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ON THE SOLVING OF INITIAL-BOUNDARY VALUE PROBLEM 
FOR SYSTEM OF PARTIAL DIFFERENTIAL EQUATIONS 

 OF THE THIRD ORDER 
 
 Abstract. The initial-boundary value problem for the special system of the third-order partial differential 

equations is considered. We study the existence of classical solutions to initial-boundary value problem for the 
special system of the third-order partial differential equations and offer the methods for constructing their 
approximate solutions. Sufficient conditions for the existence and uniqueness of classical solution to initial-boundary 
value problem for the system of the third order partial differential equations are established. By introduction of new 
unknown function, we have reduced the considered problem to an equivalent problem consisting of a nonlocal 
problem for the system of hyperbolic equations of the second order with functional parameter and an integral 
relation. We have offered the algorithm to find an approximate solution to the investigated problem and have proved 
its convergence. Sufficient conditions for the existence of unique solution to the equivalent problem with parameter 
are established. Conditions of unique solvability to the initial-boundary value problem for the system of partial 
differential equations of the third order are obtained in the terms of initial data.  

 Key Words: partial differential equation of the third order, initial-boundary value problem, nonlocal problem, 
system of hyperbolic equations, solvability, algorithm. 

 
 1. Introduction. In recent decades, there has been a great interest to initial-boundary value problems 

for partial differential equations and systems of the third order. This is due to the appearance of such 
problems in the mathematical modeling of various natural science processes [1-6]. Quite a number of 
works devoted to the investigation of various problems for partial differential equations of the third order 
with two independent variables, bibliography and analysis can be seen in [1,2,5]. The system of partial 
differential equations of the third order began to be studied relatively recently [5]. In the present work, we 
consider the special system of partial differential equations of the third order at a rectangular domain. The 
boundary condition for time variable is specified as a combination of values from the partial derivatives of 
the required solution on the first and the second orders by spatial variable. We investigate the questions of 
existence and uniqueness of the classical solution to initial-boundary value problem for system of partial 
differential equations of the third order and its applications.  

Methods. To solve the the considered problem we use a method of introduction additional functional 
parameters [7-25]. The original problem is reduced to an equivalent problem consisting from nonlocal 
problem for a system of hyperbolic equations of the second order with functional parameters and integral 
relations. Sufficient conditions of the unique solvability to investigated problem are established in the 
terms of initial data. Algorithms of finding a solution to the equivalent problem are constructed. 
Conditions of unique solvability to initial-boundary value problem for a system of partial differential 
equations of the third order are established in the terms of coefficient of system and boundary matrices.  
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2. Statement of problem. At the domain ],0[],0[  T  we consider the following initial-boundary 
value problem for the special system of partial differential equations 
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where )),(),...,,(),,((),( 21 xtuxtuxtucolxtu n  is an unknown function, the nn -matrix ),( xtA  and 

n -vector function ),( xtf  are continuous on  , the nn -matrices )(),( xLxK ii , )(xMi , )(xPi  and 

n -vector-function )(x  are continuous on ],0[  , 2,1,0i , Tttt  2100 , the n -vector-

functions )(0 t  and )(1 t  are continuously differentiable on ],0[ T . The initial data satisfy the condition 

of approval.  

 A function ),(),( nRCxtu   having partial derivatives ),(
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 is called 

a classical solution to the problem (1)--(4) if it satisfies system (1) for all ),( xt , and boundary 
conditions (2), (3) and (4).  

 We investigate the questions of existence and uniqueness of the classical solutions to the initial-
boundary value problem for the system of partial differential equations of the third order (1)--(4) and the 
approaches to constructing its approximate solutions. For this goals, we applied the method of 
introduction of the additional functional parameters proposed in [7-25] for solving nonlocal boundary 
value problems for systems of hyperbolic equations with mixed derivatives. Considered problem is 
provided to nonlocal problem for system of hyperbolic equations of the second order including additional 
function and integral relation. The algorithm of finding the approximate solution of the investigated 
problem is proposed and its convergence proved. Sufficient conditions of the existence unique classical 
solution to the problem (1)--(4) are obtained in the terms of initial data.  

3. Scheme of the method and reduction to equivalent problem.  

We introduce a new unknown function 
x

xtu
xtv
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),(  and write the problem (1)--(4) in the 

following form  

 ),(),(
2

xtfuxtA
xt

v





, ),( xt ,  (5) 

 

















 10

),(
)(

),(
)(),()(

),(
)(

),(
)( 1

1
1000

0
0 tttt t

xtv
xL

x

xtv
xKxtvxM

t

xtv
xL

x

xtv
xK  

 








  ),()(
),(

)(
),(

)(),()( 222
2

211 2
xtvxM

t

xtv
xL

x

xtv
xKxtvxM tt  

 )(),()(),()(),()( 221100 xxtuxPxtuxPxtuxP  , ],0[ x ,  (6) 



ISSN 1991-346X                                                                                      Серия физико-математическая. № 3. 2018 
 

 
69 

  ),()0,( 1 ttv   ],0[ Tt  ,  (7) 

  
x

dtvtxtu
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0 ),()(),(  , ),( xt .  (8) 

Here the condition (3) is taken into account in (8).  

A pair functions )),(),,(( xtuxtv , where the function ),(),( nRCxtv   has partial derivatives 
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, is called a solution to the problem (5)--(8) if it satisfies 

the system of hyperbolic equations (5) for all ),( xt , the boundary conditions (6), (7), and the integral 
relation (8).  

 At fixed ),( xtu  the problem (5)--(7) is the nonlocal problem for the system of hyperbolic equations 

with respect to ),( xtv  on  . The integral relation (8) allows us to determine the unknown function 

),( xtu  for all ),( xt . 

4. Algorithm. The unknown function ),( xtv  will be determined from the nonlocal problem for the 

system of hyperbolic equations (5)--(7). The unknown function ),( xtu  will be found from integral 
relation (8). 

 If we know the function ),( xtu , then from the nonlocal problem (5)--(7) we find the function ),( xtv
. Conversely, if we know the function ),( xtu , then from the nonlocal problem (5)--(7) we find the 

function ),( xtv . Since the functions ),( xtu  and ),( xtv  are unknown together for finding of the solution 
to the problem (5)--(8) we use an iterative method. The solution to the problem (5)--(8) is the pair 

functions )),(),,(( xtuxtv   we defined as a limit of a sequence of pairs )),(),,(( )()( xtuxtv mm , 

,...2,1,0m , according to the following algorithm:  

Step 0. 1) Suppose in the right-hand part of the system (5) )(),( 0 txtu  , from the nonlocal problem 

(5)--(7) we find the initial approximation ),()0( xtv  for all ),( xt ;  

2) From the integral relation (8) under ),(),( )0( xtvxtv  , we find the function ),()0( xtu , for all 

),( xt .  
Step 1. 1) Suppose in the right-hand part of the system (5) and boundary condition (6) 

),(),( )0( xtuxtu  , from the nonlocal problem (5)--(7) we find the first approximation ),()1( xtv  for all 

),( xt . 

2) From the integral relation (8) under ),(),( )1( xtvxtv  , we find the function ),()1( xtu  for all 

),( xt .  
And so on. 
Step m . 1) Suppose in the right-hand part of the system (5) and boundary condition (6) 

),(),( )1( xtuxtu m , ),(~),(~ )1( xtvxtv m , from the nonlocal problem (5)--(7) we find the m -the 

approximation ),()( xtv m  for all ),( xt :  
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2) From the integral relation (8) under ),(~),( )( xtvxtv m , we find the function ),()( xtu m  for all 

),( xt : 
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mm dtvtxtu
0

)(
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,...3,2,1m . 
5. The main result.  
 The following theorem gives conditions of feasibility and convergence of the constructed algorithm 

and the conditions of the existence unique solution to the problem (5)--(8). 
 Theorem 1. Suppose that  
i) the nn -matrix ),( xtA  and n -vector function ),( xtf  are continuous on  ; 

ii)  the nn -matrices )(),( xLxK ii , )(xMi , )(xPi  and n -vector-function )(x  are continuous 

on ],0[  , 2,1,0i ; 

iii) the n -vector-functions )(0 t  and )(1 t  are continuously differentiable on ],0[ T ;  

iv) the nn -matrix )()()()( 210 xKxKxKxQ   is invertible for all ],0[ x .  

Then nonlocal problem for the system of hyperbolic equations with integral relation (5)--(8) has a 
unique solution. 

 Theorem 2. Suppose that the conditions i) - iv) of Theorem 1 are fulfilled. 
Then the initial-boundary value problem for system of partial differential equations of the third order 

(1)--(4) has a unique classical solution. 
The proof of the theorems is similar to the scheme of the proof of theorems [20]. 
6. Special case. Now, we consider a special initial-boundary value problem for the system of partial 

differential equations 
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For this case, the matrix )(xQ is not invertible. Therefore, we will additionally assume that the nn -

matrices )(xSi  and the n -vector function )(x  are twice continuously differentiable on ],0[  , 

2,1,0i . In addition, the compatibility conditions of the initial data are fulfilled: 

)0()()0()()0()()0( 202101000   tStStS ,  

)0()()0()()0()()0()()0()()0()()0( 212111010202101000    tStStStStStS . 



ISSN 1991-346X                                                                                      Серия физико-математическая. № 3. 2018 
 

 
71 

Using the properties of matrices )(xSi and )(x  we twice differentiate relation (14) with respect to 

x . We have  
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We obtain the original problem (1)—(4) again, where )()( xSxK ii  , 0)( xLi , )(2)( xSxM ii
 , 

)()( xSxP ii
 , 2,1,0i . 

The following assertion is valid. 
 Theorem 3. Suppose that  
i) the nn -matrix ),( xtA  and n -vector function ),( xtf  are continuous on  ; 

ii)  the nn -matrices )(xSi  and n -vector-function )(x  are twice continuously differentiable on 

],0[  , 2,1,0i ; 

iii)  the n -vector-functions )(0 t  and )(1 t  are continuously differentiable on ],0[ T ;  

iv) the compatibility conditions of the initial data are fulfilled: 
)0()()0()()0()()0( 202101000   tStStS , 

)0()()0()()0()()0()()0()()0()()0( 212111010202101000    tStStStStStS ; 

v) the nn -matrix )()()()(
~

210 xSxSxSxQ   is invertible for all ],0[ x .  

Then initial-boundary value problem for the system of partial differential equations of the third order 
(13)--(16) has a unique classical solution. 

Funding. These results are partially supported by grant of the Ministry of education and science of the 
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УРАВНЕНИЙ В ЧАСТНЫХ ПРОИЗВОДНЫХ ТРЕТЬЕГО ПОРЯДКА 

 
 Аннотация. Рассматривается начально-краевая задача для специальной системы дифференциальных 

уравнений в частных производных третьего порядка. Исследуются вопросы существования классического 
решения начально-краевой задачи для специальной системы дифференциальных уравнений в частных 
производных третьего порядка и предлагаются методы построения их приближенных решений. 
Установлены достаточные условия существования и единственности классического решения системы 
дифференциальных уравнений в частных производных третьего порядка. Путем введения новой неизвестной 
функции исследуемая задача сведена к эквивалентной задаче, состоящей из нелокальной задачи для системы 
гиперболических уравнений второго порядка с функциональным параметром и интегрального соотношения. 
Предложены алгоритмы нахождения приближенного решения исследуемой задачи и доказана их 
сходимость. Установлены достаточные условия существования единственного решения эквивалентной 
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задачи с параметром. Условия однозначной разрешимости начально-краевой задачи для специальной 
системы дифференциальных уравнений в частных производных третьего порядка получены в терминах 
исходных данных.  

 Ключевые слова: дифференциальное уравнение в частных производных третьего порядка, начально-
краевая задача, нелокальная задача, система гиперболических уравнений, разрешимость, алгоритм. 
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ҮШІНШІ РЕТТІ ДЕРБЕС ТУЫНДЫЛЫ ДИФФЕРЕНЦИАЛДЫҚ  
ТЕҢДЕУЛЕР ЖҮЙЕСІ ҮШІН БАСТАПҚЫ-ШЕТТІК ЕСЕПТІҢ ШЕШІМІ ТУРАЛЫ 

 
 Аннотация. Үшінші ретті дербес туындылы дифференциалдық теңдеулердің арнайы жүйесі үшін 

бастапқы-шеттік есеп қарастырылады. Үшінші ретті дербес туындылы дифференциалдық теңдеулердің 
арнайы жүйесі үшін бастапқы-шеттік есептің классикалық шешімінің бар болуы мəселелері мен олардың 
жуық шешімдерін тұрғызу əдістері зерттелген. Үшінші ретті дербес туындылы дифференциалдық теңдеулер 
жүйесі үшін бастапқы-шеттік есептің классикалық шешімінің бар болуы мен жалғыздығының жеткілікті 
шарттары тағайындалған. Жаңа белгісіз функция енгізу жолымен зерттеліп отырған есеп гиперболалық 
теңдеулер жүйесі үшін параметрі бар бейлокал есептен жəне интегралдық қатынастан тұратын пара-пар 
есепке келтірілген. Зерттеліп отырған есептің жуық шешімін табу алгоритмдері ұсынылған жəне олардың 
жинақтылығы дəлелденген. Параметрі бар пара-пар есептің жалғыз шешімінің бар болуының жеткілікті 
шарттары тағайындалған. Үшінші ретті дербес туындылы дифференциалдық теңдеулердің арнайы жүйесі 
үшін бастапқы-шеттік есептің бірмəнді шешілімділігінің шарттары бастапқы берілімдер терминінде 
алынған.  
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