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ON THE SOLVING OF INITIAL-BOUNDARY VALUE PROBLEM
FOR SYSTEM OF PARTIAL DIFFERENTIAL EQUATIONS
OF THE THIRD ORDER

Abstract. The initial-boundary value problem for the special system of the third-order partial differential
equations is considered. We study the existence of classical solutions to initial-boundary value problem for the
special system of the third-order partial differential equations and offer the methods for constructing their
approximate solutions. Sufficient conditions for the existence and uniqueness of classical solution to initial-boundary
value problem for the system of the third order partial differential equations are established. By introduction of new
unknown function, we have reduced the considered problem to an equivalent problem consisting of a nonlocal
problem for the system of hyperbolic equations of the second order with functional parameter and an integral
relation. We have offered the algorithm to find an approximate solution to the investigated problem and have proved
its convergence. Sufficient conditions for the existence of unique solution to the equivalent problem with parameter
are established. Conditions of unique solvability to the initial-boundary value problem for the system of partial
differential equations of the third order are obtained in the terms of initial data.

Key Words: partial differential equation of the third order, initial-boundary value problem, nonlocal problem,
system of hyperbolic equations, solvability, algorithm.

1. Introduction. In recent decades, there has been a great interest to initial-boundary value problems
for partial differential equations and systems of the third order. This is due to the appearance of such
problems in the mathematical modeling of various natural science processes [1-6]. Quite a number of
works devoted to the investigation of various problems for partial differential equations of the third order
with two independent variables, bibliography and analysis can be seen in [1,2,5]. The system of partial
differential equations of the third order began to be studied relatively recently [5]. In the present work, we
consider the special system of partial differential equations of the third order at a rectangular domain. The
boundary condition for time variable is specified as a combination of values from the partial derivatives of
the required solution on the first and the second orders by spatial variable. We investigate the questions of
existence and uniqueness of the classical solution to initial-boundary value problem for system of partial
differential equations of the third order and its applications.

Methods. To solve the the considered problem we use a method of introduction additional functional
parameters [7-25]. The original problem is reduced to an equivalent problem consisting from nonlocal
problem for a system of hyperbolic equations of the second order with functional parameters and integral
relations. Sufficient conditions of the unique solvability to investigated problem are established in the
terms of initial data. Algorithms of finding a solution to the equivalent problem are constructed.
Conditions of unique solvability to initial-boundary value problem for a system of partial differential
equations of the third order are established in the terms of coefficient of system and boundary matrices.
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2. Statement of problem. At the domain Q =[0,7]x[0,w] we consider the following initial-boundary
value problem for the special system of partial differential equations

af; = AU+ f(1X), (x) eQ, (1)
K, (x) azu()l;g,x) L(x )azu(t X) . M, (x )au(to,x) + POty )+ K, (x )azu(;l,x)
L (x )az”gx") e+ M) P R ot 0+ K, (x)M Ly(x )az”(t 2
M (x )a”(tz”‘) + POt ) = 9(x), x [0, 0], @
);l(l,()) =y,(), t[0,T], 3)
=), e[0T, @

Oox

where u(t,x) = col(u,(t,x),u,(t,x),...,u,(¢,x)) is an unknown function, the nxn -matrix A(z,x) and
n -vector function f(¢,x) are continuous on €, the nxn -matrices K,(x), L,(x), M,(x), P(x) and
n-vector-function ¢(x) are continuous on [0,w], i=0,1,2, 0<¢, <¢ <t,<T, the n-vector-

functions /,(¢) and () are continuously differentiable on [0, 7] . The initial data satisfy the condition

of approval.
A function u(t,x)e C(QQ,R")  having partial derivatives eC(Q,R"),
Bu(t 2 o%u(t 3
”é’x) e C(Q,R"), % e C(QR), %e c@,r"y, Z41ED) (o, R s called
t X X

a classical solution to the problem (1)--(4) if it satisfies system (1) for all (z,x)e Q, and boundary
conditions (2), (3) and (4).

We investigate the questions of existence and uniqueness of the classical solutions to the initial-
boundary value problem for the system of partial differential equations of the third order (1)--(4) and the
approaches to constructing its approximate solutions. For this goals, we applied the method of
introduction of the additional functional parameters proposed in [7-25] for solving nonlocal boundary
value problems for systems of hyperbolic equations with mixed derivatives. Considered problem is
provided to nonlocal problem for system of hyperbolic equations of the second order including additional
function and integral relation. The algorithm of finding the approximate solution of the investigated
problem is proposed and its convergence proved. Sufficient conditions of the existence unique classical
solution to the problem (1)--(4) are obtained in the terms of initial data.

3. Scheme of the method and reduction to equivalent problem.

We introduce a new unknown function v(t,x):% and write the problem (1)--(4) in the
following form
aa; = A+ f(6,x), (6,x)eQ, 5)
K (s )Gv(to,x) Lx )av(t D) M ity 4 Ko )av(tl,x) L )Gv(t o)
M, (v, %)+ K, (x )av(t”x) Y L(x )av(t | M (e, +
+Po(x)u(foax)+R(x)u(fpx)Jer(x)u(tpx) =@(x), x€[0,m], (6)
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v(1,0) =y, (1), t€[0,T1], (7

u(t.x) =y, (0 + [ W6, E)E, (1,x) € Q. (8)

Here the condition (3) is taken into account in (8).
A pair functions (v(¢,x),u(t,x)), where the function v(¢,x) € C(€2,R") has partial derivatives
ov(t,x) ov(t,x) o°v(t,x)
ox ot
ou(t, x)
x
o%u(t, x) cCQRM. 63u(t,2x)
otox otox
the system of hyperbolic equations (5) for all (¢, x) € €2, the boundary conditions (6), (7), and the integral

relation (8).
At fixed u(z,x) the problem (5)--(7) is the nonlocal problem for the system of hyperbolic equations

e C(Q,R"),

e C(OLR"), e C(Q,R"), the function u(t,x) € C(Q,R") has

c CQ.R"). ou(t, x)

. L. ou(t,x
partial derivatives %)

e C(Q,R"), e C(Q,R"),

e C(€, R"), is called a solution to the problem (5)--(8) if it satisfies

with respect to v(¢,x) on 2. The integral relation (8) allows us to determine the unknown function
u(t,x) forall (,x) e Q.

4. Algorithm. The unknown function v(¢,x) will be determined from the nonlocal problem for the
system of hyperbolic equations (5)--(7). The unknown function u(¢,x) will be found from integral
relation (8).

If we know the function u(z, x), then from the nonlocal problem (5)--(7) we find the function v(z, x)
. Conversely, if we know the function u(¢,x), then from the nonlocal problem (5)--(7) we find the
function v(¢,x) . Since the functions u(¢,x) and v(z,x) are unknown together for finding of the solution
to the problem (5)--(8) we use an iterative method. The solution to the problem (5)--(8) is the pair
functions (V'(¢,x),u"(¢,x)) we defined as a limit of a sequence of pairs (V' (¢,x),u"™(¢,x)),
m =0,1,2,..., according to the following algorithm:

Step 0. 1) Suppose in the right-hand part of the system (5) u(t,x) =y, (¢), from the nonlocal problem
(5)--(7) we find the initial approximation v (¢, x) for all (¢,x) € Q;

2) From the integral relation (8) under v(¢,x)=v'"(¢,x), we find the function u'”(z,x), for all
(t,x)e Q.

Step 1. 1) Suppose in the right-hand part of the system (5) and boundary condition (6)
u(t,x) =u'"(¢,x), from the nonlocal problem (5)--(7) we find the first approximation v\ (¢,x) for all
(t,x)e Q.

2) From the integral relation (8) under w(z,x)=v""(¢,x), we find the function u"’(¢,x) for all
(t,x)eQ.

And so on.
Step m. 1) Suppose in the right-hand part of the system (5) and boundary condition (6)

ut,x)=u""(t,x), v(t,x)=v""(t,x), from the nonlocal problem (5)--(7) we find the m -the
approximation v\ (¢,x) forall (¢,x) € Q:
aZV(m)
otox

= A(t,x)u(m_l)(t,x) + f(t,x), (t,x) € Q, ©)
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(m) (m) (m) (m)
Ko(x)M+Lo(x)M . +Mo(x)v(m)(to’x)+KI(X)WJFLI(JC)M »
(m) (m)
+ M, (™ (t,x) + K, (x)w L, Y o MLV (1, 3) +
X
+ By (x0)u" ™ (1, %) + B )" (1, %) + B (x)u" " (1,,%) = p(x), x €[0, 0], (10)
v (£,0) =y, (¢), t€[0,T]. (11)

2) From the integral relation (8) under v(¢,x)=7v""(¢,x), we find the function u"(¢,x) for all
(t,x)eQ:

u™(t,x) =y, (t) +jfv('”)(t,§)d§ , (L) eQ. (12)

m=123,...

5. The main result.

The following theorem gives conditions of feasibility and convergence of the constructed algorithm
and the conditions of the existence unique solution to the problem (5)--(8).

Theorem 1. Suppose that

i) the nxn-matrix A(t,x) and n-vector function f(t,x) are continuous on €2 ;

ii) the nxn-matrices K,(x), L.(x), M.(x), P(x) and n-vector-function ¢(x) are continuous
on[0,w], i=0,12;

iii) the n-vector-functions y(t) and y,(t) are continuously differentiable on [0,T] ;

iv) the nxn-matrix Q(x) = K,(x)+ K,(x)+ K, (x) is invertible for all x € [0, »].

Then nonlocal problem for the system of hyperbolic equations with integral relation (5)--(8) has a
unique solution.

Theorem 2. Suppose that the conditions i) - iv) of Theorem I are fulfilled.

Then the initial-boundary value problem for system of partial differential equations of the third order
(1)--(4) has a unique classical solution.

The proof of the theorems is similar to the scheme of the proof of theorems [20].

6. Special case. Now, we consider a special initial-boundary value problem for the system of partial
differential equations

%zA(t,x)quf(t,x), 60 eQ, (13)
S, (Oue(ty, X)+ S, (Yt %)+ S, (Y, x) = p(x), x € [0, 0], (14)
w(t,0) = v, (1), 1[0, T], (15)
Qut.X)) _ (1), te[0,T]. (16)
o

For this case, the matrix Q(x) is not invertible. Therefore, we will additionally assume that the nxn -
matrices S,(x) and the n-vector function @(x) are twice continuously differentiable on [0, @],
i=0,1,2. In addition, the compatibility conditions of the initial data are fulfilled:
So(0)y,(2,) + S, (0)y, (¢,) + S, (0w, (2,) = 9(0),

So (0o (1) + S, (0o (1) + S, (0o (1,) + S (O, (1) + S, (O, (1,) + S, (0, (£,) = (0) .

— 70 —
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Using the properties of matrices S,(x)and ¢(x) we twice differentiate relation (14) with respect to

x. We have
S (x )qu(to,x) +5,(x )qu(tl,x) £S5, (x )82u(t2,x) ZS'O(x) Gu(to,x)+zsl(x) 6u(tl,x)+
Ox Ox
+ 2Sz(x)@+ Sy ()ulty, x) + S, (X)u(t,, x) + 8, (X)u(t,,x) = p(x), x€[0,0]. (17)
X

We obtain the original problem (1)—(4) again, where K,(x)=S,(x), L(x)=0, M, (x)= ZS'l. (x),
P(x)=S.(x),i=012.
The following assertion is valid.

Theorem 3. Suppose that
i) the nxn-matrix A(t,x) and n-vector function f(t,x) are continuous on € ;

ii) the nxn-matrices S;(x) and n-vector-function @(x) are twice continuously differentiable on
[0,w], i=0,1,2;

iii) the n-vector-functions y,(t) and y,(t) are continuously differentiable on [0,T],

iv) the compatibility conditions of the initial data are fulfilled:
So (0o (1) + S, (0w, (1) + 5,0y, (1,) = ¢(0),
Sy () (1) + S, (0o (1) + S5 (0w (£) + Sy (O, (1) + S, (O, (1)) + S, (O, (1) = p(0) ;

v) the nXxn-matrix Q(x) =S5,(x)+S,(x)+S,(x) is invertible for all x € [0, @].

Then initial-boundary value problem for the system of partial differential equations of the third order
(13)--(16) has a unique classical solution.

Funding. These results are partially supported by grant of the Ministry of education and science of the
Republic Kazakhstan No. AP 05131220 for 2018-2020.
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O PELIEHUU HAYAJIbHO-KPAEBOW 3AJIAYM IS CACTEMbI TU®OEPEHIIAAJILHBIX
YPABHEHHNU B YACTHBIX NTIPOU3BO/JIHBIX TPETBEI'O ITIOPAIKA

AnHoTanus. PaccmarpuBaeTcss HadaJbHO-KpaeBas 3ajadya AJs CHEUAIBHONW cucTeMbl IuddepeHranbHbIX
YpaBHEHHUH B YacCTHBIX NPOU3BOJHBIX TPETHEro mopsiaka. McciaeqyroTcs BOMPOCH! CYLIECTBOBAHUS KIACCHYECKOTO
pelleHus] Ha4yajlbHO-KPaeBOW 3aJayd Ul CHelUalibHOM cucTeMbl TuddepeHInanbHbIX YpaBHEHHH B YacTHBIX
NPOM3BOJIHBIX TPETHEro TMOpsAKAa M TPeIUIaraloTcs METOJbl IIOCTPOCHUsSI WX NPHUOIMKEHHBIX pEIIeHHH.
VYcTaHOBNEHBI JOCTaTOYHBIE YCIOBHS CYLIECTBOBAaHMS M EAMHCTBEHHOCTH KIACCHYECKOIO PELIEHUS CHCTEMBI
muddepeHManbHBIX YpaBHEHUH B YaCTHBIX MPOU3BOIHBIX TPETHET0 Nopsiaka. IlyTem BBeieHNSI HOBOI HEM3BECTHOM
(hyHKIMM uccenyeMas 3a/1a4a CBeJIeHa K SKBUBAJICHTHOH 3aJiaue, COCTOSILEH N3 HEJOKILHOH 3a/1auil Ul CHCTEMBI
THNEPOONTNIECKIX YPaBHEHUH BTOPOTO MOPsIIKA C (QYHKIIMOHAIBHBIM ITAPAMETPOM M MHTETPAILHOTO COOTHOIICHUSI.
[TpennoxeHbl aNrOpUTMBl HAXOXKICHUS TNPHONIDKEHHOTO pELICHUs] HCCIeIyeMOM 3aJadyd M JOoKa3zaHa HuX
CXOIUMOCTb. YCTAHOBJIEHBI [IOCTATOYHBIE YCJIOBHS CYIIECTBOBAHHUS EAWHCTBEHHOTO DEIICHWS AKBHBAJICHTHOU
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cucreMsl audepeHIInanbHBIX YPaBHEHUH B YaCTHBIX MPOW3BOIHBIX TPETHErO IMOPSAAKA MOIYYCHHI B TEPMHHAX
HCXOIHBIX JaHHBIX.
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YHIITHIIT PETTI AEPBEC TYBIHABLJIBI JU®OEPEHIIUAJIABIK
TEHJAEVYJIEP ) KYWECI YIITH BACTANIKBI-IIETTIK ECENTIH, HIEIIIMI TYPAJbI

AHHOTAUUs. YUnHII perti aepOec TYBIHIBUIBI TU(GGEPEHIMATIBIK TCHICYICPAIH apHaWbl Kyieci YIiH
0acTanKpI-IIETTIK €Cell KapacThIPBUIAABL. YIIHINI PeTTi aepOec TyBIHABUTBI MU GEpeHINANABIK TeHICYICPHiH
apHaifbl JKyHecl yuIiH 0acTamnKpI-IIETTIK €CElTIH KJIACCHKAIBIK IIeIiMiHIH Oap Ooiybl Maceresrepi MEeH OJlapiAblH
JKYBIK IISIIMJEPIH TYPFBI3Y 9JicTepi 3epTTeire. YIUiHmIi peTTi AepOec TybIHABUIB I dhepeHInaNAbIK TeHASYIep
JKyWeci YIIiH OacTamKhI-IIETTIK €CENTiH KIACCHUKANBIK IIeMIiMiHiH 0ap OOybl MEH KalFbI3ABIFBIHBIH JKETKUTIKTI
mIapTTapsl TaraifeiHAanFaH. JKana Oenrici3 QyHKIUS €HTi3y KOJBIMEH 3EPTTEIIN OTHIPFaH €cell THIEepPOOIIabIK
TEeHJeYyJIep XKyheci YImH mapaMeTpi Oap OEWIOKan €CenTeH XOHE WHTETPAIIBIK KATHIHACTAH TYpPATHIH Iapa-Tap
€CerKke KeNTIpUIreH. 3epTTeNin OThIPFaH €CeNTiH JKYbIK HICHIIMIH Taly aJroOpUTMAEP] YCHIHBUIFAH JKOHE OJIapibIH
KUHAKTBUIBIFBI JosienieHred. [lapamerpi Gap mapa-map €cenTiH Kajifbl3 LICHIMIHIH Oap OOJyBIHBIH KETKLTIKTI
HIapTTapbl TaraibiHAaaFaH. YUIHII peTTi aepOec TybIHABUIB JuddepeHnanapK TeHaeyNIep/iH apHaibl xKykeci
yiIiH OacTamnkpl-IIETTIK €cenTiH OIpMoHAI INSIIUIIMAUNTIHIH apTTapsl 0acTankel OepiriMuep TepMHHIHIE
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