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ON SQUARE ROOT OF STURM-LIUVILLE OPERATOR 
 

Abstract. In this paper, we find square root of the Sturm – Liouville operator and show that this root is a 
functional-differential operator of first-order. Form of the corresponding boundary problem of this functional - 
differential equation is found. As a suggestive idea, we use one Putnam theorem. Boundary value conditions of the 
Sturm-Liouville operator have a very special form, and they are dictated by the method of investigation. The found 
unitary operator generalizes the known momentum operator. 

Keywords. Sturm-Liouville operator, square root of operator, functional differential operator, equations with 
deviating argument, Kato hypothesis, Macintosh example, Gours operator, inverse problem, spectrum, eigenvalues, 
eigenfunctions, unitary operator, similarity operator. 

 
1. Introduction. It is known [1.p.393], that if ܣ is a self-adjoint and non-negative operator in a 

Hilbert space ܪ, then there exists unit self-adjoint operator ܤ  0 such that ܤଶ ൌ  The following .ܣ
theorem from the same source says that not every operator has a square root. 

 
Theorem 1.1 [1.p.357]. Let ܦ be a bounded open set in ԧ such that the set 

ߗ ൌ ሼߙ ∈ ԧ: ଶߙ ∈  ሽܦ

is connected and the point 0 does not belong to the closure of the set ܦ. Let ܪ be a set of all holomorphic 
functions ݂ in ܦ such that  

න|݂|ଶ݀݉ଶ ൏ ∞





 

(where ݉ଶ is a Lebesgue flat measure). We give in ܪ scalar product by the formula: 

ሺ݂, ݃ሻ ൌ න݂݃̅݀݉ଶ





. 

Then ܪ is a Hilbert space. We define the product operator ܯ ∈ ࣜሺܪሻ, assuming  
ሺ݂ܯሻሺݖሻ ൌ ,ሻݖሺ݂ݖ ሺ݂ ∈ ,ܪ ݖ ∈  .ሻܦ

Then the operator ܯ is invertible in ࣜሺܪሻ, but it does not have a square root. 
Extending the concept of a root to dissipative operators, Kato hypothesis has been arisen, consisting 

in the fact that the domain of a root from an operator always coincides with the domain of a root from an 
adjoint operator. However, in 1972 A.Makintosh [3] built a counterexample, since then the hypothesis 
was slightly reformulated: find the largest class of operators that satisfies this condition, and very active 
research in this direction is currently cited [4-57]. 

Many operators of theoretical physics have square roots [57–64]; in particular, the square root of 
operator A in a Banach space was found in [65, pp.169-176]. We give an excerpt from this work.  
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We consider a generating operator ܣ in a Banach space ࣜ, that has the following properties: 
1) Operator ሺܫ   ;ሻିଵ exists, is defined everywhere in ࣜ and bounded by oneܣଶߛ
2) Operator ିܣଵ exists; 
3) ฮ݁௧ฮ  ,ܯ െ∞ ൏ ݐ ൏ ∞. 
In these conditions the following lemmas hold. 
Lemma 1.1. Operator 

ܶ ൌ
2݁ିగ/ସ

ߨ√
නܣ ݁௫

మ
ݔ݀

ஶ



 

exists as an operator in ࣜ in the domain ܦሺܣሻ. 
Lemma 1.2. For any ݕ ∈  ሻ the following equality is trueܣሺܦ

ܶଶ݃ ൌ  .݃ܣ

Due to these results, the following problem arises. 

1. Formulation of the problem. Find a square root of the Sturm - Liouville operator 

ݕܮ  ൌ െݕᇱᇱሺݔሻ, ݔ ∈ ሺ0,1ሻ,          (1.1) 

 ൜
ሺ0ሻݕߙ  ሺ1ሻݕߚ ൌ 0,
ᇱሺ1ሻݕߙ  ᇱሺ0ሻݕߚ ൌ 0,

           (1.2) 

where ߙ,  are arbitrary (yet) complex numbers, satisfying the condition ߚ

|ߙ|   |ߚ| ് 0.   (1.3) 

2. Research methods. 
Calculate minors of the boundary matrix 

൬
ߙ 0 ߚ 0
0 ߚ 0  ,൰ߙ

ଵଶܬ ൌ ,ߚߙ ଵଷܬ ൌ 0, ଵସܬ ൌ ,ଶߙ ଶଷܬ ൌ െߚଶ, ଶସܬ ൌ 0, ଷସܬ ൌ  .ߚߙ

If ܬଵସ  ଷଶܬ ൌ ଶߙ  ଶߚ ് 0, then the Sturm - Liouville problem (1.1) - (1.3) has a complete system of 
eigen and associated functions, see [66., p.41]. 

Find eigenfunctions of the Sturm-Liouville problem (1.1) - (1.2). General solution of the equation 
(1.1) has the form: 

  

,ݔሺݕ  ሻߣ ൌ ܣ cos ݔߣ ܤ
ୱ୧୬ఒ௫

ఒ
,   (1.4) 

where ܣ,  are arbitrary constants. Putting (1.4) into (1.2), we have ܤ

,ݔᇱሺݕ ሻߣ ൌ െܣߣ sin ݔߣ  ܤ cos  ,ݔߣ

ሺ0ሻݕ ൌ ,ܣ ᇱሺ0ሻݕ ൌ ,ܤ ሺ1ሻݕ ൌ ܣ cos ߣ  ܤ
sin ߣ
ߣ

, 

ᇱሺ1ሻݕ ൌ െܣߣ sin ߣ  ܤ cos ߣ ; 

ቐ ܣ ∙ ߙ  ߚ ൬ܣ cos ߣ  ܤ
sin ߣ
ߣ

൰ ൌ 0,

ܣߣሺെߙ sin ߣ  ߚ cos ሻߣ  ܤ ∙ ߚ ൌ 0;
 

ቐ ߙሺܣ  ߚ cos ሻߣ  ܤ ∙
ߚ sin ߣ
ߣ

ൌ 0,

ߙߣሺെܣ sin ሻߣ  ߙሺܤ cos ߣ  ሻߚ ൌ 0.
 

Therefore, we obtained the system of equations 

ቐ ߙሺܣ  ߚ cos ሻߣ  ܤ ∙
ߚ sin ߣ
ߣ

ൌ 0,

ߙߣሺെܣ sin ሻߣ  ߙሺܤ cos ߣ  ሻߚ ൌ 0.
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determinant of which has the form 

 ∆ሺߣሻ ൌ ቤ
ߙ  ߚ cos ߣ

ఉ ୱ୧୬ ఒ

ఒ
െߙߣ sin ߣ ߙ cos ߣ  ߚ

ቤ ൌ ሺߙ  ߚ cos ߙሻሺߣ cos ߣ  ሻߚ  ߣଶ݊݅ݏߚߙ ൌ 

ൌ ଶߙ cos ߣ  ߚߙ  ߣଶݏܿߙߚ  ଶߚ cos ߣ  ߣଶ݊݅ݏߚߙ ൌ 
ൌ ଶߙ cos ߣ  ଶߚ cos ߣ  ߚߙ2 ൌ ሺߙଶ  ଶሻߚ cos ߣ   .ߚߙ2

 If ∆ሺߣሻ ൌ 0, then cos ߣ ൌ െ
ଶఈఉ

ఈమାఉమ
,  

 ∆ሶ ሺߣሻ ൌ െሺߙଶ  ଶሻߚ sin ߣ ൌ ∓ሺߙଶ  ଶሻට1ߚ െ
ସఈమఉమ

ሺఈమାఉమሻమ
ൌ 

ൌ ∓ሺߙଶ  ଶሻߚ
ଶߙ െ ଶߚ

ଶߙ  ଶߚ
ൌ ∓ሺߙଶ െ  .ଶሻߚ

Consequently, if ߙଶ െ ଶߚ ് 0, then the associated functions of the Sturm – Liouville operator are 
absent, so the eigenfunctions of the boundary value problem (1.1) - (1.2) are complete in the space 
 .ଶሺ0,1ሻܮ

Assuming, 

ܣ  ൌ
ఉୱ୧୬ ఒ

ఒ
, ܤ ൌ െሺߙ  ߚ cos  ሻߣ

and taking into account that 

cos ߣ ൌ െ
ߚߙ2

ଶߙ  ଶߚ
 

we have  

ܤ ൌ െሺߙ  ߚ cos ሻߣ ൌ െቆߙ െ
ଶߚߙ2

ଶߙ  ଶߚ
ቇ ൌ െߙ ቆ1 െ

ଶߚ2

ଶߙ  ଶߚ
ቇ ൌ 

ൌ െߙ ∙
ଶߙ  ଶߚ െ ଶߚ2

ଶߙ  ଶߚ
ൌ െߙ ∙

ଶߙ െ ଶߚ

ଶߙ  ଶߚ
; 

ܣ ൌ േ
ߚ
ߣ
ඨ1 െ

ଶߚଶߙ4

ሺߙଶ  ଶሻଶߚ
ൌ േ

ߚ
ߣ
∙
ଶߙ െ ଶߚ

ଶߙ  ଶߚ
. 

If ߣ ൌ 0, then ∆ሺ0ሻ ൌ ଶߙ  ଶߚ  ߚߙ2 ൌ ሺߙ  ଶߙ ሻଶ, consequently, ifߚ െ ଶߚ ് 0, then ∆ሺ0ሻ ് 0. 

 If |ܣ|  |ܤ| ൌ 0, then |ߙ| ∙ |ሺߙଶ െ |ଶሻߚ  |ߚ| ∙ |ሺߙଶ െ |ଶሻߚ ൌ 0,ൌ 

ሺ|ߙ|  ଶߙ|ሻ|ߚ| െ |ଶߚ ൌ 0, hence by the condition (1.3) it follows that 

ଶߙ	 െ ଶߚ ൌ 0. 

Therefore, when ߙଶ െ ଶߚ ് 0 the solution (eigenfunction) 

,ݔሺݕ ሻߣ ൌ ܣ cos ݔߣ  ܤ
sin ߣ ݔ
ߣ

 

is not degenerate, i.е. ݕሺݔ, ሻߣ ≢ 0. 

Further, we transform the eigenfunction: 

,ݔሺݕ ሻߣ ൌ േ
ߚ
ߣ
∙
ଶߙ െ ଶߚ

ଶߙ  ଶߚ
cos ߣ ݔ െ

ଶߙሺߙ െ ଶሻߚ

ଶߙሺߣ  ଶሻߚ
sin ߣ ݔ ൌ 

ൌ
ଶߙ െ ଶߚ

ଶߙሺߣ  ଶሻߚ
ሺേߚ cos ߣ ݔ െ ߙ sin ߣ  ;ሻݔ

ሺ1ݕ െ ,ݔ ሻߣ ൌ
ଶߙ െ ଶߚ

ଶߙሺߣ  ଶሻߚ
ሾേߚ cos ߣ ሺ1 െ ሻݔ െ ߙ sin ߣ ሺ1 െ ሻሿݔ ൌ 
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ൌ
ଶߙ െ ଶߚ

ଶߙሺߣ  ଶሻߚ
ሺേߚ cos ߣ cos ߣ ݔ േ ߚ sin ߣ sin ߣ ݔ െ ߙ sin ߣ cos ߣ ݔ  

ߙ cos ߣ sin ߣ ሻݔ ൌ
ଶߙ െ ଶߚ

ଶߙሺߣ  ଶሻߚ
ሾሺേߚ cos ߣ െ ߙ sin ሻߣ cos ݔߣ  

ሺߙ cos ߣ േ ߚ sin ሻߣ ∙ sin ߣ  ;ሿݔ

Further, 

േߚ cos ߣ െ ߙ sin ߣ ൌ ∓
ଶߚߙ2

ଶߙ  ଶߚ
∓
ଶߙሺߙ െ ଶሻߚ

ଶߙ  ଶߚ
ൌ
ଷߙ∓ േ ଶߚߙ ∓ ଶߚߙ2

ଶߙ  ଶߚ
ൌ 

                                             ൌ
∓ఈయ∓ఈఉమ

ఈమାఉమ
ൌ ∓

ఈ൫ఈమାఉమ൯

ఈమାఉమ
ൌ  ߙ∓

ߙ cos ߣ േ ߚ sin ߣ ൌ െ
ߚଶߙ2
ଶߙ  ଶߚ

േ ߚ ቆേ
ଶߙ െ ଶߚ

ଶߙ  ଶߚ
ቇ ൌ 

ൌ
ଶߙሺߚ െ ଶሻߚ െ ߚଶߙ2

ଶߙ  ଶߚ
ൌ
ଶߙߚ െ ଷߚ െ ߚଶߙ2

ଶߙ  ଶߚ
ൌ
െߚଷ െ ߚଶߙ
ଶߙ  ଶߚ

ൌ 

                                           ൌ െ
ఉ൫ఈమାఉమ൯

ఈమାఉమ
ൌ െߚ.                                               

Consequently,  

ሺ1ݕ െ ,ݔ ሻߣ ൌ
ଶߙ െ ଶߚ

ଶߙሺߣ  ଶሻߚ
ሺ∓ߙ cos ݔߣ െ ߚ sin ߣ ሻݔ ൌ 

                              ൌ ∓
ఈమିఉమ

ఒሺఈమାఉమሻ
ሺߙ cos ݔߣ േ ߚ sin ߣ  ሻ;    (1.5)ݔ

,ݔᇱሺݕ ሻߣ ൌ
ଶߙ െ ଶߚ

ଶߙሺߣ  ଶሻߚ
∙ ߚ∓ሺߣ sin ߣ ݔ െ ߙ cos ሻݔߣ ൌ 

െߣ
ଶߙ െ ଶߚ

ଶߙሺߣ  ଶሻߚ
ሺߙ cos ݔߣ േ ߚ sin ߣ ሻݔ ൌ 

                                    ൌ െ
ఈమିఉమ

ఈమାఉమ
ሺߙ cos ݔߣ േ ߚ sin ߣ  ሻ.    (1.6)ݔ

Comparison of the formulas (1.5) - (1.6) shows that 

,ݔᇱሺݕ  ሻߣ ൌ േݕߣሺ1 െ ,ݔ  ሻ.     (1.7)ߣ

We consider the case ߙଶ െ ଶߚ ൌ 0 separately. 

 If ߙଶ െ ଶߚ ൌ 0, then ߚ ൌ േߙ, 

∆ሺߣሻ ൌ ଶߙ2 cos ߣ േ ଶߙ2 ൌ ଶሺcosߙ2 ߣ േ 1ሻ, ൌ 	 cos ߣ േ 1 ൌ 0. 

In this case, 

ܤ ൌ െሺߙ  ߚ cos ሻߣ ൌ െሺߙ േ ߙ cos ሻߣ ൌ െߙሺ1 േ cos ሻߣ ൌ 0, 
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ܣ ൌ ߚ
sin ߣ
ߣ

ൌ 0. 

In this case we should choose the coefficients by using another method. 

Let 

,ݔሺݕ ሻߣ ൌ cos ߣ ݔ  sin ߣ where cos ,ݔ ߣ േ 1 ൌ 0, then  

ܹሾݕሺݔ, ,ሻߣ ሺ1ݕ െ ,ݔ ሻሿߣ ൌ ฬ
cos ߣ ݔ  sin ߣ ݔ cos ߣ ݔ െ sin ߣ ݔ

ሺcosߣ ߣ ݔ െ sin ߣ ሻݔ െߣሺcos ߣ ݔ  sin ߣ ሻฬݔ ൌ 

ൌ െߣሾሺcos ߣ ݔ  sin ߣ ሻଶݔ  ሺcos ߣ ݔ െ sin ߣ ሻଶሿݔ ൌ 

ൌ െߣሺ1  1ሻ ൌ െ2ߣ ് 0. 

ሺ1ݕ െ ,ݔ ሻߣ ൌ cos ߣ ሺ1 െ ሻݔ  sin ߣ ሺ1 െ ሻݔ ൌ cos ߣ cos ߣ ݔ  sin ߣ sin ߣ ݔ  

sin ߣ cos ߣ ݔ െ cos ߣ sin ߣ ݔ ൌ cos ߣ ሺcos ߣ ݔ െ sin ߣ  ;ሻݔ

,ݔᇱሺݕ ሻߣ ൌ ሺെߣ sin ߣ ݔ  cos ߣ ሻݔ ൌ ሺcosߣ ߣ ݔ െ sin ߣ ሻݔ ൌ
ߣ

cos ߣ
ሺ1ݕ െ ,ݔ  ,ሻߣ

where cos ߣ ൌ േ1, consequently, 

,ݔᇱሺݕ  ሻߣ ൌ േݕߣሺ1 െ ,ݔ  ሻ.       (1.7)ߣ

Let’s check the boundary conditions: 

,ݔሺݕ ሻߣ ൌ
ଶߙ െ ଶߚ

ଶߙሺߣ  ଶሻߚ
ሺ∓ߚ cos ݔߣ െ ߙ sin ߣ ሻݔ ൌ 

ൌ
ܭ
ߣ
ሺ∓ߚ cos ݔߣ െ ߙ sin ߣ  .ሻݔ

,ݔሺݕ െ	ߣሻ ൌ
ଶߙ െ ଶߚ

െߣሺߙଶ  ଶሻߚ
ሺ∓ߚ cos ݔߣ  ߙ sin ߣ ሻݔ ൌ 

ൌ
ܭ
െߣ

ሺ∓ߚ cos ݔߣ  ߙ sin ߣ  ,ሻݔ

,ݔᇱሺݕ ሻߣ ൌ ߚ∓ሺܭ sin ݔߣ െ ߙ cos  ,ሻݔߣ

,ݔᇱሺݕ െߣሻ ൌ ሺേܭ sin ݔߣ െ ߙ cos  ,ሻݔߣ

ܹሾݕሺݔ, ,ሻߣ ,ݔሺݕ െߣሻሿ ൌ อേߚ
ܭ
ߣ

ߚ∓
ܭ
ߣ

െܭߙ െܭߙ
อ ൌ െܭߙ ቚേߚ ߚ∓

1 1
ቚ
ܭ
ߣ
ൌ 

ൌ െ
ଶܭߙ

ߣ
ሺേߚ േ ሻߚ ൌ ∓

ଶܭߚߙ2

ߣ
ൌ ∓

ߚߙ2
ߣ

ቈ
ଶߙ െ ଶߚ

ଶߙ  ଶߚ

ଶ

. 

Lemma 2.1. If 

 
ఈఉ

ఒ
∙
ఈమିఉమ

ఈమାఉమ
് 0                                                          

then any eigenfunction of the Sturm-Liouville boundary value problem (1.1) - (1.2) 

ݕܮ  ൌ െݕᇱᇱሺݔሻ ൌ ,ሻݔሺݕଶߣ ݔ ∈ ሺ0,1ሻ,    (1.1) 
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  ൜
ሺ0ሻݕߙ  ሺ1ሻݕߚ ൌ 0,
ᇱሺ1ሻݕߙ  ᇱሺ0ሻݕߚ ൌ 0,

     (1.2) 

is an eigenfunction of the boundary value problem 

ݕ݈ ൌ ᇱሺ1ݕ െ ሻݔ ൌ  ,ሻݔሺݕߣ

ሺ0ሻݕߙ  ሺ1ሻݕߚ ൌ 0; 

i.е. the formula 

݈ଶݕ ൌ ൬ܵ
݀
ݔ݀
൰
ଶ

ݕ ൌ ݕܮ ൌ െݕᇱᇱሺݔሻ 

holds, where the operator ܵ has the following form 

ሻݔሺݑܵ ൌ ሺ1ݑ െ ,ሻݔ ሻݔሺݑ∀ ∈  .ଶሺ0,1ሻܮ

In this sense, the operator ܮ is the square root of the Sturm-Liouville operator. 

The case ߙ ∙ ଶߙሺߚ െ ଶሻߚ ൌ 0 requires separate study. 

We find the operator √ܮ, where 

ݕܮ  ൌ െݕᇱᇱሺݔሻ, ݔ ∈ ሺ0,1ሻ,                                      

ሺ0ሻݕ  െ ሺ1ሻݕ ൌ 0, ᇱሺ0ሻݕ െ ᇱሺ1ሻݕ ൌ 0.                  

 General idea of the solution is as follows: first, we represent the operator ܮ in the form  

ܮ ൌ ݈ା݈ 

the product of two mutually conjugate operators, then we find the similarity operator ܶ such that    

 ݈ܶା݈ ൌ ݈݈ାܶ. 

From Putnam's theorem [1. p.337] it follows that such an operator will certainly be unitary, that is, 
there is the equality 

ܶ∗ܶ ൌ ܶܶ∗ ൌ  ,ܫ

where ܫ is unit operator. In our observation [67], our desired operator has the form ݈ܶ, where 

ሻݔሺݕ݈ ൌ ,ሻݔᇱሺݕ ሺ0ሻݕ െ ሺ1ሻݕ ൌ 0. 

We solve these problems step by steps, and more in detail. 

Let ݈ݕሺݔሻ ൌ ,ሻݔᇱሺݕ ݔ ∈ ሺ0,1ሻ,                                       

ሺ0ሻݕߙ   ሺ1ሻݕߚ ൌ 0, |ߙ|  |ߚ| ് 0.                         (1.8) 

We find formal conjugate operator ݈ା. 

Let ݕ ∈ ݖ ሺ݈ሻ andܦ ∈  ሺ݈ାሻ, then the formulaܦ

ሺ݈ݕ, ሻݖ ൌ ሺݕ, ݈ାݖሻ, 

holds, where the scalar product has the form 
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ሺݑ, ሻݒ ൌ නݑሺݔሻݒሺݔሻതതതതതത
ଵ



 .ݔ݀

ሺ݈ݕ, ሻݖ ൌ නݕᇱሺݔሻ̅ݖሺݔሻ݀ݔ

ଵ



ൌ න̅ݖሺݔሻ

ଵ



ݕ݀ ൌ ሻหݔሺݕሻതതതതതതݔሺݖ


ଵ
െ නݕሺݔሻݖᇱഥ ሺݔሻ݀ݔ

ଵ



, 

thus, we have ݖሺ1ሻതതതതതതݕሺ1ሻ െ ሺ0ሻݕሺ0ሻതതതതതതݖ ൌ 0. Combining this condition with the boundary condition (1.8), we 
obtain the system of equations 

൜ݖ
ሺ0ሻതതതതതതݕሺ0ሻ െ ሺ1ሻݕሺ1ሻതതതതതതݖ ൌ 0,
ሺ0ሻݕߙ  ሺ1ሻݕߚ ൌ 0,

 

which has nontrivial solution, therefore 

∆ൌ ฬݖሺ0ሻ
തതതതതത െݖሺ1ሻതതതതതത
ߙ ߚ

ฬ ൌ ሺ0ሻതതതതതതݖߚ  ሺ1ሻതതതതതതݖߙ ൌ 0, 

then  

ሺ0ሻݖߚ̅  ሺ1ሻݖതߙ ൌ 0. 

Therefore, 

݈ାݖ ൌ െݖᇱሺݔሻ, ݔ ∈ ሺ0,1ሻ, 

ሺ0ሻݖߚ̅  ሺ1ሻݖതߙ ൌ 0. 

Remark. If ܦሺ݈ሻ ൌ   ,ሺ݈ାሻܦ

then 

൜
ሺ0ሻݕߙ  ሺ1ሻݕߚ ൌ 0,
ሺ0ሻݕߚ̅  ሺ1ሻݕതߙ ൌ 0;

	ൌ 	 ଶ|ߙ| െ ଶ|ߚ| ൌ 0, |ߙ| ൌ  .|ߚ|

 

We find the operator ݈ା݈ , and research its spectral properties. 

Assuming ܣ ൌ ݈ା݈, we have 

ݕܣ ൌ ݈ା݈ݕ ൌ ݈ାݕᇱ ൌ െݕᇱᇱሺݔሻ, ݔ ∈ ሺ0,1ሻ; 

ሺ0ሻݕߙ  ሺ1ሻݕߚ ൌ 0, ᇱሺ0ሻݕߚ̅  ᇱሺ1ሻݕതߙ ൌ 0. 

We construct the boundary matrix  

൬
ߙ 0 ߚ 0
0 ߚ̅ 0 തߙ

൰ 

and calculate minors: 

ଵଶܬ ൌ ,ߚ̅ߙ ଵଷܬ ൌ 0, ଵସܬ ൌ ,ଶ|ߙ| ଶଷܬ ൌ െ|ߚ|ଶ,		 

ଶସܬ ൌ 0, ଷସܬ ൌ  .തߙߚ

We find the characteristic function [66, p.35]. 

∆ሺߣሻ ൌ ଵଶܬ  ଷସܬ  ሺܬଵସ  ଷଶሻܬ cos ߣ  ଵଷܬ
sin ߣ
ߣ

 ߣଶସܬ sin ߣ ൌ 

ൌ ߚ̅ߙ  തߙߚ  ሺ|ߙ|ଶ  ଶሻ|ߚ| cos ߣ ൌ 0, 

cos ߣ ൌ െ
ߚ̅ߙ  തߙߚ
ଶ|ߙ|  ଶ|ߚ|

, ൌ ߣ	 ൌ ݏܿܿݎܽ ቈെ
ߚ̅ߙ  തߙߚ
ଶ|ߙ|  ଶ|ߚ|

  ,ߨ2݊ ݊ ൌ 0,േ1,േ2, .. 

Now we find the eigenfunctions:      

ݕܣ    ൌ െݕᇱᇱሺݔሻ ൌ ,ሻݔሺݕଶߣ ݔ ∈ ሺ0,1ሻ;   
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General solution of this equation has the form 

,ݔሺݕ ሻߣ ൌ ܣ cos ߣ ݔ  ܤ
sin ߣ ݔ
ߣ

, 

thus we have, 

ሺ0ሻݕ ൌ ,ܣ ሺ1ሻݕ ൌ ܣ cos ߣ  ܤ
sin ߣ
ߣ

, 

ܣߙ  ߚ ൬ܣ cos ߣ  ܤ
sin ߣ
ߣ

൰ ൌ 0, 

ߙሺܣ  ߚ cos ሻߣ  ߚ
sin ߣ
ߣ

∙ ܤ ൌ 0; 

Further,  

ሻݔᇱሺݕ ൌ െܣߣ sin ߣ ݔ  ܤ cos ߣ  ,ݔ

ᇱሺ0ሻݕ ൌ ,ܤ ᇱሺ1ሻݕ ൌ െܣߣ sin ߣ  ܤ cos  ,ߣ

ܤߚ̅  ܣߣതሺെߙ sin ߣ  ܤ cos ሻߣ ൌ 0, 

െߙߣത sin ߣ ܣ  തߙ൫ܤ cos ߣ  ൯ߚ̅ ൌ 0. 

We construct the system of equations: 

ቐ
ߙሺܣ  ߚ cos ሻߣ  ܤ ∙ ߚ

sin ߣ
ߣ

ൌ 0,

തߙߣሺെܣ sin ሻߣ  തߙ൫ܤ cos ߣ  ൯ߚ̅ ൌ 0.
 

Calculate determinant of the system: 

∆ൌ ቮ
ߙ  ߚ cos ߣ ߚ

sin ߣ
ߣ

െߙߣത sin ߣ തߙ cos ߣ  ߚ̅
ቮ ൌ 0. 

ሺߙ  ߚ cos തߙሻ൫ߣ cos ߣ  ൯ߚ̅  ߚതߙ sinଶ ߣ ൌ ଶ|ߙ| cos ߣ  ߚ̅ߙ  തߙߚ cosଶ ߣ  

|ߚ|ଶ cos ߣ  ߚതߙ sinଶ ߣ ൌ ሺ|ߙ|ଶ  ଶሻ|ߚ| cos ߣ  ߚ̅ߙ  ߚതߙ ൌ 0, 

cos ߣ ൌ െ
ߚ̅ߙ  ߚതߙ
ଶ|ߙ|  ଶ|ߚ|

, ൌ ߣ	 ൌ ݏܿܿݎܽ ቈെ
ߚ̅ߙ  ߚതߙ
ଶ|ߙ|  ଶ|ߚ|

  ,ߨ2݊ ݊ ൌ 0,േ1,േ2, .. 

Assuming 

ܣ ൌ ߚ
sin 		ߣ
		ߣ

∙ ,ܭ ܤ ൌ െሺߙ  ߚ cos ሻߣ ∙  ,ܭ

we construct the eigenfunctions: 

ሻݔሺݕ ൌ
ܭ
ߣ

ሾߚ sin 		ߣ cos ߣ ݔ െ ሺߙ  ߚ cos ሻߣ sin 		ߣ ሿݔ ൌ 

ൌ
ܭ
ߣ

ሺߚ sin ߣ cos ߣ ݔ െ ߚ cos ߣ sin ߣ ݔ െ ߙ sin ߣ ሻݔ ൌ 

ൌ
ܭ
ߣ

ሾߚ sinሺߣ െ ሻݔߣ െ ߙ sin ߣ ሿݔ ൌ 

ൌ
ܭ
ߣ

ሾߚ sin ߣ ሺ1 െ ሻݔ െ ߙ sin  ;ሿݔߣ
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We formulate the obtained result in the form of Lemma 2.2. 

Lemma 2.2. Eigenvalues and eigenfunctions of the operator ܣ have the following form: 

а) ߣ ൌ ݏܿܿݎܽ ቂെ
ఈఉഥାఈഥఉ

|ఈ|మା|ఉ|మ
ቃ  ,ߨ2݊ ݊ ൌ 0,േ1,േ2,… ; 

b) ݕሺݔሻ ൌ

ఒ
ሾߚ sin ߣ ሺ1 െ ሻݔ െ ߙ sin  ,ሿݔߣ

where ܭ are arbitrary constants. 

We find the operator ܤ ൌ ݈݈ା, and study its spectral properties. 

ݕ݈      ൌ ,ሻݔᇱሺݕ ݔ ∈ ሺ0,1ሻ; 

ሺ0ሻݕߙ  ሺ1ሻݕߚ ൌ 0, 

݈ାݖ ൌ െݖᇱሺݔሻ, ݔ ∈ ሺ0,1ሻ, 

ሺ0ሻݖߚ̅  ሺ1ሻݖതߙ ൌ 0. 

݈ାݖ ൌ െݖᇱሺݔሻ ∈ ,ሺ݈ሻܦ ൌ ᇱሺ0ሻሿݖሾെߙ	  ᇱሺ1ሻሿݖሾെߚ ൌ 0, 

ݖܤ ൌ ݈݈ାݖ ൌ െݖᇱᇱሺݔሻ, ݔ ∈ ሺ0,1ሻ, 

ሺ0ሻݖߚ̅  ሺ1ሻݖതߙ ൌ 0, ᇱሺ0ሻݖߙ  ᇱሺ1ሻݖߚ ൌ 0. 

We find eigenvalues and eigenfunctions of the operator ܤ: 

ݖܤ ൌ െݖᇱᇱሺݔሻ ൌ ,ሻݔሺݖଶߤ ݔ ∈ ሺ0,1ሻ; 

൜
ሺ0ሻݖߚ̅  ሺ1ሻݖതߙ ൌ 0,
ᇱሺ0ሻݖߙ  ᇱሺ1ሻݖߚ ൌ 0.

 

General solution of the equation െݖᇱᇱሺݔሻ ൌ  :ሻ has the following formݔሺݖଶߤ

ሻݔሺݖ ൌ ܣ cos ߤ ݔ  ܤ
sin ߤ ݔ
ߤ

, 

where ܣ,  are arbitrary constants, hence we have ܤ

ሺ0ሻݖ ൌ ,ܣ ሺ1ሻݖ ൌ ܣ cos ߤ  ܤ
sin ߤ
ߤ

, 

ܣߚ̅  തߙ ൬ܣ cos ߤ  ܤ
sin ߤ
ߤ

൰ ൌ 0, 

ߚ൫̅ܣ  തߙ cos ൯ߤ  ߙ
sin ߤ
ߤ

∙ ܤ ൌ 0; 

In a similar way we get: 

ሻݔᇱሺݖ ൌ െܣߤ sin ߤ ݔ  ܤ cos ߤ  ,ݔ

ᇱሺ0ሻݖ ൌ ,ܤ ᇱሺ1ሻݖ ൌ െܣߤ sin ߤ  ܤ cos  ,ߤ

ܤߙ  ܣߤሺെߚ sin ߤ  ܤ cos ሻߤ ൌ 0, 

ߤߚሺെܣ sin ሻߤ  ߙሺܤ  ߚ cos ሻߤ ൌ 0. 
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We construct the system of equations: 

ቐ
൫̅ߚ  തߙ cos ܣ൯ߤ  തߙ

sin ߤ
ߤ

∙ ܤ ൌ 0,

ሺെߤߚ sin ܣሻߤ  ሺߙ  ߚ cos ܤሻߤ ൌ 0.
 

Calculate determinant of this system of equations:  

∆ൌ ቮ
ߚ̅  തߙ cos ߤ തߙ

sin ߤ
ߤ

െߤߚ sin ߤ ߙ  ߚ cos ߤ
ቮ ൌ ൫̅ߚ  തߙ cos ߙ൯ሺߤ  ߚ cos ሻߤ  

ߙത݊݅ݏߚଶߤ ൌ ߙߚ̅  ଶ|ߚ| cos ߤ  ଶ|ߙ| cos ߤ  ߚതߙ cosଶ ߤ  ߚതߙ sinଶ ߤ ൌ 

ൌ ሺ|ߙ|ଶ  ଶሻ|ߚ| cos ߤ  ߚ̅ߙ  ߚതߙ ൌ 0, 

cos ߤ ൌ െ
ߚ̅ߙ  ߚതߙ
ଶ|ߙ|  ଶ|ߚ|

, ൌ ߤ	 ൌ ݏܿܿݎܽ ቈെ
ߚ̅ߙ  ߚതߙ
ଶ|ߙ|  ଶ|ߚ|

  ,ߨ2݊ ݊ ൌ 0,േ1, േ2, .. 

 We find the eigenfunctions: 

ܣ ൌ ܭ ∙ ሺߙ  ߚ cos ,ሻߤ ܤ ൌ ߚܭ ∙ ߤ sin  ,ߤ

ሻݔሺݖ ൌ ߙሺܭ  ߚ cos ሻߤ cos ߤ ݔ  ߚܭ ∙ ߤ sin ߤ ∙
sin ߤ
ߤ

ൌ 

ൌ ߙሺܭ cos ߤ ݔ  ߚ cos ߤ cos ߤ ݔ  ߚ sin ߤ sin ߤ ሻݔ ൌ 

ൌ ߙሾܭ cos ߤ ݔ  ߚ cosሺߤ െ ሻሿݔߤ ൌ 

ൌ ߙሾܭ cos ߤ ݔ െ ߚ cos ሺ1ߤ െ  .ሻሿݔ

Lemma 2.3. Spectrum of the operator  

ݖܤ ൌ െݖᇱᇱሺݔሻ, ݔ ∈ ሺ0,1ሻ; 

൜
ሺ0ሻݖߚ̅  ሺ1ሻݖതߙ ൌ 0,
ᇱሺ0ሻݖߙ  ᇱሺ1ሻݖߚ ൌ 0,

 

consists of eigenvalues: 

ߤ ൌ ݏܿܿݎܽ ቈെ
ߚ̅ߙ  ߚതߙ
ଶ|ߙ|  ଶ|ߚ|

  ,ߨ2݊ ݊ ൌ 0,േ1,േ2,… 

which correspond to the eigenfunctions: 

ሻݔሺݖ ൌ ߙሾܭ cos ߤ ݔ െ ߚ cos ሺ1ߤ െ  ,ሻሿݔ

where ܭ are arbitrary constants. 

We note that there is the following equality  

ߣ ൌ ,ߤ ݊ ൌ 0,േ1,േ2,… 

i.е. spectrums of the operators ܣ and ܤ coincide, and this happens when operators ܣ and ܤ are similar to 
each other, i.e. there is the equality 
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ܣܶ ൌ  ,ܶܤ

where ܶ, ܶିଵ are linear bounded operators. 

We find the similarity operator ܶ. We note that  

݈ା݈ ൌ ,ܣ ݈݈ା ൌ  ܤ

thus 

݈݈ା݈ ൌ ,ܣ݈ ݈݈ା݈ ൌ  ,݈ܤ

i.е. ݈ܣ ൌ  .but the operator ݈ is unbounded, therefore it is not suitable for our purposes ,݈ܤ

As a suggestive idea, we take the following Putnam theorem.  

Theorem [1. p.337].  Let ܯ,ܰ, ܶ ∈ ࣜሺܪሻ, moreover the operators ܯ,ܰ are normal, and the operator 
ܶ is invertible. We suppose that  

ܯ  ൌ ܶܰܶିଵ.  (1.9) 

If ܶ ൌ ܷܲ is a polar decomposition of the operator ܶ, then 

  
ܯ  ൌ ܷܷܰିଵ.                                                         

Two operators, connected by the relation (1.9), are called similar. If ܷ is a unitary operator and the 
relation (1.9) holds, then the operators ܯ and ܰ are called unitarily equivalent. Thus, in this theorem we 
establish that similar normal operators are unitarily equivalent.  

Our operators ܣ,  are Hermitian (i.e., symmetric), and such operators belong to the class of normal ܤ
operators; therefore, there exists a unitary operator ܶ such that  

ܶܣ ൌ  .ܤܶ

We assume that exactly this operator is a solution of the equations:  

ሺ݈ܶሻଶ ൌ ݈ା݈ ൌ ,ܣ ሺ݈ܶሻଶ ൌ ݈݈ା ൌ  .ܤ

Perhaps, it is necessary to impose additional conditions to the operator ܶ?! 

From the formula 

ሺ݈ܶሻଶ ൌ ݈ܶ ∙ ݈ܶ ൌ ݈∗݈, 

we see that it is necessary to require ݈ܶ ൌ ݈∗ܶ∗, then 

݈ܶ ∙ ݈ܶ ൌ ݈∗ ܶ∗ตܶ
ூ

݈ ൌ ݈∗݈ ൌ  ,ܣ

Further, from ݈ܶ ൌ ݈∗ܶ∗, we get 

݈ܶܶ ൌ ݈∗, ݈ܶ ൌ ܶିଵ݈∗ ൌ ܶ∗݈∗, 

then  

ሺ݈ܶሻଶ ൌ ݈ܶ ∙ ݈ܶ ൌ |݈ܶ ൌ ܶ∗݈∗| ൌ ݈ܶ ∙ ܶ∗݈∗ ൌ ݈݈∗ ൌ  .ܤ
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Moreover, 

ܤܶ ൌ ݈݈ܶ∗ ൌ ݈∗ܶ∗݈∗ ൌ ݈∗݈ܶ ൌ  .ܶܣ

We have proved the following lemma. 

Lemma 2.4. If  ܶ is an unitary operator satisfying the condition 

ሺ݈ܶሻ∗ ൌ ݈ܶ ൌ ݈∗ܶ∗, 

then the following formulas hold: 

а) ሺ݈ܶሻଶ ൌ ݈∗݈ ൌ  ,ܣ

b) ሺ݈ܶሻଶ ൌ ݈݈∗ ൌ  ,ܤ

c) ܶܣ ൌ  .ܤܶ

Therefore, the problem has come down to finding a unitary operator ܶ, with the property ݈ܶ ൌ ݈∗ܶ∗. 

We build an unitary operator ܶ, satisfying the condition:  

݈ܶ ൌ ݈∗ܶ∗. 

If ݕ ∈ ሻݔሺݖ ሺ݈ሻ, thenܦ ൌ ሻݔሺݕ∗ܶ ∈  ሺ݈∗ሻ. We look for the operator ܶ as followsܦ

ܶ ൌ ݅ cos ߮ ܫ  sin߮ ∙ ܵ, 

where ܵݑሺݔሻ ൌ ሺ1ݑ െ  is unit operator, ߮ is unknown (yet) angle, then ܫ ,ሻݔ

ܶ∗ ൌ െ݅ cos ߮ ܫ  sin߮ ∙ ܵ, 

ܶܶ∗ ൌ cosଶ ߮ ∙ ܫ  ݅ cos߮ ∙ sin߮ ∙ ܵ െ ݅ cos ߮ sin߮ ∙ ܵ  sinଶ ߮ ∙ ܫ ൌ  ,ܫ

ݕ  ∈ ሻݔሺݖ  ,ሺ݈ሻܦ ൌ ሻݔሺݕ∗ܶ ∈  ሺ݈∗ሻܦ

ሻݔሺݖ ൌ ሻݔሺݕ∗ܶ ൌ െ݅ cos߮ ሻݔሺݕ  sin߮ ሺ1ݕ െ  ,ሻݔ

ሾെ݅ߚ̅ cos ߮ ሺ0ሻݕ  sin߮ ሺ1ሻሿݕ  തሾെ݅ߙ cos߮ ሺ1ሻݕ  sin߮ ሺ0ሻሿݕ ൌ 

൫െ݅ cos ߮ ∙ ߚ̅  തߙ sin߮൯ݕሺ0ሻ  ൫̅ߚ sin߮ െ തߙ݅ cos ߮൯ݕሺ1ሻ ൌ 0. 

Let's make the equation scheme:  

ቊ
൫െ݅ cos߮ ∙ ߚ̅  തߙ sin߮൯ݕሺ0ሻ  ൫̅ߚ sin߮ െ തߙ݅ cos߮൯ݕሺ1ሻ ൌ 0,

ሺ0ሻݕߙ  ሺ1ሻݕߚ ൌ 0.
 

Calculate the determinant of this system of equations 

∆ൌ ฬെ݅ cos ߮ ∙ ߚ̅  തߙ sin߮ ߚ̅ sin߮ െ തߙ݅ cos߮
ߙ ߚ

ฬ ൌ 0, 

െ݅ cos߮ ∙ ଶ|ߚ|  തߙߚ sin߮ െ ߚ̅ߙ sin߮  ଶ|ߙ|݅ cos ߮ ൌ 0; 

݅ሺ|ߙ|ଶ െ ଶሻ|ߚ| cos߮  ൫ߙߚത െ ൯ߚ̅ߙ sin߮ ൌ 0. 

а) If ߚ̅ߙ െ ߚതߙ ് 0, then 
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߮݃ݐ ൌ
݅ሺ|ߙ|ଶ െ ଶሻ|ߚ|

ߚ̅ߙ െ ߚതߙ
; 

 b) If |ߙ|ଶ െ  ଶ, then|ߚ|

߮݃ݐܿ ൌ
ߚ̅ߙ െ ߚതߙ

݅ሺ|ߙ|ଶ െ ଶሻ|ߚ|
. 

 c) If |ߙ|ଶ െ ଶ|ߚ| ൌ 0 and ߚ̅ߙ െ ߚതߙ ൌ 0, then 

ቊ
തߙߙ െ ߚ̅ߚ ൌ 0,
ߚ̅ߙ െ ߚതߙ ൌ 0,

ൌ 	 ቤ
തߙ െ̅ߚ
ߚ̅ െߙത

ቤ ൌ െሺߙതሻଶ  ൫̅ߚ൯
ଶ
ൌ 0,ൌ ଶߙ	 െ ଶߚ ൌ 0, 

the converse is also true.  

In our case the case c) holds, therefore the operator ܶ has the form: 

ܶ ൌ ݅ cos ߮ ܫ  sin߮ ∙ ܵ, 

where 0  ߮   .is an arbitrary angle ߨ2

3. Research Results. 

Theorem 3.1. The following formulas hold: 

а) ሺ݈ܶሻଶ ൌ ݈∗݈ ൌ  ,ܣ

b) ሺ݈ܶሻଶ ൌ ݈݈∗ ൌ  ,ܤ

 where  

ݕܣ  ൌ െݕᇱᇱሺݔሻ, ݔ ∈ ሺ0,1ሻ;                                                             

ሺ0ሻݕߙ   ሺ1ሻݕߚ ൌ 0, ᇱሺ0ሻݕߚ̅  ᇱሺ1ሻݕതߙ ൌ 0;                               

ݖܤ  ൌ െݖᇱᇱሺݔሻ ൌ ,ሻݔሺݖଶߤ ݔ ∈ ሺ0,1ሻ;                                            

ሺ0ሻݖߚ̅   ሺ1ሻݖതߙ ൌ ᇱሺ0ሻݖߙ ,0  ᇱሺ1ሻݖߚ ൌ 0;                                 

ݕ݈  ൌ ,ሻݔᇱሺݕ ݔ ∈ ሺ0,1ሻ;                    (1.10) 

ሺ0ሻݕߙ   ሺ1ሻݕߚ ൌ |ߙ| ,0  |ߚ| ് 0;           (1.11) 

 ݈ାݖ ൌ െݖᇱሺݔሻ, ݔ ∈ ሺ0,1ሻ,                 (1.10)+ 

ሺ0ሻݖߚ̅                        ሺ1ሻݖതߙ ൌ 0;          (1.11)+ 

 ܶ ൌ ݅ cos ߮ ܫ  sin߮ ∙ ܵ,     (1.12)                        

ሻݔሺݑܵ  ൌ ሺ1ݑ െ                                                                         ;ሻݔ

The angle ߮ is defined by the following way: 

 If ߚ̅ߙ െ ߚതߙ ് 0, Then  

߮݃ݐ                                  ൌ
൫|ఈ|మି|ఉ|మ൯

ఈఉഥିఈഥఉ
;         (1.13) 
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 If |ߙ|ଶ െ ଶ|ߚ| ് 0, then 

߮݃ݐܿ    ൌ
ఈఉഥିఈഥఉ

ሺ|ఈ|మି|ఉ|మሻ
;             (1.14) 

If ߙଶ െ ଶߚ ൌ 0, then ߮ is an arbitrary angle, belonging to 0  ߮   .ߨ2

 

4. Discussion. 

If ߚ̅ߙ െ ߚതߙ ് 0 and |ߙ|ଶ െ ଶ|ߚ| ് 0, then from (1.13) we obtain ߮݃ݐ ൌ 0, thus ߮ ൌ 0, then (1.12) 
implies that 

ݕ݈ܶ   ൌ ,ሻݔᇱሺݕ݅ ݔ ∈ ሺ0,1ሻ,     (1.14) 

ሺ0ሻݕߙ   ሺ1ሻݕߚ ൌ 0,                                                      

where |ߙ|ଶ െ ଶ|ߚ| ൌ 0. 

If |ߙ|ଶ െ ଶ|ߚ| ് 0 and ߚ̅ߙ െ ߚതߙ ൌ 0, then from the formula (1.14) we have ܿ߮݃ݐ ൌ 0, then ߮ ൌ
గ

ଶ
, 

and from the formula (1.12) we obtain that 

ݕ݈ܶ                                     ൌ ᇱݕܶ ൌ ሻݔᇱሺݕܵ ൌ ᇱሺ1ݕ െ        (1.15)		ሻ,ݔ

  
ሺ0ሻݕߙ        ሺ1ሻݕߚ ൌ |ߙ| ,0  |ߚ| ് 0,        (1.16) 
where ߚ̅ߙ െ ߚതߙ ൌ 0. 

This last operator (1.15) - (1.16) has been studied in detail in [67], the results of which were used in 
study of the Gourse problem for wave equation [68] and in solving inverse problems [69-70]. These two 
spectral problems are special cases of the spectral problem ݈ܶݕ ൌ ሺ0ሻݕߙ ,ݕߣ  ሺ1ሻݕߚ ൌ |ߙ| ,0  |ߚ| ് 0, 
study of which is of undoubted interest in all respects. 

       
5. Conclusion. 
Square root of the Sturm-Liouville operator is a functional differential operator of the first-order that 

generalizes the well-known momentum operator. Results of this paper can be used to solve inverse 
problems of mathematical physics, as well as in the spectral theories of linear operators. 
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