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HIERARCY OF WDVYV ASSOCIATIVITY EQUATIONS
FOR n=3 AND N =2 CASE WHEN /=0

WITH NEW SYSTEM a,,b,,c

1272t

Abstract. We investigate solutions of Witten-Dijkgraaf-E.Verlinde-H.Verlinde (WDVV) equations. The article
discusses nonlinear equations of the third order for a function f = f(x,t)) of two independent variables x,t. The
equations of associativity reduce to the nonlinear equations of the third order for a function f = f(x,t)) when
prepotential F dependet of the metric 1. In this work we consider the WDVV equation for n = 3 case with an
antidiagonal metric 1. The solution of some cases of hierarchy equations of associativity illustrated. Lax pairs for the
system of three equations, that contains the equation of associativity are written to find the hierarchy of associativity
equation. Using the compatibility condition are found the relations between the matrices U, V,, V;. The elements of
matrix V, are found with the expression of z; and independent and dependent variables for the matrix V,. Also
solving elements of matrix V, expressed through y; and independent and dependent variables for the matrix V,. We
accepted that elements of matrix V, are zero. In the physical setting the solutions of WDVV describe moduli space
of topological conformal field theories [1, 2]. Let us introduce new variables a, b, c. In the above variables the
nonlinear equations of the third order for a function f = f(x,t)) we rewritten as a new system of three equations.
Expressed are variables a; ,b; ,c; of three equations are written with the help of matrix elements z; ,yj;.

Key words: equations of Witten-Dijkgraaf-E.Verlinde-H.Verlinde, the equations of associativity, nonlinear
equations of the third order, antidiagonal metric, the Lax pair, the compatibility condition, independent elements,
dependent variables, system with equations.

Introduction. The WDVV equations, in general, have the following form [3, 4, 5]:
o°F , OF o°F ,, OF
i i 77 k r = i k 77 i ro
ot'ot’ot” ©  ot'ot"ot” ot'otot” T ot'ot'ot

Vi, j,k,re{l,..n},

where F' is a prepotential, 1} is a metric. The coordinates ¢ " can be linearly rearranged so that the
metric, 77, is antidiagonal [6], i.e.

00 1
n=l0 1 0}
1 0 0

In this work we consider the WDVV equation for 7 =3 case with an antidiagonal metric n 7] In

this case, two types of dependence of the function F' on the fixed variable ¢ " were found by Dubrovin
[8, 9, 10] which are

—— |4 ——



ISSN 1991-346X 4.2019

1 1
F=—()r+-t ) + f(,0) (1)
2 2
and
1
F= g(tl)3 +H0FP + f(,1).
For these cases the equations of associativity reduce to the following two nonlinear equations of the
third order for a function f = f(x,?)) of two independent variables (X = ¢ 2 =1t > ):

f;n - fxit - fxxxfxtt (2

fxxxfm - fxxtfxtt =1,
correspondingly.

The function F in equation (1) has the form from the law of multiplication in the three-dimensional
algebra A, with the basis e; = 1, e, ,e; [3]. Every basis is a complete uniformly minimal system [11].
In this work, we consider the solution (1). Let us introduce new variables a,b,c as follows [12, 13]:
a—= xxx? b:-]pxxt’ c= xtt*®

In the above variables the equation (2) can be rewritten as a system of three equations as follows:

and

a = b,
b, = c, 3)
¢, = (b*-ac),.
The Lax pair for the system (3) is given by [§]
¥ o= AUY,
Y = AV, @
where U is given by
010
U=|b a
c b 0
and V' is given by
0 0
V= c b 0|
(b>~ac) ¢ 0
The compatibility condition for the system (4) is given by
u. =7,
[Uy] = o.

In the following sections we work with the new system (3).
Methods. The solution to a hierarchy for NV =1 case corresponds to the system of equations (3).
Hierarchy for N =2 case when ¥, # 0 is given in the work [14]
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In this section we consider a hierarchy for NV =2 case when Vo =0 and the following system

a = &b +&F,

bt - glcx + €2Hx9 (5)
_ 2

c, = &b —ac) +¢&,G.

The Lax representation of the above system is same as before in the work [13].
In particular, for NV =2 case when VO =0 we have

Y. = AUY,

¥, = BV, +AV)¥Y =¥
The compatibility condition of (4) is given by

AU, —V.+ A[U,V]=0.

The compatibility condition of the Lax representation is given by the system

[u,v,] = o, (6)
u = V., (7)
v, = [unl (8)

Statement of problem. We first consider the second equation of the system and let V1 to be given by

Yu Vi Vi3
Vis={ Vo Voo Vs |
Y Voo Vs

From the above system it follows that ), V,55))35 )03, V33 are constants w.r.t. X. Writing a

system with equations for &, ,bt ,C, only yields

a, = JVue

by = Yy ©)
by = Vi

¢ T Vi

Now we equate similar terms in the systems (5) and (9), i.e. we have a system

= JVaox T glbx +&,F,

al
b, = y,,=é&c, +&H,
(10)
b, = yu . =&c,+eH,
_ _ 2
¢, = Yy, =& —ac), +¢,G,.

Scheme of the method and reduction to equivalent problem. From the above system (10) we find

the following

— 16 ——
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V,, = &b+&F,

Yy = gc+é&H,
Yy, = &c+é&H,
v, = &b’ —ac)+e,G.
Thus the matrix Vl has the form
Y Y2 Vi3
V,= gc+e,H eb+e,F  y,| (11)

g’ —ac)+&,G egc+e,H y,
Now we solve the equation (6). Denote V2 as follows:

2 21 43
Vo=12y Zyp 2z )

Z31 23 23

Plugging U, V, into (6) we obtain the following relations:

Zy T I
Zyn T Iy
Z3 T 4y
Hence, we are left with the equations
Z, = bz, +ezy,
Z, = zp+az,+bz;,
z,, = cz,+(b’—ac)z,.
Thus the matrix V2 has the form
Zn Zp Z13
V,= bz, +cz, z,+az,+bz, z, |
czp, + (b - ac)z, bz, +cz,, z,

Hence, only Z,,,Z,,,Z,5 are independent elements of V2 , and the other elements can be written in

terms of them.
Now let us find the elements of V1 in (11). To do so we use the equation (8). First we evaluate

U, "]

We have elementwise yields the following system:
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11:
12 :
13:
21:
22
23:
31:
32:
33:

Zy, =EC+EH —by, —cyys,

Zyp, =&+ 6 F -y, —ay, —byys,

Zi3e T Vazs T V12

bz, +bz, +c .z, +cz5, = by, +alec+e,H)+ (&b’ —ac)+&,G)—b(gb+&,F)—cy,,
Zy, t A2y T azy, bz + bz, = by, — by,

Zie =bys tay,; + vy — (60 +6,F),

C.Zyp +CZyy, +(b? —ac), z; +(b? —ac)zy;, =y — s,

bz, +bz, +c.z5+cz5, =y, +b(eb+e,F)—(g(b’ —ac)+&,G)—a(e,c+e,H)—by,,,
Zye =V Thyy —(6ic+6,H).

Now let us express &,C + 6‘2H , 6‘1b + 6‘2F , Vo3 in the element 11, 12, 13 of the above system.

sc+e,H =z, +by,+cy;,
eb+e,F = z, +y,+ay,+bys,,
Yoz T Zi5 T

Now let us express &, (b2 —ac)+&,G in the element 21 and substitute the values for & + &,H

, b+ F, yy,

& (b2 —ac)+¢&,G=b z,+bz, +cz,;+2cz; —az, +bz, + (b2 —ac)y,; +cy,

Now let us express )55 in the element 23 and substitute the values for &b+ &,F, VY,

Vi3 =2z, —az, + Y

Hence, dependent elements of Vl are given by:

2 2
&b —ac)+&,G=bz, +bz, +c 25+ 2z, —az,, + bz, +(b" —ac)y; + oy,
ec+&H =z, +by, +oys,

eb+e,F =z, +y,tay, +bys, (12)

Vo3 = Z13x T Ni2s

Vi3 =22, —az;, + Y-

Xe

Now let us rewrite the element 22 by substituting the values for ),;. So we have

zy,, +2bz;, +a.z,+az, +bz;=0
Now let us rewrite the element 31 by substituting the values for };;. So we have
c .z, +3cz,,, +(b* —ac), z, +(b* —2ac)z,, =0
Now let us rewrite the element 32 by substituting the values for 6‘1b +&,F, ¢ (b2 —ac)+¢,G,
+&,H, y;;.So we have

2b z,+4bz,, +2c z,+Bc—-ab)z, =0

— 18 ——
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Now let us rewrite the element 33 by substituting the values for y,,, &C+ & 2H
22y, =bz;;, =0

Also, the independent variables Z;,,Z,,, 25 of the matrix V2 have to satisty the following system of

equations:

z,, +2bz, +az,+az, +bz, = 0,
c.z, +3cz,, + (b2 —ac) .z, + (b2 -2ac)z,, = 0, 13
2bz,+4bz, +2cz;+Bc—ab)z, = 0,
2lex _bZBx = 0.

From the above system (13) it follows that

_( 4a b—-2ab, J ( 4bb, —2ac, J (14)
Zi3x T 2 12 2
3ac—a*b—10b* 3ac —a*b—10b*

3¢ 3¢ 3ac a’b—10b" 3¢ 3ac —a’*b—10b*

Results. Using necessary terms in the system (12) in (10), we obtai

2 2 _ 2
= [ ¢, b"-2ac  4ab-2ab, j (_ b”—2ac  4bb, —2ac,  (b” —ac), jZB (15)
3

a, %4_61»)}12 +b. Y35
b
b = Sabyn ey (16)
ab )
¢, = b z,+3bz, +c z;+(ab+3c - 2x )z5, —a,z,, +(b"—ac) y;+c.y,

Weplug Z,,,,2},,5 23, in(13), (15), (14) into (16) and obtain the following equation

4 = 2bd: —aab, 2ba b —aac, . ha v th

' Sac—ab—10* | 3ac T e
h = 2bab, —ab; 2bb; —ab,c, by te

g 3ac—a*b— 1002 2T ae—a’b—1062 |2 V12 TCVis

be, Sabcq(b —4b’a b +2ab’b} —3a’ch; +2b’ca’ +12bcac, —6achce, (17)
¢ = |ba 2 2 Z12
c 3ac’ —a’be—10b°c
N [c b, (b* —ao), 6abcl;2 4b’b} +2ab’bc, —3d’ cb c, +2b’cab, +12bche, —abcac, —6acc ]Z
c 3ac® —a’be—10bc :

(b —ao), ys+en,

Conclusion. The solution to a hierarchy for N = 2 case when system is given by (5) corresponds to
the system of equations (17).

So, we considered of some cases of hierarchy of WDVV associativity equations. Lax pairs for the
system of three equations, that contained the equation of associativity written to find the hierarchy of
associativity equation. Using the compatibility condition are found the relations between the matrices U,
V,, V1. Thus, we obtained the elements of the matrices V,, V; for case N = 2 when V=0 and the above

system Clt,bt,ct It was found, that only z;, ,zi, ,z;3 are independent elements of V,, and the other

elements can be written in terms of them. From the above system it follows that V,,, Vi35V 35 Vo35 V33
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are constants w.r.t. X . It is found, that y,y, yi,, y13 are independent elements of V,, and the other elements
can be written in terms of them and z;, z;;, z;3. Expressed are variables a;,by,c; of three equations are
written with the help of matrix elements z;;,y;;.

Acknowledgments. 1 express gratitude to Professor R. Myrzakulov for useful discussions and
advices. The work is performed under the financial support of the scientific and technical program
BR05236277 "Investigation of some problems of astrophysics and cosmology in the framework of the
Einstein and non-Einstein theories of gravity", 2018.
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A.A. )Kazn,lpaﬂonal

'JI.H.I'ymuneB atsinaars! Eypasus yITTBIK yHUBEPCHTETIHIH KalIbl
KoHe TeOpHsUTbIK Gu3nka kadenpacsl, Acrana, Kazakcran

n =3 9%KOHE N = 2 )KAFIAMJIAPBI YIIIH EHII3TI3UITEH J)KAHA KYHE a,,b,,¢, V=0
BOJIFAHJAFBI WDVV ACCOLIMATUBTIIIK TEHIEYIHIH HEPAPXUSIChI

Annoranusi. bepuiren makanana Butren — Jlumkkrpad - E.Bepiaunpe - I'.Bepaunae (B/IBB) tenneynepi
3eprreneni. byn kymbicta X, t Toyesci3 aliHbIManbuIapbiHaH TypaThiH f = f(X,t) GyHKOMSICH yIIiH yIIiHII peTTi
CBI3BIKTHI €MeC TeHJeyJiep TalKplIaHaabl. Tayencis x, t aifHpIManbuiapeiHaH TypathiH f = f(x,t) GyHKIMACH yIIiH
YIIIHII PeTTi CBI3BIKTHI eMec TeHueyinep F moreHmmansl 1 MeTpHKachIMEeH OalnaHbICTHI OOJFaHIa KeNTipiieni.
CoHbIMEH Karap acCOIMATHBTUIIK TEHAEYJep HepapXWiACHIHBIH OipHeme mIenrMaepi  CUmaTTaiaibl.
AcconMaTuBTUIIK TEHJEYJIEpiHiH HepapXWsachlH Taly MakKcaTblHIa AacCOLMATHBTLIIK TEHJACYJEepiHEeH KypajFaH
TeHaeyep xKykeci ymid Jlakc sxynrapsl sxa3suiabl. CORKECTIK MAapTHIHBIH KONAaHy apKeuibl U, V,, V| MaTpumanapsr
apachIHIAFbl KATBIHACTAD AaHBIKTAJIBL. Zjj APKbUIBI OPHEKTENreH V, MAaTpULACBIHBIH JJIEMEHTTEPI MeH V)
MaTPHLACBIHBIH TOYENi )KOHE TAYeJICi3 allHbIMANbLIAphl ECENTENIHI. Yij APKbIIbl OPHEKTENIreH V| MaTPULIACHIHBIH
ANIEMEHTTepi MEH V| MaTPHIACBIHBIH TOYyEJAl JKOHE Toyesci3 aiHpIManmbuiapel TaObuigsl. COHBIMEH Katap V)
MaTpPUIACHIHBIH JJIEMEHTTEpi Hedre TeH Men anbHael. Puimkanslk KonmaHeutyga WDVV  acconmmaTHBTiTIK
TEH/ICYiHIH MIeNTiMi epiCTiH TOMOJOTHSIIBIK KOH(OOPMABIK TEOPUACHIHBIH MOIYJbIEPiHIH KEHICTITIH CHIATTaHabL.
Kana aitpiManbiiap enrisiireH. JKaHa aliHpiMasnbuiapaa f=f(x,t) yHKUMACH! YIIIH YIIIHII PETTi CHI3BIKTHI €Mec
TeHJeyJep JKaHa JKyHe apKplibl ka3pliraH. TeHaeynep KyleciHeH TypaThiH a, by, C, alHBIMAIbIIApBl Zjj, Yi
MaTPHLAIBIK €JIEMEHTTEPI apKbIJIb OPHEKTEII JKa3bUI/bI.

Tyiiin ce3nep: Burren-/Iumkrpad-E.Bepnunne-I.Bepiunne tenneynepi, acCOUMaTUBTIIK TeHACYI, YIIIHII
peTTi CBHI3BIKTHI €MeC TeHAEeYyJep, AaHTUAWAroHallb MeTpuka, Jlakc »Kynrapbl, YHIECIMIUIIK LIapThl, TAYyeJCi3
3JIEMEHTTED, TAYeIN Il alfHBIMaNbLIap, TeHIEYJIep KYheci.

YK 517.9: 515.16
MPHTU 27.31.21

A.A. )Kam,lpaﬂona'

'Kadepa o6meit n Teoperiueckoii dusnkn EBpasuiickoro HanponansHoro yansepentera uvenn JI.H.I'ymuresa,
Acrana, Kazaxcran

UEPAPXHSI YPABHEHMI1 ACCOUMATUBHOCTU WDVV
JIJISI CJIVUASI n =3 ML N = 2 TIPHL V,= 0 C HOBO¥ CUCTEMOM# 4,,b,, ¢,

AnHotanusi. B naHHOW crathe uccienyrorcs ypaBHenus Burtrena-lumxkrpada-E.Bepnunae-I'.Bepmunmne
(BAIBB). B paGore o0cyxnaroTcss HenMHEHHbIE ypaBHEHHs TpeTbhero mnopsiaka it ¢ynkuun f = f(x,t) aByx
HE3aBHCUMBIX IIEPEMEHHBIX X,t. YPaBHEHHs aCCOLMAaTHBHOCTH CBOZSATCS K HEJIMHEHHBIM YPaBHEHHSIM TPETHETO
nopsinka 1t pynkoum £ = f(x,t) korma morennman ¢yHkum F cBsizaH ¢ Merpukoit 1. B 3T0it pabote
paccMatpuBaetcst ypaBHeHne WDVV s ciiyuas n = 3 ¢ aHTHAMAroHanbHOM MeTpUKOH 1. OHNHCAaHO pellieHue
HEKOTOPBIX CIIy4yaeB HEpapXHM YpPaBHEHHH AacCOIMATHBHOCTH. JlIsi HaXOXXAEHWs WepapXuu ypaBHEHHH
ACCOIMATHBHOCTH OBUTH 3amucaHbl Hapbl JIakca Iy CHCTEMBI U3 TPEX YpaBHEHHH, KOTOpas CONECP)KUT ypaBHEHHSA
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accoratuBHOCTH. C MPUMEHEHNEM YCIOBHS COBMECTHOCTH HAaWICHBI COOTHOIICHHUS MexXay MaTputiamu U, V,, V.
bbulM BBIYMCIIEHBI DIIEMEHTHI MATPHIBI V), BBIPAKCHHBIE YEPE3 Zjj, HE3ABUCHMBIE U 3aBUCHMBIE IIEPEMEHHEIE
MaTpuupl V,. Takxke ObIIM HalJEHBI SJIEMEHTBI MATPHLBI V1, BEIPA)KEHHbBIE YEPE3 Yjj , HE3aBUCHMBbIE U 3aBHCHMBIE
nepeMeHHble MaTpuipl V. DineMeHTsl MaTpuubl Vo paBHbl 0. B ¢u3nueckoM mpuiioxeHHH pelleHHe ypaBHEHHS
acconmatuBHocTh WDVV ' onuchiBaeT NPOCTPAHCTBO MOJAYJEH TOMOJOIMYECKHUX KOH(GOPMHBIX TEOpUH MOJIs.
BBezneHbl HOBbIE NEpeMEHHBIE a, b, c. B HOBBIX HEpeMEHHBIX HENMHEHHbIE YpaBHEHHUsSI TPETHETO IOpsAKa Ul
¢dynkuuu f = f(x,t) 3anucansl Yepe3 HOBYIO CHCTEMY TPEX ypaBHEHUi. BeipaykeHHbIE TIEpEMEHHBIE a;, by, C; CHCTEMBI
U3 TPEX ypaBHEHHI ObIIN 3alMCaHbl Yepe3 MATPUUHBIE JIIEMEHTHI Zjj, Yi.

KaloueBsble cioBa: ypaBHenus: Burrena-/{ikrpada-E.Bepnunne-I".Bepiunie, ypaBHEHUs! acCOLMAaTHBHOCTH,
HEJIMHEHbIE ypaBHEHHsI TPEThEro MOpsiKa, aHTHAUAroHanbHas METpUKa, mapsl Jlakca, ycaoBHE COBMECTHOCTH,
HE3aBUCHMBIE IEMEHTHI, 3aBUCUMBIE IEPEMEHHBIE, CUCTEMA C YPABHEHUSIMH.
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