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NUMERICAL ANALYSIS OF THE SOLUTION OF SOME OSCILLATION
PROBLEMS BY THE DECOMPOSITION METHOD

Abstract: Rectangular flat plates are one of the main elements of building structures and constructions. While
solving applied problems of oscillation of rectangular flat elements then a wide class of oscillation problems occur
related to various boundary-value problems: approximate oscillation equations, various boundary conditions at the
edges of a flat element and initial conditions. In the theory of oscillation, an important point is to determine the
frequencies of intrinsic variations, to solve problems on forced variations of a plane element, and to study the
dissemination of harmonic waves in them. In this paper, we present the results on the investigation of natural and
forced oscillations of flat elements taking into account the stratification of element’s material of rheological viscous
properties, the influence of the environment a deformable base, anisotropy, etc. The influence of these factors makes
it much more difficult to study the problems of natural and forced oscillations of a flat element on dissemination of
harmonic waves in them.

Key words: natural oscillations, forced oscillations, frequency equations, transcendental equations,
decomposition method, relaxation time, voltage, plate.

In the study of harmonic waves in deformable bodies, there is introduced a concept of phase velocity
as the rate of change of the environmental state, while the phase velocity is expressed in terms of the
natural oscillation frequencies, and therefore the study of harmonic wave dissemination is directly related
to the problems of determining natural shapes and frequencies of oscillation concerning flat elements.

In this paper, we present the results on the investigation of the natural and forced oscillations of flat
elements taking into account the stratification of the element’s material, rheological viscous properties,
the influence of the environment, a deformable base, anisotropy, etc. The influence of these factors makes
it much more difficult to study the problems of natural and forced oscillations of a flat element on
dissemination of harmonic waves in them.

Therefore, the work is devoted to the formulation of various boundary-value problems of rectangular
flat element oscillations taking into account the viscosity as well as the abovementioned factors of
geometric and mechanical nature.

First of all we consider the frequency equation

a, cos(a,l,)sin(e,l,) — o, sin(ex,l, ) cos(e,l,) = 0. (1)

and its equivalent equation

o o o aZiaZj _aZiaZj o
a.o (_1)l+1 1 .0 0 : L2+ — )
0 ‘Z},Z; Qi+D1(2))!

— 28 ——
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One of these frequency equations follows from the condition a =0 that leads to the frequency
equation

684_8[(2—v)y+%(1—v)J .

(7-8) D G)

The frequency equation (3) also follows from the equation

& +T£§3 +L{(2—v)y+w+%(l—v)}f2 +M[1+2(2—v)7]§+

— 2 —
(7 8v) 87, (7 8v)z’0 @)
+ L }/2 =
(7-8v) ’
for elastic plate or from equation

2B B 1
B,EY + - 0 53+(1+T—§+BI;/)§2+T—(1+B1;/)(§+Bzy2 =0 (5)

0 0 0

for hinged plate.
If we consider other approximate frequency equations derived from equation (2), for example, the
equation
2y +1017
=L (6)
(2-v)

21007
5—,/—(2_‘/) ™

The conditions of convergence (2), described by inequalities

52

the root of which is equal to

20+3)27+2
‘aéaf‘gqii:qii:qZ( o 3(2]+ ) ®)

or
2 2
D'-E<C}, 9)

also contain the left side of equation (3) and indicate that all the roots of the transcendental equation (2)
are between the roots & u &, and which are the lower and upper boundaries of all frequencies of the

transcendental equation (1).
A similar conclusion follows from the transcendental equations

2 2
i sin(a,/, )sin(a,/, ) -2 cos(a,l, )cos(a,l,) = 0 (10)

aya
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Of other transcendental equations.
Thus, the natural oscillation frequencies of a rectangular hinged plate & u ¢&,, based on an

approximate equation of fourth order oscillations in derivatives are the lower and upper boundary of
natural oscillation frequencies of a rectangular plate under more difficult conditions for fixing its edges.

JPYTUX TPAHCUEHICHTHBIX YPABHCHUH.

The obtained results belonged to the class of boundary-value problems, when two of the opposite
edges of a rectangular plate are hinged, and the other two edges have different fixation conditions or are
free from stresses.

If all four edges are arbitrarily fixed, then it is not possible to obtain exact frequency equations as
described above.

For such problems, you can successfully apply an approximate method of obtaining frequency
equations based on the decomposition method developed in the works of Professor G.I.Pshenichniy [74]
for static problems.

Let us consider a number of problems of oscillation of flat rectangular elements under arbitrary
boundary conditions along the edges of an element in order to determine the natural oscillation
frequencies by the decomposition method.

We present the formulation of the method in the case of a flat element, when the material of the
element is elastic. In the future, the method will be applied to elements of a high elastic material.

In the case of a flat element made of an elastic material, an approximate fourth order transverse-
oscillation equation is written as
o o'w o'W

AZW—D()?AW+D1?+D2 P 0, (11)

where the coefficients are determined by the geometry and material properties of the flat element.
The solution of equation (11) will be sought in the form

W= exp(i%jWo(x,y) (12)

Substituting (4.6.2) into equations (4.6.1), for 7 we obtain the equation
bY bY| (bY
AW, +D°[Zj &AW, +§{zj {DIKZJ & _Dz:lm) =0 (13)

To use the decomposition method, it is more convenient to introduce new independent and dependent
variables.

’ (14)

In variables (14), equation (13) takes the form

4 4 4 2 2 2 2
[s VY% - 6zav/;2 s sﬂj}mwo(gj 5{5 YR sﬂ:},ﬁ(ﬁj £2 x
a (94 (94

{Dl[%j £ —Dz}v=0
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The method of decomposition in the theory of oscillations in general formulation reduces to the
following.

The formulation of auxiliary problems is formulated.

1. Find a solution to the equation

o'y

o= /"@p) (16)

under boundary conditions
L(a,B)=0; L,(a,B)=0; (a =0;7) (17)

2. Find a solution to the equation
o'y

R AY) as)

under boundary conditions
La.p)=0;  Lla.p)=0; (8=0n) (19)

The boundary conditions at the edges of the plate depend on the conditions of its fixation or on the
free edge from stresses.
Rest of the equation (15)

0%y, bY (0%, L0, ) . (Y | (b)Y .,
2/1—60526,32 +/1DO[Z] 4 (80{ + A e j+/1D (hj ¢ [Dl(zj & =D, v, + 20)

+ Ve, B)+ S a. B) =0,

where f Y )(a, p ) arbitrary functions the forms of which depend on the boundary-value problems.
Following the decomposition method, we assume that

v3=%[vl+v2] (21)

and the condition must be met at given points on the flat element.
The general solutions of the auxiliary problems equations (16) and (18) are

3 2

a
n = Ale f)+=—a(B)+-0.(B)+ ao.(B)+ 0.(B),
P 7 (22)
W= fi(a’ﬂ)—i_ ?l//l (a)+ 7@”2(0‘)"' /Bl//s(a)"' V/4(a);
where (D Iz /4 j arbitrary functions of the arguments and are determined from the boundary conditions
(17) u (19).
In the following, arbitrary functions in the general form will be represented
as

0

Z z a,gf,?, sin(am )sin(fm), (23)

n=l j=1

where a,g{ ,2, arbitrary constants, and functions f; (a, yij ) in common solutions (22) are equal

o0 0

)

n=1 j=1

om)sin(fm);
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5 (a, ,B) = Zz c;’;;” sin(an)sin( m) (24)

n=l j=1

Using private solutions of problems under given boundary conditions and using approximate
(/)
n,m
equations whose nontrivial solution leads to the frequency equation.

We illustrate the decomposition method on a number of particular boundary-value problems of the
oscillation of a flat element.

Problem 1. We consider the simplest problem when all edges are hinged. This problem was solved

by the direct method (13) and the frequency equation (14) was obtained, where it is necessary to set the
relaxation time to infinity.

Boundary conditions have the form

representations (21), to find the unknowns (I we obtain a homogeneous linear system of algebraic

o’
vw=—75=0 (Ot=0;72’);
oo
v (23)
v,=—2=0 =0;7),
2 6,62 (ﬁ )
satisfying which general solutions (22), we get
Vi :fl(a’ﬂ); v, =f2(a,ﬂ) (26)

or private solutions are equal
o,(B)=v,(@=0) j=(...4)

Satisfying solution (26) to conditions (21) and equation (20), for the frequency é: we again obtain
equation (14).
Thus, an approximate decomposition method gives the same result as the exact direct method.

Consequently, the decomposition method can be applied with a sufficient degree of reliability in the
solution of other boundary-value problems.

Problem 2. A rigidly fixed plate on the edges. Boundary conditions have the form
o,

1_£=0 (cx:O;;r);
(27)
vlzg—‘;:0 (ﬂzo;ﬂ');

Using general solutions (22) and boundary-value solutions (27), for the unknown quantities v,, v, get
expressions

— 3 ——
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3 =» 0 an:m m .
v, —fz(a, )—?zz o’ 1+(—1) ]Sln(am)+
n=l m=l
2 a’(’lz” m] 2 afﬁ?ﬂ ) (28)
+ﬂ_227 e sm(am)—ﬂ;; m’ Sm(an).

We confine ourselves to the first coefficients in the series of arbitrary functions (23) and the condition

Vi, = Vy; (Ot, p ) = %, we get a system of algebraic equations
[af11)+/1‘4a1(21) 2l1-2 +Mﬂf§2 ENRTYC L
' ’ V4 2 V4 4

1 [ (7-8v) 2_3(1—\/)}( zj 1,
+221§{ 2 & 5 1+4 +2 =0;
al) = 2*a? (29)

Nontrivial solution of system (29) to the frequency equation

z;‘wg“ —ﬁ{3—(l—v)ﬂf +(2—v)(2—éj(1+z6)}§2 +

8 2
+{2,12(1—lj+(1+/14)} =0 (30)
T

Problem 3. The edges of the plate f =0; f = are rigidly fixed and the edges o =0; a = 7 are
free from stresses i.e. we have boundary conditions

0%y o’v
a; QOl—o;aa;=o,(a_o,7r)
= 24 + ; 31
(2 or 2k N
ov?
V2 %=O(ﬂ=0,ﬂ')

The solution of the problem to determine V2 has the form (2 8).

To find the unknown function Vl from boundary conditions

3
Zv; =0ata=0;7
a
we obtain
83f 83f
¢ =- 6a31 a=0,P1 =~ ﬁa; > (32)

which can be fulfilled at n = 24 that is odd values of unknowns a,(::n must be set to zero.
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Conditions (31) at & = 0; 7 lead to the system

_ 3 A2 2 A2 2 2
[wl+¢z]+(3 2\»} O O, 00 00,
7—a )\ 6 0p> 2 op® B’ op

72'3 72'2
+ /11252(?401 s (/Mﬂ =0

_ (32 oo,
», = (7_4‘}){ /1|§ (04) (33)

Two equations (33) connect three unknown functions. Since we are looking for private solutions of
problems without limiting the generality, the unknown function ¢, can be put equal to ¢, =0.

ypaBHeHUs (33) CBA3BIBAIOT TPU HEM3BECTHBIC (PYHKIUH. Tak Kak WIIEM YacTHBIC PEIICHHs 3a]a4, TO
HE OrPaHMYMBAs OOIIHOCTH, HEU3BECTHYIO (YHKIIHIO (0, MOXKHO TIOJIOXHTH paBHOH ¢ = 0.

From the system (33) we get the equation for (04 .

2 2
8¢)4 P22 8(0244_/1?54(/)4:_2(7—4\)) ﬂ1+(3 2vj 2 8f1
op’ op w\3-2v 7-4

+%3(3_2v\ o°f, | } (34)

7-4v)oa’op?| |

+
a=0

whose particular solution is equal to

0,= 3 al), 4 sin(pm), (35)
q=1 m=1
rac
m? —1 |
A0, = (m* —2m*22¢*) (36)

1. )

Restricting to the first components a,;; @, ), as in the previous problem, we obtain the frequency

equation
/12 2(2_”_2j
—/14(7 8v)E! — [2 Vj/f L 4 7)) =) s &+
19 2 )\ 24 24(1_7rj 48 7
5 (37)
~[(-3) s
YL LA} R Py - =0
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Problem 4. The edges of a plate (ﬂ = 0;7[); a =0 rigidly clamped and the edge @ = 7 is free from
stress.

In this problem the desired function V2 is determined in the previous problems and Vl is equal to

2

V1 = fl(avﬂ)+%¢1(ﬂ)+a_¢z(ﬂ)+ ap,f3;

2
o’f, %
=0, ¢ =—25 ; =—H 38
Dy 7z Py . 3 dal _, (38)
where
2 /q 2 _ 2 3 3 /4 5
7[_[3 2VJ8 P 1_{3 2‘})”_/112652 0, = ﬂafl +7z’_(3 2v\ 0’ f, |
2 \7-4v) 0B T—4v) 2 oa’| 6 \7-4v)aa’op?|
B T (39)
3
+(3—2v]”af1 +(3_2vjmf§2%
7-4v) éa’ . \T-4v oal,_,
As in the previous problems, we obtain the frequency equation
2l1+Z-B +C(1—£ +@ﬁ§2 (B —5—1}
2 U 2 )
3 2
o+ Z ||+ 2 -[1-2 -2 42 B+ 2 s
2 2 48 8 V4
(40)

sl (7-8vY)., 3 ol A
+/11§ [(Tjg _E(I_V):||:(1_4_8_3+4_8B1j+
+cl[1—%ﬂ+(1+clz4)=o;

where B,,C, are equal to

3 —_— —_— f—

B - 1_7:_(3 2\/)_7{3 2vj+”212§2(3 2vj 5

4 6 \7-4v 7—4v 7—4v
3 Hﬁ_Z(s_zv)ﬁéz_ﬂ_z{?,—zvj )

2 \7-4v 2\7-4v) ]’

3 2 -1
c=(1-Z-Z % p|1-Z
2 48 8 4

Frequency equation (40) defines three frequencies unlike the previous ones which is apparently,

connected with the fact that the edgea = 7 is free from stresses and the waves are reflected from the
rigidly fixed edge a =0.
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A.CeiiTmypartos, B.2KopmenoBa, A./[pyer0aeBa,
X.BexkmypartoBa, J.TesrerenoBa, I'.Ycenopa

KopksIT ATa ateiHgans! Kei3putopaa MemitekeTTik yHHBepcHTeTi, KeI3puiopaa K.

JIEKOMITO3UIIUSA SIICIMEH HIBIFAPBLIFAH KEUBIP TEPBEJIIC
ECEBIHIH HIEINIMJAEPIH CAHBIK TAJIJIAY

Annotanusi: Tik OypbeIUTHl MiIIiHAET! >Ka3blK IUIACTHHKANAp KYPBUIBIC KOHCTPYKLMSIAPBIHBIH JKOHE
FUMapaTTapblHBIH HETI3T1 3JIeMeHTTepiHiH Oipi Oousbim Tabbutambl. Tik OYpBINTHl JKa3blK SJIEMEHTTEPIIH
KoJmaHOanbl TepOertic ecenTepi menry Ke3iHae MIETTIK ecenTep YIIiH, kKa3bIK 3JIeMEHTTepAiH 0acTaIKel I1apTTapsl
MEH IIETIHAEri IIerapalblK IIapTTapblHa OalIaHBICTBI Op-TYpJi JKOFAapbl CaHATTHl ecenTep maiaa Ooxasipl.
TepOemicTep TeOpUACHIHIA MEHITIKTI TepOeNiCTiH KUUIITIH aHBIKTAY, Ka3bIK JIIEMEHTTEPIIH epikci3 Tepoeic ecebin
IICIy JKOHE OHJAFhl FapMOHUKAJBIK TOJNKBIHAAPABIH TapalyblH 3epTTey Herisri KeseH Ooibln TaObu1ambl. By
JKYMBICTa JKa3bIK 3JEMEHTTEPAIH O3IHIIK XOHE epiKci3 TepOeliciH, MaTepHan 3JeMEHTTEePiHIH KaTIapIibUIbIFbIH,
TYTKBIP PEOJOTHSIIBIK KaCHETiH, KOpIaFraH OPTAHbIH dCEpiH, HeTi3iHIH AedopManusara YIIbIpaybl, aHH30TPOIHSACHIH
’KOHE Tarbl 0acka Jia )KacaliFaH 3epiTTey mieuriMaepi keiripijeni, cebedi kepceTiireH (GakTopiaapAblH dcepi Ka3bIK
AJIEMEHTTEP/IH O3IHIIK JKoHE epikci3 TepOerici eceOiHJeri TrapMOHHMKAIBIK TOJIKBIHAAPIbIH Tapally MHpOLECiH
3epTeyIi alTapIIbIKTal KUbIHIATA IbL.

Tyiiin ce3mep: +e3inuik TepOenic, epikci3 TepOeic, XKUUIIKTIK TeHJIeyJiepi, TPAaHCUEHICHTTIK TEeHAeYJIep,
JIEKOMIIO3HUIIN 9JIiC1, Tapay YaKbIThl, KEpHEY, IUIACTHHKA

A. Ceiitmypartos, b. ’KapmenoBa, A. J/laysier6aesa,
X. BekmyparoBa, 3. TyJserenosa, I'. YceHoBa

Ke3pmopanHckuii rocynapcTBeHHbIN yHIBEpcHTeT nM.KopkbiT ATa, T.KbI3pI10pIa

YUCJEHHBIA AHAJIN3 PEHIEHUS HEKOTOPBIX 3AIAY KOJIEBAHUSI METOJIOM
JEKOMITIO3NIIMN

AnHotanusi: [lnockue MIACTHHKU NPSMOYTOJBbHOW (DOPMBI SIBIISIIOTCS OJHMMH W3 OCHOBHBIX JJIEMEHTOB
CTPOUTEIBHBIX KOHCTPYKLUMH M coopykeHHH. [Ipy pelmeHHH NpUKIagHBIX 337a4 KoJeOaHWs HPSMOYTOJNBHBIX
IUTOCKHX 3JIEMEHTOB BO3HUKAET MIMPOKHH KJlacc 3a/1a4 KojieOaHWH, CBSI3aHHBIX C Pa3JINUHBIMU KPaeBbIMHU 3a/1a4aMH:
NpUOIMKEHHBIMY yPaBHEHUSAMH KOJIEOaHUs, Pa3IMYHBIMU TPAHUYHBIMH YCIOBHSIMHU Ha KpasiX IUIOCKOT'O 3JIEMEHTa U
HadaJIbHBIMH YCIOBHAMH. B Teopnu koieGaHUsI BaKHBIM MOMEHTOM SIBJISIETCS OINPEIEICHHE YacTOT COOCTBEHHBIX
KoJleOaHMH, pelIeHre 3a/1a4 O BBIHYKJCHHBIX KOJIEOaHUSIX IIOCKOTO 3JIEMEHTa W MCCIIEOBAHUE PACTIPOCTPAHEHHMS
TapMOHMYECKNX BOJH B HHX. B 1aHHON pa®oTe MPHBOAATCS pE3yNbTaThl II0 HCCIEIOBAHHIO COOCTBEHHBIX H
BBIHYK/ICHHBIX KOJIEOAHUH IJIOCKUX 3JIEMEHTOB C y4ETOM CIOMCTOCTH MaTepHalla 3JIEMEHTA, PEOJIOTHIECKUX BSI3KHX
CBOWCTB, BIMSHHA OKpY’Karowlel cpeibl, 1e(GopMHPyeMOro OCHOBAHUS, aHU30TPONUH U T.A. BinsHNE yKa3aHHBIX
(haKTOpOB 3HAYMTEIBHO 3aTPYyIHSIET MCCIIENOBAHUE 33/1a4 O COOCTBEHHBIX U BBIHY)KICHHBIX KOJIEOAHHSAX TLIOCKOTO
3JIEMEHTA, O PACIPOCTPAHEHUH B HUX TAPMOHHUYECKUX BOJIH.

KaroueBble cioBa: coOcTBeHHass KojieOaHWs, BBIHY)K/AEHHas KojeOaHMs, YACTOTHBIE YpaBHEHWUs,
TPAHCLECHIEHTHbIE yPAaBHEHUSI, METO AEKOMIIO3ULIUH, BPEMs pelaKCalllui, HAPsHKEHUs, TNIAaCTHHKA
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