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THE USE OF A MATHEMATICAL METHOD OF I. G. FILIPPOVA
IN THE SOLUTION OF BOUNDARY VALUE PROBLEMS
OF VIBRATIONS OF CYLINDRICAL SHELLS

Abstract: In the present work deals with the questions for problems of torsional and longitudinal vibrations of
cylindrical shells of variable thickness in a more general setting that allow to formulate a boundary value problem in
the solution of private problems of vibrations of a cylindrical shell under various conditions at the end of the shell. A
review of the well-known in the scientific literature studies in the field of vibrations of rods and shells is given in
many works. However, these works did not reflect and did not formulate the boundary value problems of oscillation:
along with the approximate equations of oscillation, there are no strictly justified boundary conditions at the ends of
the rods and shells arising from the developed mathematical approach, and the boundary conditions from the static
problems were applied. In addition, the necessary number of initial conditions depending on the order of time
derivatives of the required functions was not justified and the areas of applicability of the approximate equations of
oscillations were not investigated.

Key words: regional tasks, cylindrical shell, oscillation, torsion vibrations, Bessel function, close equalization,
three-dimensional task, variable radius.

Cylindrical shells of variable radius are found in many constructions and buildings. In the scientific
literature, the theory of oscillations of cylindrical shells is constructed using the hypothesis of flat
sections. Below this problem is solved with the use of a mathematical method used in the works of 1. G.
Filippov and A. Zh. Seitmuratov.

To derive the equations of oscillation of the rod of variable radius we have the following three-
dimensional boundary value problem: equations of motion in potentials

0°D
NA®)=pZ =
(AD) p—
62
M(Ay,)=p 6;/;2; (1)

Uu,,u.) = grad @+ rot[rot(é. ).y, |
boundary conditions on the rod surface
F'2 (Z)GZZ + GI"}" - 2F' O-I"Z = f;’lAzo;
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where r = F(z) - variable radius of the rod; initial conditions are zero. Potentials @ and y, let us seek
believing

@ = ]c L Yk [ @y exp(ptdp;
0 ! 3)

v, = T ;Ons((lfzz)) }dkj W €Xp(pt)dp
0 1

For the values @,, ¥/,, converted by Fourier and Laplace potentials after substitution (3) in the
equation (1) we obtain the ordinary Bessel's differential equations of the imaginary argument

d’®, 1dD,
Lt ——L - D =0; a’=k>+pp°N, (p)
dr r o dr @)
d’ 1d
P ST gy =0, BRI+ 0 M ()
dr rodr
whose solution is limited in the case of » = 0, equal
D, = 4,1 (ar); W =Byl (ﬂ”) (%)
representing the displacements of U ., U _ in the form
uy = [ Yk [u, , exp(ptydp
0 %)
for u, o,u, , obtaining the expression
2n+l1
- 2
2042 2(n+1) .
U, ,= a™"" —kB -
2n
r
_ - 2n 2(n+1) (2)
u,,= Z (kAOa -B,p )—
B n!
after decomposition of the Bessel's function in power series of the argument.
Instead of continuous integration 4,, B, we introduce a new
Uy :a2A0 _kﬂzBo; W, = k4, _18230 (7

herewith W, - the transformed offset of the axis points z of the rod U, - s derived from the
displacement u, , along the radial coodinate 7 also at » =0. In the new variables U, as before

U, o,u,, will be written in the form
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By reference (8) to k, p, for displacement u,, u_ we obtain expressions
2n+1
r
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ﬂil), ﬂg) - describes the propagation of longitudinal and transverse waves along the Z .
Substituting the general solutions of the three-dimensional problem (9) in the boundary conditions

(2), to determine UU,W we obtain a system of equation
L, (U)+M,, (W) = f,A;

5 (10)
LG(U) +M,, W)= fnson

where operators L, , M jn are equal

Jn?

4l
N\ 2 _ ‘i oo e iz At iz_ (n)
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The equations (10) are the general equations of longitudinal oscillation of a rod of variable radius.
Due to the complexity of the equations (10), we obtain from them the approximate equations of the

longitudinal vibration of the rod. Limited to the first summands in the series of operators (11), we obtain a
known equation for the constant radius rod

1 O*W o'W
ol ot 0; (fn = fo, = 0) (12)

in this case, the speed of the longitudinal wave of compression in the rod is equal to

¢, =b(3a> —4b*)x(a> - b*)"

and is given in various textbooks and books.

If we limit ourselves to the first two terms in the series of operators (11), we obtain a refined equation
that generalizes the equation (12).

If the rod of variable radius, then from the general equations of oscillation (10) we obtain the simplest
equation of the second order

2 2w

ow oW _ 0
Po(DW + pi(2)—+ p,(z)—5 = PN ' p;(2)— (13)
oz oz ot

where the variable coefficients of the p; (z) in the derivative of W are equal

p(2) =2(1-C)F (2)F"(2)F (2)-(1+O)F (2)]

1 2 2 2\ 7S : "
pE)= [5 (I-CPEO-(5+O)F, (z)+% (1-CYF(2)——(1+ OB+ OF ()F(2)F.(2)5 -
—%(1 —~CHF, (2)+(1-C*) F,’ (2)F, (Z)(FF; (2)— gFj +(1- Cz)(FZ"2 (2) +F, (Z)FZ'"(Z))

1 2 1 2 2 5 2 '4
p,(2) = {— 3 la+oy —ca-o)Fe) + SBC =SC-FRF @)+ S (1-CF FRE @)+

+3(1-C)FX(2)F2(2)F. (2)}
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py(2) = E (1-OF(2) —%(Cz S3CHDFRF (D) (1~ CYFE (2)-(1-CHF () (2)] (14)
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HOUJINHAIPJIIK KABBIKIHAJIAPJBIH IHNETTIK TEPBEJIIC ECEBI YIIIH
N.I. ONJIUIIITOBTBIH MATEMATHUKAJIBIK IHEITY 9{ICIH KOJITAHY

Annoranus: bepinren Makanana aifHaIMaibl JKoHE KeIOey MIIMHAIPIIK KaOBIKIIanap ece0iHeH TyBIHAaUTHIH
CypakTap >Kaiibl Macene Kosrananpl. HerisiHeHn KaObIKmiamap aiHamachlHAa OOJIATBIH Op-TYpJll IIapTTapra
OallaHBICTBI LIETTIK €CENTepAl KAJIBIITACTBIPY MAaKCaTblHAA IIWIMHIIPIIK KAOBIKIIACHIHBIH — alHBIMAalIbI
KaJIBIHJIBIFbIHA OalJIaHBICTHI XKaNIbl ece6l KapacThIpbuiagsl. OChIFaH JIeHiHri jKacalFaH CHIPBIKTap MEH KaObIKIIanap
TepOestici )KyMbICTapblHa KO3 XKYTipTe OTHIPBIN, KapacThIPbUIFaH TepOesic IETTIK eCenTepiHae HaKThl KaTaH TYpIe
MaTeMaTUKAIBIK TYXKBIPBIMBI J)KETKITIKC3 KopceTiireH. COHIBIKTaH Oy )kyMbIcTa Oenrii raybiM W.I'.dunnnmnoBTeiH
TepOestic ecenTepiH eIy eri MaTeMaTHKaIbIK SAICIH KOJJIaHIBIN TepOenic TeHIEYJepiHiH KYBIK IamMachIHbIH
KOJIIaHy IIapTTapbl aHBIKTAJJIBI.

Tyiiin ce3: meTTik ecer, NWWIMHIAIPIIK KaObIKIIa, TepoOenic, alfHaaManbl Tepoenic, beccen GyHKUMACHI, KybIK
TEHJIEY, YII JIIIEM/Ii €cell, aifHbIMaJIbl PaAnyC.
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INPUMEHEHUE MATEMATHYECKOI'O METOJJA U.I'. ®@NJIUIIIIOBA
TP PEHIEHUU KPAEBBIX 3AIAY KOJIEBAHUS HUJIMHAPUYECKUX OBOJIOYEK

AnHoTtanusi: B Hacrosmell pabore paccMaTpuBaroTCs BONPOCHI s 337ad KPYTHIBHOTO M IPOJOJIBHOTO
KoJIeOaHUH IMIMHAPUYECKUX 000JIOUEK TIepeMEHHON TONIMHBI B Oojee o0miel OoCTaHOBKE, KOTOPhIE TO3BOJISIOT
(hopMysIMpoBaTh KpaeBble 3alaud IPH PEIICHWH YacTHBIX 3ajJad KoJjeOaHus IMIMHAPHYECKOH OO0O0JOYKH IpH
pa3IMYHBIX YCIOBUAX Ha Topie obomoukn. O030p M3BECTHBIX B HAYYHOW JIUTEpaType HCCIESIOBAHHN B OOJACTH
Koyie0aHni cTepKHEeH 1 000I0UeKk MpUBenEH BO MHOTHX padorax. OQHAKO B 3TUX paboTax HE HAILIM OTPAXKCHUS U
He ObuTH c(HOpMYITHPOBAHBI KpaeBble 3aJadn KoJieOaHW: HapsAdy ¢ NMPHOMMKEHHBIMHA YpaBHEHHSIMH KOJICOaHHS
OTCYTCTBYIOT CTPOTO OOOCHOBAaHHBIE I'PDaHWYHBIC YCIOBHS Ha TOPLAX CTep)KHEH M 000JIOYeK, BBITEKAIONIHE U3
Pa3BHBAEMOT0 MaTEMaTHYECKOTO MOJX0/a, a IPUMEHSINCh I'PAHUYHbIE YCIOBUS U3 3a1a4 cTaThuku. Kpome toro, He
000CHOBBIBAJIOCH HEOOXOANMOE YHCIIO HayaJbHBIX YCIOBHI B 3aBUCMMOCTHU OT IIOPSAKA IPOM3BOIHBIX 10 BPEMEHH
OT MCKOMBIX (DYHKIHMI U HE UCCIIEA0BAIMCH 00JIaCTH MPUMEHUMOCTH MPUOJIMKEHHBIX YPaBHEHUH KOJIeOaHuiA.

KiroueBble ci10Ba: KpaeBble 3aJauyd, LWIMHApPHYECKas o000JIOUKa, KoneOaHMe, KpyTWIbHAs KoyeOaHud,
¢dynkuust beccens, npuOimkeHHbIe ypaBHEHNE, TpeXMepHast 33/1a4a, IepeMEHHBIH paanyc.
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