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AREA OF APPLICABILITY OF APPROXIMATE EQUATIONS
OF VIBRATIONS OF ROD SYSTEMS OF VARIABLE THICKNESS

Abstract: The approximate equations of torsional vibrations of rod systems of variable thickness given in this
work allow us to build approximate theories of oscillations depending on the conditions at the ends of the rod, the
order of derivatives of the desired in the approximate equations and initial conditions. Approximate equations of
oscillations of rod systems above the second order in derivatives of the desired function in the scientific literature are
practically not found. On the other hand, approximate equations containing derivatives above the second order need
to study the applicability of a theory based on various approximate equations. For simplicity, we consider the area of
applicability for a constant radius rod, when the desired function U, o or rotational displacement depends on the

angular coordinate @, i.e., we investigate the area of applicability of the approximate equations of oscillation based
on the general equation of oscillation
Key words: torsional oscillations, rod, system, variable thickness, cylinder, shell, radius, Bessel function.

In the cylindrical coordinate system(r,@,z) the spatial problem of torsional vibrations of the
cylindrical shell is reduced to the solution of the equation

2
le(a %]—A%:O (15)

ot*

under boundary conditions on the inner and outer surface of the cylindrical shell

_ i+1 ' ]
G,y + " Al) F(2)0, = 1 i=(12) (16)

ol

when 7 =F/(z), where r=F(z) and r=F,(z) inner and outer shell radii, respectively,

A, =1+ [ET
Presenting v/, in the form of potentials

o0

p, = [ Jak [y, exp(pt)dp (17)
1

0

— 5 —
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and substituting it into equations (15), we again obtain for i/,, expression

d’yv, 1dy,
ar’ r dr L (18)
the general solution of which is
w,, = AL, (fr)+ BK,(fr) (19)

In this case, the integration constant of B as opposed to the task for the rod is different from zero.
If the shift displacement u, search in the offset U ,
uy = [ Yk [, o exp(pr)dp (20)

0 @)

then, the decomposing of Bessel's function /, and K, in a row, for ug]g we obtain expression

uly = A - i ,BOZ(”*”{A - B{ln% —%l//(n +1)-
=0
(rjznn (21)
v 2)}}m;
where y/(n) - psy-function.

Introducing new values

2

O O L ]

(22)
A A
Uor=——
S
and substituting their expression (21) instead of constants 4, B we obtain expression
2n+l 2n+l
U =23 -2 i Ut |4 2, ()= 22 53 U (23)

n=0 1 '( +1)' ’ n=0 ( 1)' ’

in reference to £ and p , for shear displacement, we obtain the final representation
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( j2n+l
U,(r,z,t) = 22 AU oo+

v(+nv°

( j2n+1 (24)
+§—+me),(+w<M)U

where U, ;; U, have a obvious mechanical meaning, functions 77, , are equal

M) =InZ+ -2 (25)
e
Similarly, for tension 0, ,;0, , we obtain expression
2n+1 2(n+1)
(&) 5
-1 - 20+D 6& 1 I _ 2042 (26)
M o,, z 2l (n + 2)! As U91+2 21 — 277“() n(n+ 2) A5 Ua,l

2n+l 2n+l
§ [rj (r)
2 ou
(") 91 +§ + : '771 n( ) (n) ol

0'm+2y2 oz nl(n +m'2 oz

where & intermediate surface, determined by the formula

27)

_max[F(2)][  max[F(2)]
c=T, {Z mmhx@ﬁ

herewith
max|[F, (z)] < min[F, (z)]
coefficient y satisfies the inequality

ymaxlFE)] ) minlF:)] | max|F()]
min[Fy(2)] "7 max[F(2)] - min[F(2)]

Substituting (25) into boundary conditions (16) to determine U, , u U,, we obtain a system of

integro-differential equations, which is also the general equations of torsional vibrations of a circular
cylindrical shell.

We present only a system of approximate equations of torsional vibration
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(2) ;0 o 1o 2 F@®o
F( ){ A F(Z)aZ}U9,0+§{2/12 F F(2) a
(i=12) (28)
AT F (2) || 90U, G
ﬂ’ |: ( 1)2 /12 77 ( 1) 2 :|} aZ _AOIM ns,
Where
Mo :lng
() ln——l
0 2

For a shell of constant thickness with radii 7; and 7, accordingly, from (28) we obtain the system

2

A a V. ).
ré /l(zl)Ug’O +§{%/1(21) _ 22 +%/1(21){772,0(2,) 1}1(21)}
(29)
oU AT
r=m ]

The boundary conditions for the end of the shell under torsional vibration are derived as for the rod.
We present only the boundary conditions at the end of the shell when z = comnst there is a normal

intensity beat o, = F'(r,t) . The boundary condition will have the form

g, =M~ [F(0.0)}

(30)
Ou,,

5 :0
Oz

General equations of longitudinal-radial oscillations of the cylindrical shell are derived as for the rod
of variable radius.

For the formulation of various boundary value problems, we first give approximate equations of
longitudinal-radial oscillations

02 0 r? 0’
C+ | A0 4 ¢l A0 +2 U,g——10-C)+ 220 -C| A" +2— | |;U., —
2 0z° T 0z 8 oz ’
2 1 roo1
—éy- 5+ | =+ DI AV +In L - —|(1-D)AY +
5{ " [2 HSJ (né 4]( "
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2
pla+2% |- p|3 A+
oz &
2
+ & 1—+(1—D)lnr—"+r"— lnr——i A0+ D1 ! A0 +
2 R 4 vy
7, 0 ou .
+]2In<+—-1{ AV -D— 0 =12
[2mg-1)[ 6JH s e

{(1 -O) +r’—82[(1 — C)l(zl) _ ZCﬂél)]} a(a]r 0

2 2
+ {(1 + O + %zg{(l +O)AD - 2Cai}uzp -
(31
- g{% +(1-D) 1n%,1;“ + r—;(ln% - %][(1 —D)AY —2DA" ]/13”} x

i

Uit )2 [0 op 0 |ty [ L),
0z o or) & & ¢ 2

><|:(ﬂ,(21)—Daa j/l(” 2Dﬂ;” o :I}Uz’l :%Ml(frf’ (i=12)

where f @) I )" the loads on the outer and inner surfaces of the shells u,_,u_ are approximately equal

r 1
uz :Uz,O _§(IHE+E]UZ’1

(32)
oU
u, =20, - 2 a- Dl + il e
2 " 210 sl 2 g oz
tension
i oU
Mo, = rﬂ0—§(%+ln§ (1+2D)—==-(1-2D)% r,i (33)

oU, , i U
Mo, {(1 O 14O AU, — & +(1-2D)A In ﬂ —-
r

zZ
2 0’ r
—f S+ A —2D n— U, b
é:|:r2 [ 82 Jn§:| z,l}
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ou
Mo, =CU,, - ' g pml-t ﬂ;ﬂ% U, +&1-Dynl+ 1| Tl
’ g 2 rtn £ 2] oz

oU
M_lo'%, = {CUr,O -(1- . +§|:(1_D)/1(21) +%:|Ur,l +§{1—D+21n§} az’l}
r

z

C=1-NM"; D=1-MN"'

Here U_, and U, ; moving intermediate surface points, U_, and U, , deformations of these points

along the radial coordinate.
At the beginning we formulate three-dimensional boundary conditions for the shell end z = const.

Free or loaded by normal tension of the end

=-F(1t), o,.=0 (34)
Rigidly fixed end
u, =u, =0 35)
Perfectly fixed end
u, =0; o._.=0 (36)

On the basis of the approximate expression (33) for tension conditions (34) for unknown U, o UZ

lead to boundary conditions
(1+C) -1-0U,,- 6E(1+2C) é:(l 2C0)
oz

AU, =-M"(F)1- C) L+1+0)A4U,, =0
a(]r 1
7 + Uz,l =0 (37)

Similarly, conditions (35) and (36) lead to boundary conditions

Uz 0= Ur,l = 07 UV,O = gUZJ (38)
And
oU
UZO_éUzl; r,1+U21=0 (39)
20" 0z ’

(1- c)aU +(1-O)A"U
0z

— 10 ——
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Boundary conditions (37) - (39) differ from those available in the scientific literature, obtained on the
basis of certain hypotheses and suggestions of mechanical and geometric nature, the presence of operators

/I(jl) , reflecting the principle of D'alembert's mechanics.

Consider a more complex sealing of the end of the cylindrical shell.

Let the end of the cylindrical shell is in interaction with another deformable body. In particular, such
a deformable body should be a plate-plate perpendicular to the axis of the shell.

We also consider two types of contact in a three-dimensional setting.

Rigid contact.

o =, a® =u®; "= j(%#
(40)
1 2 —( 2 —( 1
() C;;), () Cié)» () Icr‘%ir
Perfect contact
O — @ 50 50, O _ c? —0 1)

Having approximate expressions for displacements and stresses at the end points of the cylindrical
shell (32) and (33), the material parameters will be denoted by the index "1", and the plates-by the index

"2", while the approximate expressions for the necessary displacements and stresses at the points of the
plate have the form

2
w> :W2+[(1—C “>+CA]W 4

=5, e (1-c,) “WV@
Oz or

”

_ "
M0 = (12 + o+ facasy + 2 + Al T
2
A

oz 2
Using the approximate expressions (32), (33) and (42), from the conditions (40) we obtain the system

M;'o® =240 - cl2a), - 42)

Ul -SUl =W
(43)
o)

Oz

+UL =0,

Lo
(1+C)) ZO—(l CHU, - g

ou WM
x| (1+2C) ==L — (1= 20)ANU D [ = M M, (4 + A, i)
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) 2

U
{(1 C) ’°+(1+c)ﬂ§”u“>}—”2 o
28
2
s fla—c o oS
oz | 2
ooy hgn o Wy,
4& ’ no 0z

or, after elimination, we obtain the boundary conditions of the elastic end fitting
shells taking into account the influence of plate-plate deformability

ou oUW
(1+C)—==(1-C)U ;- §[<1+2C) (=200 |= v g +
4

[un —§U5}z Jrf

)
— 4+ U =0;

()
0 e AU [ g o — 6o —a] - o |
2% g TN

I=G)—

Similarly, for an ideal contact (41) we obtain a system

@
U(l)_éU(l):V[/; aU_”.}.[ﬂ”:O; %:0; 44)
z,0 7 r,1 2 az z,1 82

oU) ou)
(1+C) 20—(1 CHU) - 5[(1 +2C)) “—(1 2C,) x

xzszuffz]=MﬁMz (2 + A>thl

1

U
{a ¢ °+<1+c>zsa>vfla}—o

and for the end of the shell

1) 1)
1+ C)anO—(l C)Uf‘g—é[(1+2C)aw‘—(1 2C)x

(45)
x (13U£}3]=M1M2{( N ivﬁ?jh}

aU;” ou !
{(1 C)—=* +(1+C)/11(”U,“3} 0; - L+U" =0;

z

The initial conditions for the variables U'" U (l) it is easy to obtain three-dimensional initial

z,j?

conditions for the displacements
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u, = f,(r,z); u,=f,(r,z);

(46)

ou ou

< -2 5 /7 (t=0)

The results obtained allow us to formulate boundary value problems in solving specific problems of
the cylindrical shell oscillation under different conditions at the end of the shell.
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KAJIBIHJIBIFBI AHBIMAJIBI BOJIATBIH CBIPBIKTHIK )KYWEHTH,
AMHAJIMA TEPBEJIICIHIH KYBIK TEHJIEYIHIH KOJIJAHY AYMAFBI

AnHoTanusi: Makanana KaJbIHIbIFbl ailHBIMabl O0JaThIH CHIPBIKTHIK JKYHEeHIH allHaIMaibl TepOeTiCiHIH KYBIK
TEHJICYIHIH TYBIHABICHIHBIH PETi, CBHIPBIKTHIH CBIPTKBI IIAPTHIHA TOYEN Il JKarmalbIHAarbl TEPOCITICIHIH IKYBIK
TEOPHSICHIH KYpyFa MYMKIiHIIK OepeTiHiH KapacTblpaabl. bepiareH (QyHKOMSHBIH TYBIHIBICH €KIJICH >XOFaphl
0oJTaTBIH CHIPBIKTHIK JKYHEHIH TepOerTiCiHiH KYbIK TeHJIeYIepi KalIbl FBUIBIMU 97e0HeTTepIe ic-)KY31HIe MYJIIEM a3
KapacThIpbUIFaH. JlereHMeH TyBIHIBICH! €KIHII PETTEH JKOFaphbl OOJIATHIH XKYBIK TCHIEYJEp TYpi, 9p TYpIi Heri3zae
0OJaThIH TEHOCYNEP TEOPHACHIHBIH KYBIK €CeOiH 3epTTey KaKeTTUTKTI TyabIpansl. Coi ceOenTeH ecenTe paanychl

TYPaKTHI 0ONaThiH ChIpbIKTap yurin Oepinren U, ¢ynxumscs Hemece € OypHINTHIK KOOPANHATACHIHAH TOYeI

0OJIATHIH BIFBICY aHAJIBIMBIHBIH 3€PTTEY ayMarblH KAPacThIPAIbI.
Tyiiin ce3: aifHaIMambl TEpOEIIiC, CHIPHIK, KYiie, KATBIHIBIF aifHBIMAIIBL, IIIMHAD, KaObIKIIa, pagnyc, beccen
(DYHKIUSICHL.
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OBJIACTb IPUMEHUMOCTH HPI/IBJII/I)KEHI-MII)IX YPABHEHUM
CTEP)KHEBBIX CUCTEM IIEPEMEHHOHU TOJIININHbI

Annoranusi: [lpuBenénHple B 1aHHOH pabore mNpHOMIKEHHBIE YpaBHEHUS KPYTWJIBHOTO KOJIEOaHWH
CTEP)KHEBBIX CHCTEM MEPEMEHHOHM TOJIIMHBI TO3BOJSIOT CTPOUTH MPUOMIDKEHHBIE TEOPHUHM KoyicOaHWs B
3aBUCHMOCTH OT yCJIOBHH Ha TOPHAX CTEPXKHS, HOPSAIKA MPON3BOJHBIX OT HCKOMBIX B MPHOMIKEHHBIX YPABHEHUAX
Y HAQYaJbHBIX YCIOBHM.

[TpnbmkéHHbBIe YpaBHEHUS! KOJICOAHMH CTEPXKHEBBIX CHCTEM BBIIIE BTOPOTO MOPAAKA IO MPOMW3BOIHBIM OT
UCKOMOH (pyHKIIMH B HAYYHOH JINTEpaType NPAKTUUECKH HE BCTPEUAIOTCS.

C nmpyroil CTOpOHBI, NPHOMIKEHHBIE YPAaBHEHHS, COAEp)KAIle HMPOU3BOAHBIE BHIIIE BTOPOrO IIOPSIKa,
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ypaBHeHHMH. 11 IMPOCTOTHI PacCMOTPUM OONAacCTh MPUMEHHMOCTH AJIS CTEP)KHSA IMOCTOSIHHOTO pajauyca, Koraa

HCKOMas (I)yHKHI/ISI Ug WK BpalaTrejibHOC CMCHICHHUC 3aBUCHUT OT yFJIOBOﬁ KOOPAUHATBL 0, T.C. HCCIIEAyEM

001aCTh TPUMEHUMOCTH MPUOIMKEHHBIX YPaBHEHNH KOJIeOaHHs Ha OCHOBE OOIIET0 YpaBHEHUS KOJIeOaHHs
KonioueBsle ciioBa: KpyTHiIbHAS KoJleOaHMs, CTEpKEHb, CUCTEMa, IepeMEHHas TOJIINHA, [IMIIMHIP, 000I0UKa,
pamuyc, dynkms beccens
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