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ON SQUARE ROOT OF STURM-LIUVILLE OPERATOR

Abstract. In this paper, we find square root of the Sturm — Liouville operator and show that this root is a
functional-differential operator of first-order. Form of the corresponding boundary problem of this functional -
differential equation is found. As a suggestive idea, we use one Putnam theorem. Boundary value conditions of the
Sturm-Liouville operator have a very special form, and they are dictated by the method of investigation. The found
unitary operator generalizes the known momentum operator.

Keywords. Sturm-Liouville operator, square root of operator, functional differential operator, equations with
deviating argument, Kato hypothesis, Macintosh example, Gours operator, inverse problem, spectrum, eigenvalues,
eigenfunctions, unitary operator, similarity operator.

1. Introduction. It is known [1.p.393], that if A is a self-adjoint and non-negative operator in a
Hilbert space H, then there exists unit self-adjoint operator B > 0 such that B> = A. The following
theorem from the same source says that not every operator has a square root.

Theorem 1.1 [1.p.357]. Let D be a bounded open set in C such that the set
N ={a€Ca?eD}

is connected and the point 0 does not belong to the closure of the set D. Let H be a set of all holomorphic
functions f in D such that

[ir12am, < oo
D

(where m, is a Lebesgue flat measure). We give in H scalar product by the formula:

(f.9) = | fgdm,.
!

Then H is a Hilbert space. We define the product operator M € B(H ), assuming
Mf)(2) = zf(2), (feHz€eD).

Then the operator M is invertible in B(H), but it does not have a square root.

Extending the concept of a root to dissipative operators, Kato hypothesis has been arisen, consisting
in the fact that the domain of a root from an operator always coincides with the domain of a root from an
adjoint operator. However, in 1972 A.Makintosh [3] built a counterexample, since then the hypothesis
was slightly reformulated: find the largest class of operators that satisfies this condition, and very active
research in this direction is currently cited [4-57].

Many operators of theoretical physics have square roots [57—64]; in particular, the square root of
operator A in a Banach space was found in [65, pp.169-176]. We give an excerpt from this work.

97 ——
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We consider a generating operator A in a Banach space B, that has the following properties:
1) Operator (I +y2A)~1 exists, is defined everywhere in B and bounded by one;

2) Operator A1 exists;

3) [le™t]| <M, —o0 <t < +oo.

In these conditions the following lemmas hold.

Lemma 1.1. Operator

ze—in'/4
Vr

exists as an operator in B in the domain D (A).
Lemma 1.2. For any y € D(A) the following equality is true

T?g = Ag.
Due to these results, the following problem arises.

T =

AJ el4%?
0

1. Formulation of the problem. Find a square root of the Sturm - Liouville operator

Ly = —y"(x), x € (0,1), (1.1)
{ ay(0) + By(1) =0, (12)
ay'(1) + By’ (0) =0,
where a, [ are arbitrary (yet) complex numbers, satisfying the condition
|| + |B| # 0. (1.3)

2. Research methods.
Calculate minors of the boundary matrix

(a: 0 B 0)
0 f 0 af
Ji2 = ap, Ji3 =0, Jia = a?, J2z = —.32' J2a =0, J34 = ap.

If /14 + J3, = @? + B2 # 0, then the Sturm - Liouville problem (1.1) - (1.3) has a complete system of
eigen and associated functions, see [66., p.41].

Find eigenfunctions of the Sturm-Liouville problem (1.1) - (1.2). General solution of the equation
(1.1) has the form:

sin Ax

y(x,A) = AcosAx + B T (1.4)

where A, B are arbitrary constants. Putting (1.4) into (1.2), we have

y'(x,1) = —AAsin Ax + B cos Ax,
sin A
y(O):A, y’(O):B; y(l):ACOSA'l'BT,
y'(1) = —AAsinA+ BcosA;
sin A

A-a+,8(Ac05/1+BT>
a(—AAsinA+ BcosA)+B-B =0;
B sin A
A(a+ BcosA) +B - 1 =0,

A(—Aasind) + B(acosA+ B) = 0.

)

Therefore, we obtained the system of equations

sin 1
A(a+ﬁcosl)+B-B /11 =0,

A(—2Aasind) + B(acosA + B) = 0.
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determinant of which has the form
a+ Bcosi B S;M

—AlasinA  acosiA+f
= a?cosA + af + facos?A + B2 cos A + afsin?A =
=a?cosA+ B%cosA+ 2ap = (a? + B?) cos A + 2ap.

If A(1) = 0, thencos 1 = _ _2aB

az+p?’
. _ 232
A = —(a® + p7)sind = F(a® + 7)1 - =
2 2
= F(a® + ) = F(a? - B2).

a’ =B
a? + p?

Consequently, if @? — 82 # 0, then the associated functions of the Sturm — Liouville operator are

absent, so the eigenfunctions of the boundary value problem (1.1) - (1.2) are complete in the space

AQY) = = (a+ fcosA)(acosA+ p) + afsin?l =

L,(0,1).
Assuming,
BsinA
A == B =—(a+ Bcosi)
and taking into account that
2af
A=——7—
cos Tt 2
we have
2a3? 232
B=—(0(+ﬂCOS/‘D=— a—m = —a 1—m =
a2+ﬁ2_2ﬁ2_ a2_ﬁ2
a? + B? - a? + B2’

4q2[32 2 _p2
AZiE 1_0(—,3:ié.0( B
A (a? + B?)? A a?+p?
If 1 = 0, then A(0) = a? + B2 + 2aB = (a + B)?, consequently, if a? — B2 # 0, then A(0) # 0.
If |A] + |B| = 0, then |a| - [(a® = B2)| + 18] - |(a® = )| = 0,=>
(Ja| + 18D |a? — B?| = 0, hence by the condition (1.3) it follows that

a’—p%=0.
Therefore, when a? — B2 # 0 the solution (eigenfunction)
sindx

y(x,1) = AcosAx + B p
is not degenerate, i.e. y(x,1) Z 0.
Further, we transform the eigenfunction:

B a?-p? a(a® - %)

y(x, ) = i—'mcoslx - A(az—-}-ﬁz)sm/lx =
a? — B2
= Mz—_fﬁZ)(iﬂ cosAx — asinAx);
a2 _ ﬁZ

y(1—x,1) = m[iﬁcosl(l —x)—asinA(1—x)] =
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a? — B2
= MZ—_I_'BBZ)(chosAcos/lxiﬁsin/lsin)lx —asinAcosdx +
aZ_ﬁZ
+acosAsindx) = m[(iﬁ cosA — asinA) cos Ax +

+(acosA + Bsind)-sinAx];

Further,
: L 2ap? _a(a®—p*) _ Fadtap®F2ap?
iBCOSA_“51nA=+a2+ﬁZ a? + B2 - a? + B2 -
_ Fa®Fap® _ —a(a®+p%) _ -
=g = T = 1@
_ 2a2f a? — B?
acosd+ Bsind= —miﬁ iaz + B2 =
_Bla?—p») —2a*f pad—p3—2a2f —pP-a’p _
G A
_ _B(@*+p?) _
R
Consequently,
(1-x,1) = o —f° (Facos A in1x) =
Y= =gy T cos i m P =
— a?-p? ;
= +/1(a2+/3’2) (acosAx + fsindx); (1.5)
/( /1)_ az_'BZ /'{($ in A A)_
) Sy gy A s Ax macos ) =
a? — B2
_A}t(cxz—-l—ﬁz)(a cosAx + Bsindx) =
_ aZ_ﬁZ .
= =g (acosAx + B sin A x). (1.6)

Comparison of the formulas (1.5) - (1.6) shows that
y'(x, 1) =+2y(1 —x,A). (1.7)
We consider the case a? — 2 = 0 separately.
Ifa? — B2 = 0, then § = +a,
A(A) = 2a? cosA + 2a? = 2a?(cosA+1),=> cosA+1=0.
In this case,

B=—(a+Bcosd)=—(atacosd) =—a(l+tcosd) =0,

— 100 ——
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sin A

A
In this case we should choose the coefficients by using another method.

Let

y(x,A1) = cosAx + sin A x, where cos A + 1 = 0, then

_ | cosAx +sindx cosAx —sindx | _
WlyGe, A,y —x, D] = Al(cosAx —sindx) —A(cosAx +sindx)|

= —A[(cosAx + sinAx)? + (cos A x —sinAx)?] =
=—A(1+1) =—21%0.
y(1—x,1) =cosA(1—x)+sinA(1—x)=cosAdcosdx+sinAsindx+

+sinAcosAx —cosAsinAdx = cosA(cosAx — sinA x);

A
y'(x,A) = A(—sindx + cosAx) = A(cosAx —sindx) = my(l -x,A),

where cos 4 = +1, consequently,

y'(x,A) = £Ay(1 — x, A). (1.7)
Let’s check the boundary conditions:
aZ _ BZ _
y(x, 1) = W (¥B cosAx —asinix) =
K _
=7 (¥B cos Ax — asin A x).
aZ _ '32 _
y(x,—A) = m(+ﬁ cosAx + asinAx) =

K
= —_A($ﬁ cosAx + a sin A x),

y'(x,A) = K(#p sin Ax — a cos 1x),
y'(x,—1) = K(£ sin Ax — a cos Ax),

K K _
— Ip— + K
1 1121
—aK —aK
ak? _2aBK? _2ap[a? - B2
=——(FF x = =
7 FpEp) =+ 7 = e
Lemma 2.1. If
aB a?-p?
A aZ+p? *0

then any eigenfunction of the Sturm-Liouville boundary value problem (1.1) - (1.2)

Ly = —y"(x) = 2y(x), x € (0,1), (1.1)

— 101 =——
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{ ay(0) + By(1) =0,
ay'(1) + By’ (0) =0,

is an eigenfunction of the boundary value problem
ly=y'"(1-x)=2y(k),
ay(0) + By(1) = 0;

(1.2)

1.e. the formula

d\2
1%y = (SE) y=Ly=-y"(x)
holds, where the operator S has the following form
Su(x) =u(l —x), vu(x) € L?(0,1).

In this sense, the operator L is the square root of the Sturm-Liouville operator.

The case a - f(a? — B?) = 0 requires separate study.

We find the operator VL, where

Ly ==y"(x), x € (0,1),
y(©0) —y(1) =0, y'(0) —y'(1) = 0.
General idea of the solution is as follows: first, we represent the operator L in the form
L=1%
the product of two mutually conjugate operators, then we find the similarity operator T such that
TI*l = 1I*T.

From Putnam's theorem [1. p.337] it follows that such an operator will certainly be unitary, that is,
there is the equality

T'T=TT" =1,
where [ is unit operator. In our observation [67], our desired operator has the form T, where
ly(x) =y'(x),  y(0)—y@) =0.
We solve these problems step by steps, and more in detail.
Let ly(x) =y'(x), x € (0,1),
ay(0) + By(1) =0, |al + |B] # 0. (1.8)

We find formal conjugate operator [*.
Lety € D(1) and z € D(I™), then the formula

(ly,2) = (v,172),

holds, where the scalar product has the form

— 102 ——
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1

(w,v) = fu(x)m dx.
1 1 ’ 1

2) = [ ¥ @i@dx = [ 760 dy = 2y, - [ vz @
0 0 0

thus, we have z(1)y(1) — z(0)y(0) = 0. Combining this condition with the boundary condition (1.8), we
obtain the system of equations

{Z(O)y(O) —z(Dy(1) =0,
ay(0) + By(1) =0,
which has nontrivial solution, therefore

s [ 0| - gy + - o,
then
£z(0) + @z(1) = 0.
Therefore,

Iz =-2'(x), x € (0,1),
£z(0) + az(1) = 0.
Remark. If D(1) = D(I1),
then
ay(0) + By(1) =0, _ 2_ 112 — _
() 1 anty — o, => lal? =187 =0, lal =gl

We find the operator [*], and research its spectral properties.
Assuming A = [T, we have
Ay =ty =1ty = —y"(x), x € (0,1);
ay(0) + py(1) =0,  By'(0) +ay'(1) = 0.
We construct the boundary matrix
)

Ji2 = a,B_, J13=0, Jia = |e|?, J23 = —|,3|2;
J24 =0, J34 = Ba.
We find the characteristic function [66, p.35].

o

B
0

—
o R
= ©

QI

and calculate minors:

sin A
A(A) = J12 +J34 + (14 +J32) cOSA + ]33 W + J2aAsind =
=af +pa+ (la|®> +|B|?) cosA =0,
af + pa af + pa ]
cosAl=—————,=> A, =arccos|——————=|+ 2nm,n =0,11,1+2,..
la|? + |52 " [ la]? + | 5|2
Now we find the eigenfunctions:

Ay = —y"(x) = 22y(x), x € (0,1);

— 103 =——
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General solution of this equation has the form
sindx

y(x,1) =AcosAx+B P

thus we have,
sin A
y(0) =4, y(1) =AcosA+ B—,

sin A
aA+,8(Acos)l+BT) =0,

sin A
A(a+ﬁcosl)+BT-B = 0;

Further,
y'(x) = —AAsinAx + B cos A x,

y'(0) = B, y'(1) = —AAsinA + B cos 4,
B + a@(—AAsinA + Bcos 1) = 0,
—AasindA+ B(@cosA+ ) = 0.
We construct the system of equations:

sin A
A(a+BCOS/1)+B-,BT:0,

A(—2Aa@sind) + B(@cosd+ B) = 0.
Calculate determinant of the system:

sinA
a+ [cosi ,BT

A= =0.

—A@sind  @cosA+f
(e + BcosA)(@cosA+ f)+ apsin?A = |al?cosA+ af + facos? A+
+|B1? cos A + @B sin? A = (|a|? + |B|*) cos A + aff + @B = 0,

af + ap aB +ap

COSA=——7——, —_—
lal? + |81 lal? + |81

=> A, = arccos [ ] +2nr,n=0,%£1,%2,..
Assuming
sin A,
An=ﬁT-Kn, B, = —(a + B cosi,) " Ky,
n
we construct the eigenfunctions:

K
Yn(x) = A_n [BsinA, cosA,x — (a+ B cosi,)sind, x] =
n

K
= A—n(ﬁ sinA, cos A, x — B cos A, sind, x —asind, x) =
n

Kn . .
=T [B sin(A,, — A,x) — asind, x] =
n

K
= A—n [Bsind, (1 —x) — asind,x];
n

— 104 ——



ISSN 1991-346X

3.2019

We formulate the obtained result in the form of Lemma 2.2.

Lemma 2.2. Eigenvalues and eigenfunctions of the operator A have the following form:

af+ap
le|2+|B12

a) A, = arccos [— ] +2nr,n=0,1£1,%2,...;

b) y,(x) = i—: [Bsind, (1 —x) —asini,x],

where K,, are arbitrary constants.

We find the operator B = [I*, and study its spectral properties.
ly =y'(x), x € (0,1);
ay(0) + By(1) =0,

Iz =-2"(x), x € (0,1),
£z(0) + @z(1) = 0.

Itz=—-z'(x) e D(1),=> a[-z'(0)] +p[-z'(1)] =0,
Bz =1l"z = —-z"(x), x € (0,1),
£z(0) + az(1) =0, az'(0) + pz'(1) = 0.
We find eigenvalues and eigenfunctions of the operator B:
Bz = —z"(x) = p?z(x), x € (0,1);

{ £z(0) + a@z(1) =0,
az'(0) + fz'(1) = 0.

General solution of the equation —z"’ (x) = u?z(x) has the following form:

sinu x
z(x) =Acosux+B 'u,u’

where A, B are arbitrary constants, hence we have

sinu
z(0) = A4, z(1) =Acosu+B 0

_ B sin
,8A+a(Acosy+BT> =0,

A(f +acosp) + P

‘B = 0;

In a similar way we get:
z'(x) = —uAsinux + B cos i x,
z'(0) =B, z'(1) = —puAsinu + B cos u,
aB + f(—pAsinu + Bcosu) =0,

A(—Businp) + B(a + Bcosu) = 0.

— 105 =——
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We construct the system of equations:

(E+c7cosy)A+d¥-B =0,

(—Businu)A + (a + B cosu)B = 0.
Calculate determinant of this system of equations:

- _sinpu
A= |PHacosp @ M =(B+ acosp)(a+ B cosp) +
—Businy  a+ fcosu

+apsin?y = Ba + |B|? cosp + |a|? cosu + @p cos? u + ap sin? yu =
= (la|®> + |B|*) cosu + aff + @B = 0,
af + ap

=arccos | ——— |+ 2nn,n=0,1+1,+2,..
[ la|? + |B]2

= T laz g2 = e

We find the eigenfunctions:

Ay = Ky - (a+ B cos py), By = Ky - ppn sin pyp,

sinu

Zp(x) = Kp(a + f cos py) €08 py X + K - iy Sin i, -

= K, (a cos u, x + B cos iy, cos p, x + 8 sin u, sin p, x) =
= Knla cos py x + B cos(py — pnx)] =
= K, [a cos u,, x — B cos p, (1 — x)].
Lemma 2.3. Spectrum of the operator
Bz = —z""(x), x € (0,1);

{ £z(0) + a@z(1) =0,
az'(0) + fz'(1) = 0,

consists of eigenvalues:

af + ap

ezt pe| T =0t 42,

Un = arccos [—

which correspond to the eigenfunctions:
zn(x) = Kpla cos py x — B cos py (1 — x)],
where K,, are arbitrary constants.
We note that there is the following equality
An = Un, n=0,+1,4+2,..

i.e. spectrums of the operators A and B coincide, and this happens when operators A and B are similar to
each other, i.e. there is the equality
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TA = BT,

where T, T~ are linear bounded operators.

We find the similarity operator T. We note that

It =4, l*=8B
thus
=14, Ll =Bl

i.e. lA = B, but the operator [ is unbounded, therefore it is not suitable for our purposes.

As a suggestive idea, we take the following Putnam theorem.

Theorem [1. p.337]. Let M,N,T € B(H), moreover the operators M, N are normal, and the operator
T is invertible. We suppose that

M =TNT™ . (1.9)

If T = UP is a polar decomposition of the operator T, then

M =UNU"L

Two operators, connected by the relation (1.9), are called similar. If U is a unitary operator and the
relation (1.9) holds, then the operators M and N are called unitarily equivalent. Thus, in this theorem we
establish that similar normal operators are unitarily equivalent.

Our operators A, B are Hermitian (i.e., symmetric), and such operators belong to the class of normal
operators; therefore, there exists a unitary operator T such that

AT =TB.
We assume that exactly this operator is a solution of the equations:
(TH? =11 = 4, (T)? = 1I* = B.
Perhaps, it is necessary to impose additional conditions to the operator T?!
From the formula
(TH? =TL- Tl =1"],
we see that it is necessary to require Tl = [*T*, then

TL-TI=UTTI=I1=A,
I

Further, from Tl = I"T*, we get
TIT =17, IT =T =T*I%,
then

(T)?2 =IT-IT = |IT =T**| =IT - T*I* = lI* = B.
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Moreover,
TB =TI =U'T"l" = I"IT = AT.
We have proved the following lemma.
Lemma 2.4. If T is an unitary operator satisfying the condition
(TH*=TlL=1U"T",
then the following formulas hold:
a) (T2 =1"1= A4,
b) (IT)?2 =lI* =B,
¢) AT = TB.
Therefore, the problem has come down to finding a unitary operator T, with the property Tl = [*T*.
We build an unitary operator T, satisfying the condition:
TL=1"T"
If y € D(1), then z(x) = T*y(x) € D(I*). We look for the operator T as follows
T=icospl+sing:-S,
where Su(x) = u(1 — x), I is unit operator, ¢ is unknown (yet) angle, then
T*=—icosepl+sing-S,
TT* =cos?@-1+icosg-sing-S—icosgsing-S+sin¢-1=1,
y€eD(), z(x) =T"y(x) € D(I*)
z(x) =T*y(x) = —icosp y(x) +sinp y(1 — x),
Ll—icos @ y(0) + sin@y(1)] + @&[—icos ¢ y(1) + sing y(0)] =
(—icosg B+ @sing)y(0) + (Bsing —i@cosp)y(1) = 0.

Let's make the equation scheme:

{(—i cosg-f +asing)y(0) + (Bsing —iacosp)y(1) =0,
ay(0) + By(1) = 0.

Calculate the determinant of this system of equations

—icosg-f+a@sing fsing —iacose
a B

—icos@ - |B|? + Basing —af sing + i|a|?cosp = 0;

- -o

i(lal? = 1B1*) cos @ + (Ba — aff) sing = 0.

a)Ifaff — ap +# 0, then
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p al?=181)
aff —ap
b) If |a|? — |B|?, then
ctgp ===
i(lal? =181
¢)If |a|®> — |B|?> = 0 and aff — @f = 0, then
{“‘?‘@ﬁ_: N _[E‘ = —@?2+(F) =0,=> a? -2 =0,
aff —af =0, g —a
the converse is also true.
In our case the case c) holds, therefore the operator T has the form:
T=icospl+sing:-S,
where 0 < ¢ < 2m is an arbitrary angle.
3. Research Results.
Theorem 3.1. The following formulas hold:
a) (T2 =1"1= 4,
b) (IT)?2 =lI* =B,
where
Ay =-y"(x), x € (0,1);
ay(0) + y(1) =0, By'(0) + @y'(1) = 0;
Bz = —z"(x) = u?z(x), x € (0,1);
£z(0) +az(1) =0, az'(0) + Bz'(1) = 0;
ly =y'(x), x € (0,1); (1.10)
ay(0) + By(1) =0, |a| + || # 0; (1.11)
Itz =-27'(x), x € (0,1), (1.10)"
£z(0) + az(1) = 0; (1.11)"
T=icospl+sing:-S, (1.12)
Su(x) = u(l —x);
The angle ¢ is defined by the following way:
Ifaf — ap + 0, Then
tge = —i(|z;_—£2); (1.13)
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If |a|? — |B]? # 0, then

af-ap

i(alz—182)’ (1.14)

ctgp =

If a2 — f? = 0, then ¢ is an arbitrary angle, belonging to 0 < ¢ < 2.

4. Discussion.

If af —ap # 0 and |a|? — |B|? # 0, then from (1.13) we obtain tgep = 0, thus ¢ = 0, then (1.12)
implies that

Tly =iy'(x), x € (0,1), (1.14)
ay(0) + By(1) =0,

where |a|? — |B]? = 0.

If |a|?> — |B|? # 0 and aff — @B = 0, then from the formula (1.14) we have ctgp = 0, then ¢ = %’
and from the formula (1.12) we obtain that

Tly=Ty' =Sy'(x) =y'(1 —x), (1.15)

ay(0) + By(1) =0, |a| + |B] # O, (1.16)

where aff — af = 0.

This last operator (1.15) - (1.16) has been studied in detail in [67], the results of which were used in
study of the Gourse problem for wave equation [68] and in solving inverse problems [69-70]. These two
spectral problems are special cases of the spectral problem Tly = Ay, ay(0) + By(1) =0, |a| + |B] # 0,
study of which is of undoubted interest in all respects.

5. Conclusion.

Square root of the Sturm-Liouville operator is a functional differential operator of the first-order that
generalizes the well-known momentum operator. Results of this paper can be used to solve inverse
problems of mathematical physics, as well as in the spectral theories of linear operators.

VIIK 517.43
AL annan6aes', A.A. lannan6aesa’, B.A. Hlaxgaun6aii’

'“Silkway” Xanbikapaiblk YHuBepcuTeTi, ILIBIMKEHT;
2A171Ma1<T1>11< QJIEyMETTIK - UHHOBAIUSUIBIK YHUBEPCUTETI, [IIbIMKEHT;
*M.Oye30B atsiaarst OuTycTik Kasakcran MemiekeTTik YuuBepcuTerti, [IIbIMKEHT.

HTYPM - INYBUJJI OITEPATOPBIHBIH KBA/IPAT TYBIPI

Annortanusi. byn enbekre Iltypm-JInyBuiun onepaTOpbIHBIH KBaapar TYOipi TaObuiabl aHe Oy TyOipain
Oipinmm perti (yHKIHOHON-TU(QEpeHIan onepaTop eKeHi kepcetinmi. byn ¢yrkmmonan-guddepenmnan
orepaTopra colfkec IeKapaisik ecen Ta0sUInbEL. barnap peringe [lyTHaMHBIH Oip TeopeMacs KogaHpuiasl. HITyT™-
JlmyBuin omepaTOpHIHBIH HICKApaNbIK [IApTHl OHINA KEH €MeC, OHBIH TYp 3epTTey oficiHe Toyenni. TaOburraH
YHHTap OTepaTop KOmKe SHTiJIi HMITyJIiC OIlepaTOPHIHBIH IIHPATHUIFaH HeMece KeHEUTIIreH Typi AeceK-Te O0Iabl.

Tyiiin ce3nep. Lltyrm-JInyBwin omepartopbl, omneparpislH KBaapaT TYOipi, (yHkumonon-muddepenman
omeparop, apryMeHTI AaybITKbIFAaH TeHICYJep, KaToHbIH rumore3achl, MaKUHTONITHIH MbICAJbI, | ypCaHbIH
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O KBA/IPATHOM KOPHE M3 OIIEPATOPA IITYPMA - JINYBWJJIA

AnHoTanusi. B nanHo# paboTe HaliieH KOpeHb KBaJApaTHbIM M3 oneparopa llltypma - JInyBmmist ¥ nmokasa,
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ormeparop 0000IIaeT U3BECTHOTO OIlepaTopa UMITYIIbCA.
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