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THE CONSTRUCTION OF A SOLUTION
OF A RELATED SYSTEM OF THE LAGUERRE TYPE

Abstract. The aim of the work is to study the system of Laguerre type obtained from the degenerate of Horn
system by direct selection of parameters, as well as using an exponential transformation. Such a system consisting of
two partial differential equations of second order is called related to the basic Laguerre system. The difficulties of
studying are that if in the ordinary case there is one degenerate of Kummer’s equation and only one degenerate
hypergeometric function satisfying it, then in the case of two variables there 20 degenerate systems and 20
degenerate hypergeometric functions of two variables satisfying them appear. It is not known how many systems of
Laguerre type exist, and with which of the 20 degenerate systems it links to. There is no general method of a
research In this work Frobenius-Latysheva’s method which is generalized in this case by Zh.N. Tasmambetov is
applied to creation of their normal and regular solution depending on Laguerre’s polynomial of two variables. The
classification of singular curves using rank and antirank is given, as well as basic information about the features of
constructing normal-regular solutions of such systems. The main theorem on the existence of four linearly
independent partial solutions is proved. Solutions are determined by the degenerate hypergeometric function of M.P.
Humbert in the form of normal-regular ranks of two variables depending on Laguerre’s polynomials. The
conclusions indicate the relationship of such systems with overridden systems and some representations of
Laguerre’s polynomial of two variables.

Key words: Related, system, Laguerre-type system, Horn system, normal-regular solution, special curves, rank,
antirank, overdetermined.

Introduction
The degenerate hypergeometric function is the root of many well-known functions, and through it all
orthogonal polynomials of one variable are expressed [1]-[2]. Indeed, if ¥ is not an integer, is & a

negative integer or zero, then the series
a ala+1
G(a,}/;x):1+—x+—( )x2
y© 2y(y+1)

representing the degenerate hypergeometric function terminates, and we obtain a polynomial G(— ny; x)

+... Q)

in particular expressing the polynomial of Laguerre. In the theory of orthogonal polynomials, there are
several differential equations solutions of which are Laguerre’s polynomials and various applications in
the problems of mathematical physics, as well as in the theory of the hydrogen atom, etc. [3, ¢.226]- [4]-
[5,115-118]. The generalization of this theory to Laguerre’s polynomials of two variables and systems of
partial differential equations of the second order, which they satisfy, has not reached this level. The study
is complicated by the fact that if in the ordinary case there is only one degenerate hypergeometric
equation, then in the case of two variables there are 20 degenerate systems and 20 degenerate
hypergeometric functions of two variables satisfying them [6, ¢.226-230]-[7]. It is not yet known how
38
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many systems of the Laguerre type are there and with which of the 20 degenerate systems they are
connected. Apparently, this was influenced by the insufficient development of the analytical theory of
such systems. Therefore, another direction for studying orthogonal polynomials of two variables as
eigenfunctions of linear partial differential operators of the second order was developed [8]-[9]-[10].

In the works of Zh.N.Tasmambetov and A.A.Issenova the system of Horn (‘Pz) was selected as a
binding system and the connection between the degenerate hypergeometric function of Humbert

(.8 )(x, y) was studied.

n,m

Y, (05, 7,7 x, y) and the Laguerre’s function of two variables L

In [11] it was shown that from the system of Horn

xZ . +(]/—x)Zx -yZ,+nZ=0
vZ,, +(7—y)Zy —xZ, +nZ 20} @
when y =a+1Ly'=f+La#0,0#0,1=—n the basic system of Laguerre is obtained
xZ . +(a+l—x)Zx -yZ,+nZ =0
yZyy+(ﬂ+1—y)Zy—xe+nZ=O} G)
solution of which is a polynomial
Y, (-na+l,p+1x,y)= i (—n)#w XY 4)

S la+1),(B+1), o

By analogy, this polynomial is called the generalized Laguerre’s polynomials of two variables and is
denoted by

Basic information
According to the general theory of systems of the form (2), when the condition of compatibility and

integrality is performed [12], it has up to four linearly independent solutions Z, (i = 1,_4 , and the general

solution depends on arbitrary constants and is represented as a sum

Z(x,y)= (OVA (x,y)+ CZZZ(X,)/)‘*‘ C3Z3(x,y)+ C4Z4(x,y) (6)

where C, (i = ﬁ) are arbitrary constants, Z = Z (x, y) is a general unknown.

The system has a regular (0,0) singularity and an irregular (oo,oo) singularity. To classify regular
and irregular singularities K.Ya. Latysheva used the notion of rank

p:1+k,k:max—ﬂs_ﬂ0 (7)
(lisin) Ky
introduced by H. Poincare and antirank
. T, T,
m=-1—y, y = min (8)

(ISsSn) Ky
introduced by L. Tome.

These concepts were generalized to the case of the studied system of (2) Zh.N.Tasmambetov[13].
If the rank is p < 0, then the special curve (x =00,y = oo) is regular, when p > 0 the special curve

is irregular. When m < 0 a special curve (0,0) is regular, and if m > 0 special is irregular [13].
Definition 1. If the rank p > 0 and antirank m < 0, then system (2) has a solution
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Z(x,y)=expO(x, y)-x" y 3" AV ", 4y, 0, ©)

H.v=0

where p,,0; (i = rl AY (,u,v = 0,1,2,...) - unknown constants; Q(x, y) - polynomial of two variables

y7RY
a a
Q(x,y)=7i0xp +ﬂy” +otaxy+tax+ay,y, (10)

with unknown coefficients « 205 0 peees Oy s Uy Oy - The solution of the form (9) is called normal-
regular.
If the special curve (0,0) is regular, then the polynomial Q(x, y) =0 and the solution of the system
exists in the form of a generalized power series of two variables
Z(x,y)=x"y™ 3 A X"y, 4y %0, (an
w1,v=0 '
where p,, 0, (i = 1,_41 AL’)V (££,v =0,1,2,...) - the unknown constants.

The highest degree of the polynomial Q(x, y) is determined by the rank p .
Definition 2. The values of number p determined by the equality (7) are called series order (9) and
can be an integer or a fractional number (positive or negative).

CONCLUSION OF THE RELATED SYSTEM OF THE LAGUERRE TYPE AND THE
CONSTRUCTION OF ITS SOLUTION

Formulation of the problem
From the system of Horn (‘Pz) by means of converting

a+l _p+l

Zzexp[ng%j-x_zy ’ -U(x,y) (12)

a system of Laguerre type is installed
2

x*U, —xyU  + —x——ﬂJrkarl—a2 U=0
’ 4 2 4
(13)

2

where k = (a +[+2- 2/1)/ 2 is related with the basic Laguerre system (3).

Such systems belong to the Whitaker-type system [7]. By applying Frobenius-Latysheva method
[13] we want to establish distinctive features of the system (12) and construct its normal-regular solution
dependent on Laguerre’s polynomials of two variables.

2
yzUyy -xyU, +(—yj—ﬂ+ky+%—ﬂ2j-U:0

MAIN RESULTS
Theorem 1. The system of second order partial differential equations (13) has four linearly
independent partial solutions, which are expressed through the degenerate hypergeometric function of

M.R. Humbert ‘P, (a, 7,7 x, y) in the form of normal-regular series

2

a+l B+l
U(x,y)=exp(—£—1)~x2y -‘Pz(—n,a+1,ﬁ+l;x,y)=
; o (14)
=eXp(———XJ-x 2y L (%)

dependent on the Laguerre’s polynomial of two variables
— 4) ——
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n_ " n(n—l) o+ n(n—l) RN
Ma+1)" 1W(B+1)" Wa+1)B+1)" W a+1)a+2)

n(n—l) ) ...+(—1)n n(n—l)...l "

L (x,y)=1- i

NTIESY ) Mot )larn) 15)
+(=1) n(n_l)---l g (=) n(n—l)...l .,
) et ) (arn1)p+1) 7 (1) A1) (+n)

Evidence. For the proof Frobenius-Latysheva method is used. Like the degenerate system (2) the
system (12) has a regular (0,0) singularity and an irregular (O0,00) singularity. By highest degrees of
independent variables X and ) certain subranks: k| =0,k =0 and rank p =1+ k = 1. Then according

to the method of Frobenius-Latysheva for the construction of normal-regular solution of (9), in the system
(13) the transformation is correct:

U = explayx + g, v )D(x, ) (16)
where «,, and «, are uncertain coefficients, which need to be determined from the newly obtained

support system.

2
X0, +20x° D, —xy®, J{(Oﬂfo —%)xz —(a(fl —%)xy+kx+%—%]~d) =0

2 2.2 2 1 2 2 1 1 ﬁz
y @yy+2a01y @y_xyq)x+ aOl__ y — alO__ xy+kJ;+___ .@—O

By equating coefficients to zero at the highest degrees of independent variables x> and y° at

unknown CD(x, y) , we define a system of characteristic equations

1
bl((l))(aIO’aOI ) = alzo _Z =0,

1 (18)
b(()?)(aloaam ) = a(?l _Z =0.

This shows the fulfillment of the first necessary condition for the existence of a normal-regular
solution (9) connected with the definition of the unknown coefficients of the Q(x, y) polynomial [13].
Theorem 2. Equality (18) is required for a supporting system to have at least one solution of the form

9).
5
27 2)

The system (17) has four root pairs:
11 1 1

. abt)=( 3.5 k)
(19)
272 272

defining four polynomials of the first degree of the form (10), since the rank of the system is equal to one:
0,(x.y)=alix+afly,i=14.
Four (al(é),aéll)ll =1,2 pairs in (18) define four systems from the auxiliary system (18). Each of

them can have up to four linearly independent particular solutions. Thus, the initial system should have up
to 16 private solutions. However, a detailed study shows that out of the four systems, only the system
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2
X0 +x’D, —xy®, +(kx+i—a7)® =0
(20)

2
YO, +y' 0, —xpd, +(ky+%—%}cb=0

has four linearly independent particular solutions. All of them are expressed through degenerate
hypergeometric function of Humbert ‘¥, (a, 7,75 x, y).

Indeed, by making up the system of characteristic functions of the system (20) we make sure that the
system of defining equations with respect to the singularity (0,0)

2
F9(p,0)= plp—1)+ - o,

) ;2 e
foo (:0’ ) (G 1)"'2_7:0’
has four pairs of roots:
(Lol B lal B
(p"a‘)_[fz’z 2)(,01, )= (2+2’2 2}’
1l al pB Il al pB -
buo)=(5-55 5 oo~ 3-54-5)

This shows the fulfillment of the second necessary condition.

Theorem 3. In order for the system (13) to have a normal-regular solution of the form (9), it is
necessary for the pair (,0, O') to be the root of the defining equations with respect to the (0,0) singularity
of the form (20) obtained from the auxiliary system (17) by substituting instead of the unknown
Z(x,y)=x"y".

The existence of four pairs of roots (22) ensures the existence of four linearly independent particular
solutions of the system (20) in the form of generalized power series (12). Since, the values of p and o

are defined, it remains to find the unknown constants 4, , (,u,v = 0,1,2,...) with the help of a system of

recurrent sequences
ZA," Ly ,0+m U0 +n— v)( :0,1,2,...;1':1,2;,u,v:0,1,2,...).

Thus, the constructed particular solutions of (19) have the form of the

a+l g+l
(I)l(x,y)zxzy2 -Tz(a;ﬂ+l—k,a+l,ﬂ+l;x,y

a+l 1= _
D, (x,y)=x2y" -‘Pz(azﬁﬂ—k,aﬂ,l—ﬁ;x,y

l-a B+t _
CD3(x,y)=x 297 -‘Pz(ﬂza+l—k,l—a,ﬁ+l;x,y

l-a 1B _ _
CD ('x y) y 2 \PZ( a2 ﬂ—l—l_kal_a’l_ﬂa-x’yj

Considering k = (a +p+2- 2/1)/ 2, these solutions are represented in the form
a+l  p+l

CI)I(x,y)=x 2y ’ ~‘1’2(—n,a+1,ﬁ+l;x,y)

— 4y ——
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a+l  1-p
®,(x,y)=x 2y W (-n-p.a+ll-Fxy)
l-a  p+l
CI)3(x,y)=x 2y -‘I’Z(—n—a,l—a,ﬂ+1;x,y) (23)
l-a 14
<D4(x,y)=x 2 y ’ .T2(_n_a_ﬂ>1_a:1_ﬂ;x:y)
Hence, it is not difficult to notice that the system solution we are interested in (20):
atl p atl p
CDl(x,y):x 2y ’ -‘PZ(—n,a+1,,6’+1;x,y)=x 2y ’ -L(n"f;lﬂ)(x,y) (24)

and the remaining solutions will not be considered in the future.

The fulfillment of two necessary conditions ensures the existence of a normal-regular solution (14),
dependent on the Laguerre’s polynomial of two variables (15). The theorem is proved.

The General solution of the system (12) on the basis of (6), taking into account formulas (23), is
presented as

U(x,y)z U, (x’y)+ a,U, (x,y)+U323 (x,y)+ C4U4(xay):

=C, exp(—%—%}bl (x,y)+ C, exp(—%—%)@z(x,y)Jr

+C, exp(—g—%)d)} (x,y)+ C, exp[—%—%jd%(x,y),

where C, (i = ﬁ) - are arbitrary constants.
On the basis of the above reasoning, some statements can be made.
Theorem 4. The system (16) with respect to q)(x, y) , obtained from (13) by conversion

Ulx,y)=expQ(x,y) @(x, ) (25)

has the same rank as the system (13).
Indeed, since the rank of the system (12) is equal to one, we present transformations (25) in the form

of (15) and obtain a system with respect to q)(x, y), where the rank is p =1. The proof of theorem for
the General case is given in the monograph [12].

Theorem 5. The system (13) for which p > 0, m <0 has normally regular solution (14), which is
expressed through the generalized Laguerre’s polynomial of two variables and the right-hand side (14)
converges near the singularity (x =0,y = 0).

The system (13) is said to be related the system of the Laguerre type. As we have seen, its solutions
are also expressed through the degenerate hypergeometric function of M.R. Humbert ‘¥, (Ot, 7,75 x, y) in

the form of normal-regular series (14) dependent on the Laguerre’s polynomial of two variables (15).
Conclusion: Thus, using the transformation (12), we have established the form of a system of
Laguerre’s type (3) related to the main system. The application of the Frobenius-Latysheva’s method
allowed us to construct normal-regular solutions of the derived related system (13) near the singularity
(0,0). Generalized Laguerre polynomials also have representations through other hypergeometric
functions of two variables [14, p.358].
The limit transition formula is fair [15]

o
a—> a o

Formula (24) can be similarly represented using the same limit transition as a product of Laguerre
polynomials in variables x and y .

lim L(a,ﬂ,y)(ﬁ,lj _ Lgnﬁ—l)(x), L(,f‘l)(y).
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In the work [16, p. 6-17] the connection of considered systems with the overdetermined systems,
studied in the works of Tajik Mathematical School [17] - [18] - [19] was indicated.

The research in this work can be extended to the case of three variables. The connection of the
generalized Laguerre’s polynomials of one and two variables with generalized hypergeometric functions
[20], [21] of many variables was considered in [14] - [15], [22]. However, for this case the main theorem
1 and theorems 2—5 presented here haven’t been proved yet. Also, the question of the computational
application of special functions of several variables, as in the monograph [23] hasn’t been touched upon.
Following [24], it is necessary to develop a numerical method for calculating the values of the degenerate

hypergeometric Humbert ¥, (Ot, 7,75, y) functions through the products of Laguerre polynomials in

variables and using our formula (24). The problem of the asymptotic expansion, given in [25], is also
important when studying the properties of special functions of several variables. We have obtained an

asymptotic expansion near the origin (0,0).

JK.H.Tacmamberos', H.PaxkaGos’, A.A.Mcenosa’

IK.}K¥6&HOB ateiagarel AOMY, Axkre0e, Ka3zakcran;
*Toxik YITTHIK yHHBepcnTeti, JlymanGe, ToxikcTan;
3K.}K¥6aHOB ateiHaarel AOMY, Axre0e, KazakcTan

JATEPPA TEKTEC TYBICTAC )KYWUEHIH INEUIIM/IEPIH TYPFbI3Y

AnnHoTtanus. JXyMBICTBIH MakcaTel — [OpHHBIH TyBIHIAlFaH JKYHeCiHEH HapaMeTpliepii Tikelnel TaHIay »KoHE
9KCHOHEHIIMAN TYPJICHIIPY KOMeriMeH allbiHFaH Jlareppa TekTi KyieHi 3epTTey. MyH/aii eKiHI peTTi AepOec TYbIHABLIBI
eKi TeHJeylepJeH TypaTblH AubdepeHIuanIbK TeHIbeyaep xKyhecin 0i3, Jlareppa TekTi Herisri xyileMeH TybICTac Jel
aTafplK. ATaiFaH >KyHenepli 3epTTey[iH KHUBIHABIFBI MBIHAZa: erep kxai anddepeHruaniblK TeHAEYIep KarmailblHaa
Kymmepaiy Oip TyblHAaFaH TeHIEyl Oap >koHE OHbl KaHaraTTaHIbIPAThIH Oip FaHA TUNEPreOMETPHUSbIK TybIHIAIFaH
(dyHkuuscel Oap Ooiica, OHIA €Ki aiHbIMaJbl karmaiibiHma 20 TyblHAANFaH JKydenep maiima Oosafbl JKOHE OJapibl
KaHaraTTaHAbIpaThiH 20 TybIHAANFaH TUIEPreoMeTpUsIbIK GyHKIMsAIap Oenrini. O3ipre, Jlareppa TexTec KaHia xyienep
Oap eKeH/Iri OHEe oNlapJblH TYBIHIAJNFaH XYHelep/iH KaichbichIMeH OaiinaHbpicTa ekeHairi Oenriciz. XKammbira oprak
3epITey OMICi KOK. ¥ CBHIHBUIFAH JKYMBICTa €Ki alHbIManbIHBIH Jlareppa KemMyILIeNiriHe Toyendl KalblIThI-perysisip
HieuriMaep TYpFbI3y YIIOiH, €Ki aiHbiManbl karmaibiHa JK.H.TacmamberoB xanmbuiaran ®pobOenuyc-Jlatbimesa omici
nalfanansuianbl. PaHr jkoHEe aHTUPAHT TYCIHIKTEpiH HaiifalaHbIN, epeKile KUCHIKTApIbIH KJIACCU(PUKAIUACH XKacalFaH
JKOHEe MYHJal KyHelep/iH KaJblIThI-peryJsisip MICHMICpiH TYPFbI3yFa KaTBICThI HETi3ri TYCiHIKTep KenripiireH. TepT
CBI3BIKTHI-TAYEJICI3 iepOec menrMaepAin 6ap OonaThIHIBIFBI TYpalbl HEri3ri Teopema nanenjaenred. On aepOec menrimaep
JlareppaHblH €Ki afHBIMANBIHBIH KenMymenirine toyenmi M.ILITymOepTTiH TybIHAAIFaH THIIEPT€OMETPHSIIBIK,
(YHKIMACHL apKbUIBl ©PHEKTEIIeH KaJBINTHI-PEryJsip KaTap apKblIbl aHBIKTanaibl. KOPBITBIHABICBIHAA, 3€PTTEIreH
JKYHEHIH apTHIFBIMEH aHBIKTAJIFaH JKylelepMeH OaillaHbICHI KoHe €Ki alHBIMaNbIHBIH Jlareppa KenmMymIenirinig kerdip
Gackalra epHEKTelyi KeaTipiareH.

Tyiiin ce3nep: TybicTac, xkyiie, Jlareppa tekri xyiie, ['opH xKyiieci, KaIbINTHI-PErysp WICIIiM, epeKIle KUCBIKTAp,
PaHT, aHTUPAHT, apPTHIFEIMEH aHBIKTAJIFAH.

VK 517.946:517.588
)K.H.TacMamﬁeTOBI, H.Paumaﬁonz, A.A.Hcenosa’

"APTY um. K.XKXy6anoBa, Axto6e, Kazaxcras;
2 TaKUKCKHI HAIIMOHABHBIA YHUBEPCUTET, TakukucTaH, Jymanoe;
SAPT'Y nm. K.’Ky6anoBa, Axtobe, Kazaxcran

IOCTPOEHMUSA PEIIEHUSA POJICTBEHHOM CUCTEMBI TUIIA JIATEPPA

AnHoTtauus. {enpro paboThl SBISETCS W3yueHHE CHCTEMbI TUMa Jlareppa, Moly4eHHOH U3 BBIPOXKICHHOH CHCTEMBI
l'opHa HemocpeacTBEHHBIM MOAOOPOM MapaMeTPOB, a TAKXKE C IMOMOILBIO0 SKCIOHEHIMANIBHOrO mnpeodpa3oBanus. Takas
cHCcTeMa, COCTOsIIAst U3 IBYX AU depeHIMaNbHBIX YPaBHEHNH B YACTHBIX IIPOU3BOAHBIX BTOPOTO MOPSIIKA, HAMU Ha3BaHA
POICTBEHHOM ¢ OCHOBHOHM cucteMoi tumna Jlareppa. TpyIHOCTH M3y4eHHs COCTOST B TOM, YTO €CIM B OOBIKHOBEHHOM
cilyyae MMEeT MECTO OJHO BBIPOXKAEHHOE ypaBHeHHe KyMmepa M TONBKO OfHA BBIPOXKICHHAsI THIIEPreOMETpHYEcKast
(yHKIHMSA, YAOBIETBOPSIONIAS €My, TO B Cllyyae ABYX IEpEeMEHHBIX MNosABIA0Tca 20 BBIpOXKAEHHBIX cucteM u 20
BBIPO>KACHHBIX THIIEPreOMEeTPUYEeCKUX (PYyHKIUH ABYX NEPEeMEHHBIX yIOBIETBOPAIOMNX UM. IIoka He U3BECTHO, CKOIBKO
CylecTBYIOT cucteM Tuma Jlareppa, U ¢ xakumMu u3 20-TH BBIPOXKAEHHBIX CHCTEM OHHM CBsi3aHbl. OTCYTCTBYeT OOLIMii
METOJ HCcleqoBaHMsA. B maHHOW paboTe I MOCTPOSHMS HMX HOPMAIBHO-PETYISPHOTO PELICHHs, 3aBUCSIIETO OT
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MHorouileHa Jlareppa AByX I€peMEHHBIX, IpUMeHeH o0000meHHbld Ha 3T0T ciydail JK.H.TacmamOeToBbIM MeTOZ
®pobennyca-JlaTemreBoif. lpuBeneHa kmaccuuKanus OCOOBIX KPHBBIX C IIOMOINBIO paHTa M aHTHPAHTa, a TaKxKe
OCHOBHBIE CBEJICHUSI 00 0COOEHHOCTSX IIOCTPOSHUSI HOPMAJIbHO-PETYIAPHBIX PEIIeHUH Takux cucteM. JlokazaHa OCHOBHas
TeOpeMa O CYIIECTBOBAHMU YEThIPEX JIMHEHHO-HE3aBHCUMBIX YACTHBIX PELIEHUH, KOTOPbIE OIPENEIAIOTCS uepes
BBIPOXKACHHYIO Tunepreomerpuueckyto ¢pynkuuo M.ILI'ymGepTa B BuIe HOPMaIbHO-PETyISPHBIX PSIJOB 3aBUCALIUX OT
MHorouseHoB Jlareppa 1Byx nepeMeHHbIX. B BbIBO#aX yKa3aHa CBS3b TAKUX CHUCTEM C IIEPEONPEAEIEHHBIMU CUCTEMAMU U
HEKOTOPBIMH IPE/ICTaBIEHUAMH MHOrowIeHa Jlareppa IByX IepeMEHHbIX.

Karouesbie ciaoBa: PoncreenHas, cucrema, cucrema tumna Jlareppa, cucrema I'opHa, HOpMajbHO-peryJsipHOE
pelieHue, ocoOble KpUBbIE, PaHT, aHTUPAHT, TIEPEOIPEAEICHHbIN
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