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ON THE INITIAL-BOUNDARY VALUE PROBLEM
FOR SYSTEM OF THE PARTIAL DIFFERENTIAL EQUATIONS
OF FOURTH ORDER

Abstract. A initial-boundary value problem for system of the partial differential equations of fourth order is
considered. We study the existence of classical solutions to the initial-boundary value problem for system of the
partial differential equations of fourth order and offer the methods for finding its approximate solutions. Sufficient
conditions for the existence and uniqueness of a classical solution to the initial-boundary value problem for system
of the partial differential equations of fourth order are set. By introducing of a new unknown functions, we reduce
the considered problem to an equivalent problem consisting of a nonlocal problem for the system of hyperbolic
equations of second order with functional parameters and the integral relations. We offer the algorithm for finding
an approximate solution to the investigated problem and prove its convergence. Sufficient conditions for the
existence of unique solution to the equivalent problem with parameters are established. Conditions of unique
solvability to the initial-boundary value problem for system of the partial differential equations of fourth order are
obtained in the terms of initial data. Separately, the result is given for the initial-periodic in time boundary value
problem.

Keywords: system of the partial differential equations of fourth order, initial-boundary value problem,
nonlocal problem, system of the hyperbolic equations of second order, solvability, algorithm.

1. Introduction. Currently, the problems of mathematical physics connected with the description of
wave motion of liquids of different nature are drawn by great attention. This interest is caused not only by
big applied importance of these problems, but their new theoretical and mathematical content often do not
have analogues in the classical mathematical physics. One of the important classes of such problems are
the initial-boundary value problems for fourth order partial differential equations. To date, various
methods for researching and solving the initial-boundary value problems for fourth order partial
differential equations of hyperbolic and composite types are developed in [1-12]. In order to investigate
various boundary value problems for fourth order partial differential equations along with the classical
methods of mathematical physics (the Fourier method, the method of Green's functions, Poincare's metric
concept) we apply the method of differential inequalities and other methods of qualitative theory of
ordinary differential equations. Based on them, the conditions for solvability of considered boundary
value problems are obtained, and the ways for finding their solutions are offered. Fourth order system of
partial differential equations began to be studied relatively recently.

In the present work we consider system of the partial differential equations of fourth order at the
rectangular domain. Boundary condition for time variable are specified as a combination of values from
the partial derivatives of required solution on third orders by spatial variable. We investigate the questions
of existence and uniqueness of the classical solution to initial-boundary value problem for system of the
partial differential equations of fourth order and its applications.

—— |4 ——
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2. Methods. For solve to considered problem we use a method of introduction additional functional
parameters [13-29]. The original problem is reduced to an equivalent problem consisting of nonlocal
problem for system of the hyperbolic equations of second order with functional parameters and integral
relations. Sufficient conditions for the unique solvability to investigated problem are established in the
terms of initial data. Algorithms for finding solution to the equivalent problem are constructed.
Conditions of unique solvability to initial-boundary value problem for system of partial differential
equations of fourth order are established in the terms of system’s coefficients and boundary matrices.
Separately, the result is given for the initial-periodic in time boundary value problem.

Note that, in [30, 31] a similar approach has been applied to the initial-boundary value problem and
nonlocal problem for the system of partial differential equations of third order.

2. Statement of problem. At the domain QQ =[0,7]x[0,w] we consider the initial-periodic boundary

value problem for system of the partial differential equations of fourth order in the following form

0'u —A(tx)63 + A, (¢, )83 +A(tx) Ou +A(t ) Ou +A(t )

atox’
+A(tx) +A(tx)u+f(tx) (t,x)eQ, M
3 3
SHC kLD o), xefo,0), @
X

u(t,0) =w, (1), tel0,T], (3)
-0 — l//1(t): te [O,T], 4

Oox

62

% x=0 :l/jz(t)a te [OaT]’ (5)

where u(t,x) = col(u,(t,x),u,(t,x),...,u,(t,x)) is unknown function, the nXn -matrices A4 (¢,x),

i=1,7, and n-vector function f(t,x) are continuous on €, the nxn-matrix K(x) and n-vector-

function @(x) are continuous on [0, ®], the n-vector-functions w,(¢), w,(f) and w,(t) are
continuously differentiable on [0,7"]. The initial data satisfy the condition of approval.
ou(t,
A function u(z,x)e C(Q,R") having partial ~derivatives %x) e C(Q,R"),
X
Bu(t 2 d%u(t 3
"6 Cory, PN ccqrny, Y Corny, 24D Ry,
ot ox tOx X
3 4
% e C(,R"), o ult,x) x) e C(€,R"), is called a classical solution to problem (1)--(5) if it
tox

satisfies system (1) for all (z,x) € 2, and boundary conditions (2)--(5).

We will investigate the questions of existence and uniqueness of the classical solutions to the
initial-boundary value problem for system of the partial differential equations of fourth order (1)--(5) and
the approaches of constructing its approximate solutions. For this goals, we applied the method of
introduction additional functional parameters proposed in [13-31] for solving of various nonlocal
problems for systems of hyperbolic equations with mixed derivatives. Considered problem is provided to
nonlocal problem for the system of hyperbolic equations of second order including additional functions
and integral relation. The algorithm for finding the approximate solution of the investigated problem is
proposed and its convergence proved. Sufficient conditions of the existence unique classical solution to
problem (1)--(5) are obtained in the terms of initial data.
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3. Scheme of the method and reduction to equivalent problem. We introduce a new unknown

ou(t, x) o%u(t, x)

functions (¢, x) = w(t,x) = P and rewrite the problem (1)--(5) in the following form
X

2
‘;{;}VC =4 (t,x)% + 4, (t,x)% + A, (L)W f(t,x) +
+ A, (1, %) ﬁv(at,x) + A, (1, X)v(t, ) + A (1, %) a”gt’ ) 4 A (Ol x) t,x)eQ, (6
MO _ gD oy, xel0,0], ™)
Ox Oox
w(t,0) =y, (),  te[0,T], (8)

V(t,X)=Wo(t)+EW(t,§)d§, u(t,X)=l//o(t)+w1(f)X+IiW(t,e‘l)d§1d§, (t,x)eQ. ©)

Here the conditions (3) and (4) are taken into account in (9).

A triple functions (w(¢,x),v(¢,x),u(t,x)), where the function w(z,x) € C(€Q,R") has partial

2
derivatives @ M 0" w(t, x)

e C(L,R"), e C(C,R"), e C(Q,R"), the functions

v(t,x) e C(Q,R") and u(t,x)e C(Q,R") have partial derivatives @ e C(Q,R"),
X

2 2 3
P crny, 0 ecry. DD ccary. DR,
Ox ox
2 2
) cry, 200 oy, THED o ry,  THEYD g pry,
ox ox
3 3 4
aaig’;c) e C(Q,R"), —8 ”(2’ x) e C(QLR"), % e C(€Q,R"), is called a solution to problem
" X

(6)--(9) if it satisfies of the system of hyperbolic equations of second order (6) for all (z,x) e Q, the

boundary conditions (7), (8), and the integral relations (9).
At fixed v(t,x) and u(z,x) the problem (6)--(8) is a nonlocal problem for the system of

hyperbolic equations with respect to w(¢,x) on (2. The integral relations (9) allow us to determine the
unknown functions v(z,x) and u(¢,x) forall (¢,x)€ Q.

4. Algorithm. The unknown function w(¢,x) will be determined from nonlocal problem for the
system of hyperbolic equations (6)--(8). The unknown functions v(z,x) and u(z,x) will be found from

integral relations (9).
If we know the functions v(¢,x) and u(z,x), then from nonlocal problem (6)--(8) find the

function w(t,x). Conversely, if we known the functions v(¢,x) and u(¢,x), then from nonlocal
problem (6)--(8) we find the function w(z,x). Since the functions v(¢,x), u(t,x) and v(¢,x) are
unknowns together, for finding of the solution to problem (6)--(9) we use an iterative method. The
solution to problem (6)--(9) is the triple functions (w’(z,x),v"(¢,x),u"(¢,x)) we defined as a limit of
sequence of triples (W' (¢, x),v'® (¢, x),u™(t,x)), k =0,1,2,..., according to the following algorithm:
ov(t, x)
ot

Step 0. 1) Suppose in the right-hand part of the system (6) =y, (1), v(t,x)=y,(),

— 16 ——
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ou(t,x)
ot

initial approximation w'® (¢, x) for all (¢,x) € Q;

w,(t)+y,(t)x, and u(t,x)=y,(t)+y,(¢)x, from nonlocal problem (6)--(8) we find the

2) From the integral relations (9) under w(z,x)=w'"(¢,x), we find the functions v'”(¢,x) and
u”(t,x) forall (£,x)eQ.
ov(t,x) vV (t,x)
o ot

Step 1. 1) Suppose in the right-hand part of system (6) , v(t,x)=v"(t,x),

ou(t,x) ou'”(t,x)
ot ot
approximation w'" (¢, x) for all (¢,x) € Q.

, and u(t,x)=u'"(t,x), from nonlocal problem (6)--(8) we find the first

2) From the integral relations (9) under w(¢,x)=w""(¢,x), we find the functions v (¢,x) and
u (¢,x) forall (t,x)eQ.
And so on.
ov(t,x) v (e, x)
oo

Step k. 1) Suppose in the right-hand part of  system (6)

b

ou(t,x) ou(t,x)
ot ot
(8) we find the k -th approximation w*'(¢,x) forall (z,x) € Q:

2. () 5 (k)
% = Al(t,x)%+ Az(t,x)%+ A, )™ + f(t,x) +

v (¢, x)
0

v(t,x) =v*(t, x), , and u(t,x) =u""(¢,x), from nonlocal problem (6)--

+ 4,(,x)

(k=1)
AL (%) + A, (1, %) w

+ A, )u* " (t,x), (t,x)eQ, (10)
ow® (0, x)

ox =K

(k)
2D o), wel0), (1)

w0y =w,(1),  te[0,T]. (12)
2) From the integral relations (9) under w(z,x) = w'*'(¢,x), we find the functions v*'(¢,x) and
u®(t,x) forall (t,x)eQ:

VOt x) =y, (0 + W (2, E)dE u“‘)(t,X)=!//o(t)+W1(t)x+ﬁw(k’(t,§1)d§1d§, (t,x)eQ. (13)

Here k£=123,....
5. The main results. The following theorem gives conditions of feasibility and convergence of the

constructed algorithm and the conditions of the existence unique solution to problem (6)--(9).
Theorem 1. Suppose that

i) the nxn-matrices A;(t,x), i= 1,7, and n-vector function f(t,x) are continuous on €2 ;
ii) the nxn-matrix K(x) and n-vector-function @(x) are continuous on [0, ®];

iii) the n-vector-functions y,(t), y,(t) and y,(t) are continuously differentiable on [0,T];
T

iv) the nxn-matrix Q(x)=1- K(x){] + [ 4 (z’,x)dr} is invertible for all x €[0,w], where
0

I is unit matrix on dimension n.
Then the nonlocal problem for system of the hyperbolic equations with parameters (6)--(9) has a

unique  solution (W (t,x),v"(t,x),u”(¢,x)) as a limit of sequences (W (¢,x),v'* (t,x),u™(t,x))
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defining by the algorithm proposed above for k =0,1,2,....
Proof. Let the conditions i) - iv) of the Theorem be satisfied. From the Oth step of the above

algorithm and Theorem 1 from [21] it follows that the nonlocal problem for system of the hyperbolic
equations

0w ow ow )
e A (t,x)g + A, (¢, X)E + A, (t,x)w+ f(t,x)+ A, (¢, )y, (1) + A (6, x)yp, (1) +
+ A5 (2, ) [y, () +y, (D)x]+ A, (1, 0y, () + v, (D)x], (5, x)eQ, (14)
MzK(x)M+(o(x), xe[0,w], (15)
ox Oox
Wt =y (1), 1e[0,7] (16)

has a unique classical solution w'” (¢, x) for all (,x) € Q.

Further we determine the functions v'”(¢,x) and u'” (¢, x) from the integral relations
(0) T (0) (0) e (0)
VO (6LX) =y () + WD ,6HAE, u(t,x) =y () +y (Dx+[[w (2, 8)dEdE
0 00

for all (z,x)e Q. Functions v'”(f,x) and u'”(f,x) together with their partial derivatives
v (t,x) and ou'”(t,x)

ot ot

Continuing the iterative process according to the above algorithm, we define successive
approximations w* (¢, x), v*)(t,x)and u® (¢, x) for all (t,x) € Q and k =1,2,....

The conditions i) - iv) of Theorem provide the uniform convergence on €2 of the sequences
{w“”(t,x)}, {v(k)(t,x)} and {u””(t,x)} as k — oo to functions w'(f,x), v (t,x) and u (¢,x),
respectively, for all (t,x) € Q. In addition, there are finite limits of sequences of their partial

, respectively, are continuous on Q.

derivatives as k — .
The triple founded functions (w"(¢,x),v"(¢,x),u"(z,x)) has all the required continuous partial

derivatives on () and be solution to problem (6)—(9). Uniqueness of solution to problem (6)—(9) is
proved by method of contradiction.

Theorem 1 is proved.

From the equivalence of problems (6)—(9) and (1)—(5) it follows

Theorem 2. Suppose that the conditions i) - iv) of Theorem 1 are fulfilled.

Then the initial-periodic boundary value problem for system of the partial differential equations of
fourth order (1)--(5) has a unique classical solution u"(t,x).

For K(x)=1 and ¢(x)=0 we obtain the initial-periodic boundary value problem for system of

the partial differential equations of fourth order (1), (3)-(5) with condition
o’u(0,x) B o’u(T,x)
ox’ ox’
Then the following assertion is true.
Theorem 3. Suppose that

, x€[0,w]. 2%)

1) the nxn-matrices A,(t,x), i= 1,7, and n -vector function f(t,x) are continuous on ) ;

2) the n-vector-functions v (t), y,(t)and y,(t) are continuously differentiable on [0,T];
T

3) the nxn-matrix Q(x) = [ A(r,x)dt is invertible for all x [0, ®].
0

Then the initial-periodic boundary value problem for system of the partial differential equations of
Sfourth order (1), (2°), (3)--(5) has a unique classical solution.

— 18 ——
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O HAYAJIbHO-KPAEBOM 3AJTAYE JJISI CACTEMBI TU®PEPEHIIUAJILHBIX YPABHEHU B
YACTHBIX TPOU3BOJHBIX YETBEPTOI'O ITOPSIJIKA

AnHotanus. PaccmarpuBaercs HavalbHO-KpacBasl 3alava Uil CUCTeMbl Ju((OEepeHIUANBHBIX YPaBHEHUH B
YaCTHBIX MPOU3BOAHBIX YETBEPTOro mopsaka. McciemyroTcss BOMPOCH! CYLIECTBOBAHMS KJIACCHUYECKOIO PELICHUS
HaYaJIbHO-KPACBOW 3ajaun A CHCTeMBbl AuddepeHInanbHEIX YPaBHEHUH B YaCTHBIX MPOU3BOIHBIX YETBEPTOTO
MOPSAKA U TIPEUIATal0TCsl METOIBI HaX0XKICHISI UX MPUOIMKEHABIX PEIICHUH. Y CTAHOBJICHBI JOCTATOYHBIE YCIOBHS
CyIIECTBOBAaHMA M EIWHCTBEHHOCTH KJIIACCHYECKOTO PEUICHHS Ha4daJbHO-KPaeBOM 3ajadd JUId CHCTEMBI
muddepeHManbHbIX  ypaBHEHHH B YACTHBIX IPOM3BOAHBIX YETBEPTOro mopsiaka. IlyTeM BBeleHHsT HOBBIX
HEeHM3BECTHBIX (PyHKLMIT HcclenyemMas 3a1a4a CBe/ieHa K SKBUBAICHTHOM 3a/jaue, COCTOSIIEH U3 HEIOKAIIbHOM 3a1a4uu
JUIL  CUCTEMBI TUIEpPOOJIMYECKUX YpaBHEHUI BTOPOTrO TIOpsiAka C (YyHKIMOHAIBHBIMU MapamMeTpamMu U
l/IHTeraJ'le])lX COOTHOLHGHI/IFI. Hpe[lJ'IO)KeHbI aJ'IFOpI/lTM])I HaX0XIACHUA le/I6J'Il/DKeHHOFO pemeﬂym MccneuyeMoﬂ
33/1a4d ¥ JIOKa3aHa MX  CXOJAMMOCTh. YCTAaHOBJIEHBI JOCTATOYHBIE YCIIOBUS CYIECTBOBAaHUS €JIMHCTBEHHOTO
pelIeHHs] SKBUBAJIEHTHOW 3a/layd ¢ HapaMeTpaMu. Y CJIOBHUS OJHO3HAYHOM Pa3pelIMMOCTH  HadyallbHO-KpaeBOM
3aauu Uil CUCTeMBI qudepeHINANTBHBIX YPaBHECHUH B YaCTHBIX MPOHM3BOIHBIX YETBEPTOTO MOPSIKA MOJIYYCHE B
TePMUHAX HCXOJOHBIX JaHHBIX. OTAEIbHO MPUBOIUTCS PE3YJbTAT IJSl HAdyaJbHO-NEPUOAUYECKONM MO BpPEMEHU
KpaeBol 3a7auu.

KiroueBsle ciioBa: cucrtemMa auddepeHInanbHbIX YpaBHEHUH B YaCTHBIX MTPOU3BOAHBIX YETBEPTOTO MOPSIIKA,
HadaJ bHO-KpacBas 3aJaya, HEJOKaNbHAs 3ajada, CHCTEMa TUIEpOONMYECKHX YpaBHEHWH BTOPOTO MOPSAKA,
Pa3pelIMMOCTh, allTOPUTM.

YIAK 517.951
MPHTU 27.31.15

A.T. AcanoBa', A.A. Boituyk®, %.C. Tokmyp3un’

'MatemaTyKa 5KoHe MaTeMATHKAJIBIK MOJEIIEY MHCTHTYThI, AnMathl, KasakcTas;
?Vipauna ¥YFA Martemarnka uactutyThl, Kues, Vipauna;
3 K.JKy6anoB at. AKTe6e oHip/IiKk MEMJIEKETTiK yHuBepcHTeTi, AKTo0e, Kasakcran

TOPTIHIII PETTI IEPBEC TYBIHJbL/IbI JU®PEPEHIUAJIIBIK
TEHJAEYJIEP )KYNECI YHITH BACTAIIKBI - IETTIK ECEII TYPAJIBI

Annoranus. TepriHmn perti mepOec TyBIHIBUTH aAuddepeHInaNIBIK TeHALYIep JKyHeci YIIH OacTamKbl-
IIETTIK eCeNl KapacThIpbuiaabl. TepTiHm perti aepOec TyBIHABUIE nuddepeHInanaplK TeHIeyaep Kykeci YImiH
OacTanKpI-IIETTIK €CeNTiH KIacCHKAaIBIK MICHIIMiHIH Oap O0yBl Maocesenepi MeH OJapblH JKYHIK IIEMIiMIepiH Ta0y
onictepi 3eprrenreH. Teprinii perrti Aepbec TybIHAbUIbI TUddepeHIHanIbIK TeHIAeyIep Kyiecl YiIiH 6acTankbl-
HIETTIK €CENTiH KJIACCHKAJbBIK LICHIIMIHIH Oap OOIybl MEH JKAJFbI3IBIFbIHBIH KETKUTIKTI MAPTTAPhl TaFailbIHIAIFaH.
XKana Oenrici3 QyHKumMsIap €Hri3y KOJIBIMEH 3€PTTENiN OTHIPFAH ecel TMnepOoNaliblK TeHACYJIep XKyheci yIIiH
napamerpiiepi 6ap OeioKall ecenTeH >KOHEe MHTErpaIblK KaTbIHACTApJaH TYPAThIH Mapa-nap ecernke KeNTipijireH.
3epTTenin OTBIPFaH €CENTiH KYBIK WIeMiMiH Taly alrOpuUTMIEP] YCHIHBUIFAH JKOHE OJIAPZbIH JKUHAKTBUIBIFBI
nmonenneHred. [lapamerprepi Oap mapa-map €CENTiH JKaIFbI3 HICHIMIiHIH 0ap OOJMYBIHBIH KETKUIIKTI IIApTTaphl
TaraiibiHaanFad. TepTiHii peTTi aepoec TYBIHABLIB An(PepeHIINATIBIK TeHAeYIIep Kykeci YIIiH OacTanKpl-IIeTTiK
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ecenTiH OipMOHMI MEmUTIMIUTITIHIH mapTTapsl OacTamkbl OepiliMaep TepMHUHIHIAEC albIHFaH. bacTamKpl-yaKbIT
OOMBIHIIIA IEPHUOTHI IIETTIK €CeN YIIiH HOTHKE KEKe KeNTipiIreH.

Tyiiin ce3nep: TepTiHmi perTi mepOec TYBIHABUIH TU(GEpEeHINAIABIK TCHICYIEp Xyieci, 0acTamKpI-IEeTTiK
ecer, OeiJIoKas ecerl, eKiHII peTTi TUIepOoNabIK TeHeYIep KYHecl, MemiTiMIUTK, alropruT™.
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