(x)+a(x)=f(x),x €[0,]] 3.1)
(0) = 0,(3.2) whered -const,> 0, f (x), >0 ,f(x) ELZ (0,1), then the expansion

0

= (8.4,)cos 1, %2, (x), )

where Sf (x) = f (1 —X), M, are the eigenvalues of the Sturm-Liouville problem

= y"(x) = p = y(x),x € (0.1); (34)
y(0) =0,y (0 + = y() =0, (3.3)
A (D,Z(X) -normalized eigenfunctions of this problem corresponding to these eigenvalues.

Evidence.
Let there be Vy (X, &, f) a partial sum of the series (3.3), then, by virtue of formula (2.18), we have

o (e, f) =—§Z (st 4, ) cos[z, * ¢, (x).

*3 (st.4,)*cos[p, *'(x) =

n=1

=<cosJu_,,*¢'n<x>=—§.[¢n(l—x>+¢n*cosJu_n]=—§2 5+ 4,)

n=1

y'N(xog’f):_

Q |~

1400+ ()cos i, 1} =

=é*z (st,¢,,)*[¢ﬂ(1—x)+¢n(x)cos\/,u_n],

n=1

evy (.6, )= (s/,8)*8,(1-x)+ . (st,4,)cos /i, ¢,(x) =

n=1 n=l1

=2, (f.54,)*S4,(x)~ayy(x,&, /)= ey'y(x.&, )

n=1

+ayy (%6, )=, (f,56,)*S¢,(x),

n=1

Where S¢n(x):¢n(1—x),n=1,2,..., Since, B:£>0, by Lemma 2.1, the system
&

2
{@(x)},n=1,2,..., forms an orthonormal basis of the space L (O- 1)-. The operator S is unitary,
therefore it takes an orthonormal basis to an orthonormal basis, hence the system {SQ,}JI:L 2,---,is

2
also an orthonormal basis of the space L (0,1)-. Therefore, the function
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N
fN(X) = Z(f’s¢n) S¢I1(X)
n=1
is a partial sum of the Fourier series f (X) of the function in the system {S(Dn} n=12,..,:
lim fy (x)=f(x)

in space L (0, 1) . Thus, we have proved the limiting relation
LgyN :8y;\/(xagaf)+ay1\[(x9‘9:f) :fN(x) _)f(X), for N —>o0.

2
Now we show that the sequence {yN}, N=L2... also converges in L (0,1), for this it is sufficient to

2
show its fundamental property in L (0,1),

1 & 1 &
[y x —yN,,"2 :FZ(st,gon )cosy/ g, (x) ||2 = > [Gst o,
N' N'

2

<&, YN',N"> N(¢)

2 "
1 N
COSA/ i < a—2-2‘(st, @)
e
since, the Parseval equality holds

SISt =S = (.50 =(S*F. 1) = | <0

n=1

By definition, the function y(x,¢,f)=lim y,(x,&,f) is a strong solution of the singularly
N—ow

2
perturbed Cauchy problem (1.1) - (1.2) in the space L (0,1) .
Corollary 3.1. If a > 0, then inequality

L)

&

<L (3.6)
a

Evidence.

It follows from (3.3) that
2

cos” \Ju, <
|f ||

1 0
< —
2

T
, > (5)2,\/#,, —geuy| <

_ 1
ad 2 B

1 o0
== Z:;\(Sf,con)

el sy T
a2 ’

2 2
a a

Theorem 3.2. If a>0, and f (X)GVV; [0,1],n20,then the strong solution of the singularly
perturbed Cauchy problem

&'(x)+a-y(x)= f(x),x €(0,1];
»0)=0

1
belongs to the space VVZ'H [0,1] , and satisfies the estimate

n—

(-1 [f(")(x) FP0e s}e ,,
@

_)/'(X, &, f) k+1 - k+l
0 a a

>~
Il
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Evidence.

By Theorem 3.1, the strong solution of problem (3.1) - (3.2) has the form

(x & f) __;Z(Sf ¢ )COS ﬂn@n(x)
n=l
where the Fourier coefficients of the function in the system We calculate these coefficients.

(Sf.0.)=(f, %<x> 0,0-2)__(S1.0) 81Se)__S1e)_ (f.0)

cos~/un b cos+/un b cos+/un

Where b=al/&>0

(Sf.0)=[ g, =5 -,(x)[ - j (S, (x)dx = f(O)p, ()~ (S.,).

_ SO,  (SN)e) (o) .
Sf.p,)= PR Cos\/—

Therefore

(570, )c05 1, == 1O 2 cos i, = (1.0, + CLCD o5

Substituting the obtained formula, in Fourier the representation of the solution y(x,&, ), and using
Lemma 2.3, we have

Yz, )= 2 (o, cos [, 4,0 =

L3 0 o -+ R o 1| -

=SS D cos 4,545 3 B0 = S (. oo, -, =
S Sf) O z( ) (x )——Z«sf) ALNRAGE

:&_&e—bx +_b,2(sf',¢n)cosm.¢n(x):
(47 2 —

a a

— f(x)—f(())e : _f'y(x,g,f')
a a

(3.7
Replacing, in this formula f by 7', we get

S (x) _ SO (0) -

Y56 f1) = gy(x, & ")
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Consequently,

ye. f) =5 e Rt
a a a

f@) SO {f(X) SO 28y f,)}z

a a a a a

@ SO {f(x) SO e f,,)}
a

S0 SO {f’(x)—f’(o)-e_z } i+—y(x 6" =
a a

a

_JS()-f(0)-e” __{j”(x)—-j"(0)~e5x}~—$;4-f%;}(xag,f”q
a a a

Suppose that the formula

S {f ©(x)-£*(0)- e_zx}gk
y(x,&, f) = — +(-1)" y(xef(‘”) (3.8)

0 a

>~
Il

is true. Then, by virtue of formula (3.7), we have

W )= LO 8y ey,
a a

Consequently,

- (_l)k |:f(k)(x)_f(k) (0)_er}gk
y(x, 6, f)= p +(D

k=0 a

f(n)(x) f(n)(o) e’ fy(x’ g, f) |=
a

e [f<k><x>—f<“<o>-e‘?}k
- D ),

k+1
k=0 a

Thus, the validity of (3.8) is proved, from which the theorem follows:

2
y (—I)R |:f(R) (X) _f(R) (0) .e_gx:|gR N 2
_ _¢ M\ =
y(x,e,f) ; aR+1 - a2n y(x,e, ) -
8271 1 +90 2 8271 o 2 82}1 2 ‘92” f(n) ?
== zl (. .) COSz\//Tmsw'z_l (. 0.) e A TR

those.
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e 1)R{f‘R’(x)— fﬂb(o).e‘ﬂ &

< .
x & f R+1 =
R=0 a a

. -1
Theorem 3.3. If d the real value is nonzero, then the sequence of operators l@ converges strongly to

the operator l{)l =I/a, for e > +0,ifand onlyif a > 0.
Evidence.

A) Necessity. Let [ (X) an arbitrary absolutely continuous function satisfying the condition

f (O) #0, then from formula (3.7, we have
Jf(x)-Lyf(x)= —%-efﬁx —ngf'(X),: —|fi0) S < |8 L )=
l—e% g
£ (0) ( ]
o 2ld
_2a 2a 2
If a <0, then (l—e gj:e ° -1 l(%j 22_233
2\ ¢ £
l—e_sz &
[ 2 L 17 (0) (3.9)
2a £

Suppose that strong convergence holds, when L;I —>L61 , then & > +0 the left-hand side of (3.9)
tends to 100, and the right-hand side tends to zero, which is impossible, hence, if strong convergence
holds L, —> L', then certainly a > 0.

B) Sufficiency. Let a > 0, then, by virtue of inequality (3.6), we have” L' H < lVg >0
a

b

Assuming f:S§0m, from the formula (3.3), we have 'S¢ = —lcos U o, (x) m=12,...
a

If & > +0,then b=a /& —> +oo,, by Lemma 2.1, we have
i, = mz,le, (x)—ﬁsinmzrx”—) 0, at & > +0.

m+l1 .
Then —lcos\/z-gom (x) ﬁ&ﬁsinmﬁx = V2sinmz(1-x) N e —
a a a

a

. . 0 .
Assuming, for convenience @, (x) = \/5 sinmzx,m=1,2,..., we have

0
o0 -0,
SH'" iy
a

-1

S
L'Sop, —;cofn
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0 (x) = \/Esinmﬂx,m =12,..

Therefore

forms an orthonormal basis of space r (0, 1), therefore the system {S o) } ,m=1,2,...is also the basis of
this space. Consequently, the linear span of these vectors {S go,?l},m =1,2,... forms a dense set in space

r (0, 1) . Then the assertion of the theorem follows from the Banach-Steinhaus theorem.

Remark 3.1. Formula (3.7) is true for any complex value @ with nonzero real part.
Proof 1. In fact, the solution of the Cauchy problem

y'(x)+a-y(x):f(x),xe(O,l]
»(0)=0

has the form

1% ~(x-1)
z : 3.10
v(xe,f)= g!;f()e dt, (3.10)

therefore the following chain of equalities holds

—f(x 1)
n_ L S, 1 e f(t)e ,,(“ a_
y(x,e,f)—g.([e f(t)dt—gj;e df_—(9 =
S(x)-f(0)e* a

= —;y(x,g,f),: ey(x,6,f")=f(x)-f(0)e * —ay(x,&6,f), = ay(x,6,f)=

&

) S0) 5 e

a a

f=F(0)e ¢ —ey(x,z. 1), p(x.6. /)=

Proof 2. By Lemma 24, the operators Ay= é‘y'(x) +a- y(x); y(O) =0 and
Bz= 52’(x) +a-z (x) ; Z(O) =0 are similar to each other, where the similarity operator is

—I—Xx

Vof(x)=e - f(x)

The formula (3.7) is valid for real numbers @, and therefore

f(X)_f(O) Rza R » ' -1 _ Rzax_ ) ,
Rea Reae ReaB (f),DReaBgf_f(x) f(O)e B, (f)

Bf=

By virtue of similarity, the following formula holds: V 1A B_ ] . If f V @, where & is
fixed, then
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Rea
ReaV'A'op=V"'p-p(0)e ¢ —&B (dnglgoj;
X

_ijmJX 1
nglgpzie € Q:i']manilgﬁ-l-V:l@',:}
dx dx £

Rea

ReaV[' A=V "p-p(0)e ¢ —ijmaB;V'p-eB 'V '¢p',=

Rea

aV ' A=V 'p-p(0)e ¢ —eV '4'p,=
Rea

ad;'p=9p—-p(0)- e ¢ - cd'p' =

0) <
¢(X) ¢( )e £ _fy(x)g,(p’), as required.
a

Hence, y(x, &, ¢) =

Proof 3. Integrating by parts the right hand side of (3.10), we have

(x,6,f)= jf dt:%If(t)dez(“) =

Mg‘ T ,(t)e-Z(x—r)dt:f(X)—f(O)e - .fy(x,g,f').
a ao ¢

Theorem 3.4. A sequence of operators I; strongly converges to an operator l;)l, for e > +0,ina
space H =1 (O, 1) if and only if the following inequality holds:

Rea>0 (3.11)
Evidence.

-1 —1 .
A) Necessity. Let the sequence of operators Lg strongly converge to the operator lo It is not
a

difficult to see that the function Z(x,g):e_;x —1 is a solution of the Cauchy problem

6‘2’()6) +a-z(x) =—q; Z(O) 0,, so we have formulas

a

z(x,e)=L(a)=-aL] (1),= e =1-aL](1),=

a
——x
&
e >

Let us calculate the left-hand side of this inequality:

a P 1 a a I 2Rea 2Rea 2Rea
——X —X —X - & - x4 & -
e’ :Ief —egdxzje fdx=———e ¢ |,= l—e ¢ |.
7 7 2Rea 2Rea

Consequently, for any , with Rea # 0, the following inequality holds

2Rea
J ¢ [1_ea jgl+|a|HL;H.
2Rea
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2Rea _2Rea 1 2Rea 2 2(Rea)2
If Rea<O0,then |l—€e ¢ |=e ¢ —1>—|— = 5——, therefore
2 & &
2Rea , N
gll-e >£2(Rea) >|Rea| and‘ ea‘SH_‘aHL;1 |

2| Rea ‘ 2 &|Red ¢ P

Therefore, lim L;‘H = 400 and this circumstance contradicts the Banach-Steinhaus theorem, since,

£—>+0

according to this theorem, the sequence of norms HL;IH is uniformly bounded. Thus, if Rea #0,, and

-1 -1 .
strong convergence takes place L. —> L, , then certainly Rea > 0.

If Rea =0, then from Lemma 2.2, we have HL;1 H = ‘ A= HB:H where B™' f (x) = lJ‘f(t)dt
€ 0
Then, by the Hardy inequality [20], we therefore have H L;‘H :‘ A :‘ B :l.z, in this case
&
limO L;l H = 40 , which contradicts the Banach-Steinhaus theorem.

. ~1 . .
Thus, if the sequence of operators [, converges strongly to an operator //a, then the inequality

holds Rea >0.

Proof. Let Rea >0, and f (X) an arbitrary function in the class C; (0,1) , then, by (3.7), we have

y(x, 1) :M_&efx —gy(x,g,f’),

a a

& |/ ()

|a| Rea

f(x)

a

-0

and since f(0)=0,then ||y (x,¢, f)-

< |z—|||y(x,€,f')” <

at & —>+0, and this means thatHL;lf—Lg1 H —>0, with € >+0, and Rea>0 for any

f(x)eC(0,1).
By Lemma 2.2, and Corollary 3.1, we have HL;IH < 1 :
Rea
Consequently, the assertion of Theorem 3.4 follows from the Banach-Steinhaus theorem, since linear

manifolds of functions from the class are everywhere dense in space H =L’ (0, 1) )
Theorem 3.5. If Rea =0, a#0 then, the sequence of operators l; strongly converges to an [;1
operator, for & = +0 , in a subset DCW;1 (0, 1), if and only if
D={f(x)eW, (0.1),7(0)=0]
Evidence. Let the sequence of operators [Z strongly converge to an lgl operator, for & = 40, in

some subset DCW, (0, l) . Then from the representation
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o x )
y(x,g,f)zf(x)_f(o)e —ljf'(t)e dt, fair for any f(x)eD, we  have
a asy
O G o e 2
< L fl+—||f'(¢t)e s “dt
IR alt "

The first term on the right-hand side of this inequality tends to zero when & — +0 , by virtue of the
Riemann-Lebesgue lemma, and Lebesgue's theorem on bounded convergence f (O) =0, and

consequently the necessity of this condition is proved.
Conversely, if f(x) eD ie. f(x) S W; (0,1) and f(()) =0, in view of the same representation,

f(x) =ﬁ If’(t)e_g(x_t)dt .
a 0

The right-hand side of this formula tends to zero, when & — +0, by virtue of the Riemann-
Lebesgue lemma, and Lebesgue's theorems on bounded convergence.

we have

L'f-

a

Theorem 3.6.If Rea =0, then the sequence of operators l; is weakly convergent to the operator

161, for £ = +0 , in the subset VV; (O, 1) cI? (O,l).
Evidence.

From the representation (3.7), we have (L;lf - L(’)lf) = L(O)e%x - lj. S (t)e%(H)dt .
a as

By the Riemann-Lebesgue lemma, the first term on the right-hand side of this formula converges
weakly to zero for & — +0, and the second term strongly converges to zero in the subset

W;(O, 1) cr (0,1), by the same Riemann-Lebesgue lemma and Lebesgue's theorem on bounded

convergence.
In connection with this theorem, the question arises: is it possible for Rea =0 weak convergence in

the whole space 1 = I? (O,l) ?
Suppose that a sequence of operators L;l converges weakly to an operator lgl, for € > +0, in the

whole space H =L’ (0,1) , that is, for any f €L’ (0,1) , the sequence of elements {L;l f } converges

weakly to an element LBI f . Then, by the criterion for weak convergence (see, for example, [18], p.185),

the sequence of norms {H L'f H} is bounded {L;1 f }; The sequence is bounded for each fixed f of
H=I (0,1). Hence, by the principle of uniform boundedness, the sequence is bounded, and this is

impossible {H L)' ‘

} , since, for Rea =0, there is a formula H L;‘ H = l—z that is incompatible with the
E

assertion obtained.
4. Discussion
1)If Rea >0, then L;l converges strongly to 161 in H.

2) If Rea <0, then there is not even a weak convergence in H .
3)If Rea=0 and f € W2l (0,1) , then for [ (0) =0 a sequence {L;1 f } converges to lgl strongly,

but for [ (0) # () converges weakly.
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YK 517.94
M.H. AkbL16aes’, A.BeﬁceﬁaeBaz, A. III. lanzan6aes’

1 o .
PCUY «PernonanbHbIi cOnanbHO-HHHOBAIIMOHHBINA YHUBEpCUTET» T.I1IpIMKeHT;
2
IOKI'Y um. M. Aye3osa, . IlIbiMKeHT

KPUTEPUM CUJIbHOM CXOJUMOCTH PEIIEHUI CUHT YJISIPHO
BO3MYIIEHHOMU 3AJAYH KON

AHHOTanusi: MeTOIOM OTKJIOHSIONIErocs apryMeHTa pEIICHO WHTErpajbHOE YpaBHEHHE IICPBOTO IIOPSAKA C
Heriaakod mpaBod wyacTio. [loka3aHO,uTO pelleHHe COOTBETCTBYIOLIEH CHHIYJISIDHO BO3MYIIEHHOW 3azaun Komm
CXOIOWTCSI K PEIICHUIO HEBO3MYLICHHOH 3amaud. [Ipm 5TOM HCIONB30BaHBI KPUTEPUH CHIIBHOM CXOAMMOCTH H
CIeKTpaJIbHblEe CBOMCTBA BCIIOMOTaTeIbHOH 3a1aun.Haiiien KOpeHb KBaJpaTHbIM OT OAHOTO Kiacca oneparopos IlItypma-
JInyBums.

KuroueBble cji0Ba: CHIIbHAs CXOAUMOCTB, CIIEKTP, CIIEKTPaIbHOE Pa3JIOKEHHE, KBaJPATHBI KOPEHb OT OIepaTopa,
YpaBHEHHE C OTKJIOHSIOIIUMCS apryMeHTOM, TeopeMa [ mipoepra-1lmunra.

YK 517.94
M.M. Alcblﬂﬁaenl, A. Beiice6aesa’, A. I1I. lllaazan6aes’

1 o .

«AWMAaKTBIK 9JICyMETTIK-WHHOBAIMSIBIK YHUBEpCUTET» [IIBIMKEHT,K.;
2
M.OyesoB atbiHnarbl OKMY, IIIbIMKEHT, K.

CHHI'YJISIP 9CEPJEHI'EH KOIIU ECEBIHIH, OJII1 AKbIHBIKTAJYbIHBIH, KEILJIJIT'T

AHHOTanuUs: ApPryMEHTIH ayBITKBITY oJiciMeH Ooc Mymieci Kemip-Oyaplp OepiHIN peTTi MHTErpaiiblK TEHICY
mrenrinred. by ecernke colikec cuHryisip ocepyieHreH Kommaia eceOiHiH ImemiMi 0acTankbl TeHISYIIH HIeITIMiHe KYIITi
KbIMHAKTANATBIHEl KepceTunAl.byn yImiH KywWTi >KbIHHAKTaTy[blH y3inai kecinai Oenrici MeH KOMEKII ecenTiH
CHEKTPaIIIK KacueTTepi Kosaanblabl XKonmbioai [Itypm-JInyBuin onepatopsiHbIH Oip TYpiHIH KBapaT TYOipi TaObLIIBL.

Tyiiin ce3nep: onni >kbliiHAKTaly, CHEKTPAIJl TapajblM, ONEPaTOPAbIH KBagpaT TyOipi, apryMeHTi aybITKbIFaH
teraey, ['mnoepr-1LMuaTiH TEOpEMachL.
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