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INVERSE PROBLEM OF THE STURM-LIOUVILLE OPERATOR
WITH UNSEPARATED BOUNDARY VALUE CONDITIONS
AND SYMMETRIC POTENTIAL

Abstract. In the paper we prove the uniqueness theorem on a single spectrum for the Sturm-Liouville operator
with unseparated boundary value conditions and real continuous symmetric potential. The research method is
different from all known methods, and is based on the internal symmetry of the operator generated by invariant
subspaces.

Keywords: Sturm - Liouville operator, spectrum, Sturm - Liouville inverse problem, Borg theorem,
Ambartsumian theorem, Levinson theorem, unseparated boundary value conditions, symmetric potential, invariant
subspaces.

1. Introduction. By inverse problems of spectral analysis, we understand the problems about
restoration of a linear operator according to one or another of its spectral characteristics.

The first significant result in this direction was obtained in 1929 by V.A. Ambartsumyan [1]. He
proved the following theorem.

By 15 < 4; < 4, < -+ we denote eigenvalues of the following Sturm-Liouville problem

—y" +q(x)y = 1y, (1.1)
y'(0) =0, y'(m) = 0; (1.2)

where q(x) is a real continuous function. If
A, =n?(n=0,1,2,..) thenq(x) = 0.

The first mathematician who drew attention to importance of the V.A.Ambartsumian’s result was the
Swedish mathematician Borg. He also performed the first systematic study of one of the important inverse
problems, namely, inverse problem for the classical Sturm-Liouville operator of the form (1.1) by spectra
[2]. Borg showed that, in general case, one spectrum of the Sturm-Liouville operator does not define it, so
Ambartsumian’s result is an exception from the general rule. In the same paper [2], Borg shows that two
spectra of the Sturm — Liouville operator (with different boundary conditions) uniquely determine it. More
precisely, Borg proved the following theorem.

Borg Theorem.

Suppose that the following equations

—y" +qx)y =2y, (1.1)
—z"+p(x)z = Az, (1.3)
— 30 ——
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have the same spectrum under the boundary value conditions

(@@ +67® =0 a
yy(m) + &y’ (m) = 0; '
and under the boundary value conditions

y'y(m) + 68"y (m) = 0. '
Then q(x) = p(x) almost everywhere on the segment [0, 7], if
66" =0, |5] + 18| > 0.

Shortly after Borg’s work, important studies on the theory of inverse problems were performed by
Levinson [3], in particular, he proved that if g(m — x) = g(x), then the Sturm-Liouville operator

—y" +q(x)y = 2y, (1.1)
y'(0) — hy(0) =0,
, (1.5)
y'(m) + hy(m) =0
is reconstructed by one spectrum.
A number of works by B.M. Levitan [4], [5] are devoted to reconstructing the Sturm-Liouville
operator by one and two spectra. These studies have found continuations in [6] - [20]. Sources [21] - [28]
are introductory.

This paper is devoted to generalization of Ambartsumian [1] and Levinson [3] theorems, in particular,
our results contain the results of these authors.

2. Research Methods.
Idea of this work is very simple. Analysis of contents of [1, 3] showed that both of these operators
have an invariant subspace. If for a linear operator L the following formulas hold
LP = PL", QL =1"Q,
where P, Q are orthogonal projections, satisfying the condition P + Q = I, then the operators L and L
have invariant subspaces, sometimes restriction of these operators to these invariant subspaces, under
certain conditions, form a Borg pair.

3. Research Results.
In the Hilbert space H = L?(0, ) we consider the Sturm-Liouville operator
Ly =—-y" +q@)y; (3.1)
{‘111)’(0) +a2y'(0) + ay3y(m) + a4y’ (m) =0,
a21Y(0) + az,y'(0) + a3y () + azy’(m) =0
where q(x) is a continuous complex function, a;; (i =1,2; j=1,2,3,4) are arbitrary complex
coefficients, and by A; j (i=1,2; j=1,2,3,4) we denote the minors of the boundary matrix:

:(all a;; 13 a14)
Ayq Qyy Q23 A4/

(3.2)

Assume that a,, # 0, then the Sturm-Liouville operator (3.1) — (3.2) takes the following form
Ly =-y" +q(x)y, x € (0,m); (3.1)

A14y(0) + A24y'(0) + Aguy(m) =0,
, (3.3)
A12y(0) + Agoy(m) — Apyy'(m) =0
and its adjoint operator L* takes the form
Ltz=—-z"+q(x)z, x € (0,m); (3.1)"
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{A_Hz(O) + 842 (0) + Aypz(m) = 0, (3.3)
A342(0) + Agp2(m) — Dgaz' (m) = 0. '
Let P and @ be orthogonal projections, defined by the formulas

Pu(x) _ u(x)+u(mr—x) ’ QU(X) _ v(x)-v(mT—x) (3'4)

2 2

The main result of the paper is the following theorem.
Theorem 3.1. If A,,# 0, and

1) PL=L"P;
2) LQ = QLY;
3) Ap= —Agy;

then the Sturm-Liouville operator (3.1) — (3.3) reconstructed by one spectrum.
4. Discussion.
In this section we prove the theorem and discuss the obtained results. Following Lemmas 4.1, 4.2
may have independent meanings.
Lemma 4.1. If for a linear and discrete operator L the following equalities hold
1) PL =L*P;
2) LQ =QL%;
3)) P+Q =1
where P, Q are orthogonal projections, and I is identity operator, then all its eigenvalues are real.
Proof.
Let PL = L*P,LQ = QL™; then
(PL)* =L"P* =L'P = PL;
(LQ)" = Q"L = QL = LQ;
i.e. operators PL and LQ are self-adjoint, therefore, their eigenvalues are real.
Further, if Ly = Ay, y # 0, then PLy = APy, L*Py = APy, L*P(Py) = APy, consequently, if
Py # 0, then A is a real quantity; if Py = 0, then y = Qy, and LQy = AQy, LQ(Qy) = AQy, Qy =y #
0. Thus, 4 is again a real quantity.
The following lemma shows that the spectrum (L) of the operator L consists of two parts; therefore,
the operator L, apparently, splits into two parts. Later we will see that this is exactly what happens, and

moreover, these parts form a Borg pair under a certain condition.
Lemma 4.2. If L is a linear discrete operator, satisfying the conditions:

1) PL = L*P;
2) LQ =QL%;
3) P+Q=1;

where P, Q are orthogonal projections, and I is identity operator, then
o(L) =a(Ly) Ua(L,).

where a(L) is a spectrum of the operator L, L; = PL, L, = LQ.

Proof.

If Ly =1y, y # 0, then PLy = APy, L*Py = APy, L*P(Py) = APy, L,(Py) = APy. If Py # 0,
then A€ 0(L;). If Py=0, then y=Qy #0 and LQy = AQy, LQ(Qy) = AQy, L,Qy = AQy.
Consequently, A € a(L,).

Thus a(L) € (L) U 0(L,), where a(A) means spectrum of the operator A.

Assume that A € g(L;) Uo(L,) and A # 0. Then

a)If 1 € o(L,), then PLy = 1y, y # 0 - P?Ly = APy, PLy = APy, if Py = 0, then PLy = 0,=>
Ay = 0,— y = 0, it is impossible, therefore Py # 0 and L*Py = APy. Consequently, A € a(L*) = o(L).

b) If 1€0(Ly), then LQy =21y, y #0, QL*y =y, Q*L*'y = AQy, QL*y = AQy,- Qy # 0,
otherwise QL*'y = 0,=> LQy = 0,-» Ay = 0,— y = 0. Consequently, AQy = QL*y = LQy,— L(Qy) =
AQy, thus A € a(L).

¢)0 € a(Ly)Va(ly).

— 3 ——
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If0 € (L), then Lyu = 0, PLu = 0, u # 0; Operator L; maps the subspace H; = PH into H;, thus
u=Pu+0,then PLu=LPu=Lu=0=>0€0d(L) =0c(l).

If 0 € 6(L,), then L,v =0, v # 0; Operator L, maps the subspace H, = QH into H,, therefore
v=QvandL,y =LQv=Lv =0, =>0 € a(L).

Lemma 4.3. If
b) PL = L*P; (4.2)

w, Qu(x) = M, then for the Sturm - Liouville operator (3.1) — (3.2)

the following equalities hold
D q(m—x) = q(x);
2) q(x) = q(x);
3) A1z + A= Azp + Azy;

4) (A12+A14) — Ajp+Aqy — Azp+Azy
Azy

where Pu(x) =

A24— A24— ’
Moreover, operators L and L take the following forms:
Ly = =y" +q(x)y, x € (0,m);

{% y(0) + y(m] +y'(0) —y'(m) =0,

A1,y(0) + Azpy(m) — Ayyy'(m) = 0.

Ltz=—-z"+q(x)z x € (0,);

{AA%A_ [2(0) + z(m)] + 2'(0) + 2'(m) = 0,
24
8142(0) + Az’ (0) + Appz(m) = 0.
Proof.
If PL = L*P, then z(x) = Py(x) € D(L"), where y(x) € D(L), thus

—y(0) + y(m) N A—y’(O) —y'(m) N A—y(n) +y(0) _

Agy > 24 > 12 > 0,
— yO0) +ym) _—y@+y©O0) __y' (@ —-y'(0)
Az — 5 + A3, > — Ay, > =0;

{(A_lz + A1) [y(0) + y(@)] + Azy[y'(0) — y'(m)] = 0,
A3z + A3)[y(0) + y(@)] + Ayuly’'(0) — y'(m)] = 0.

For unknown quantities y(0), y'(0), y(1),y'(1) we obtained the system of equations, therefore

A1s Az Az, O
A1, 0 Azz —Azs _ 02>
A +A1s Ay DAp+ A —Ay, '
A_32 + A_34 Ayy A_32 + A_34 —Ay4
Agy Dpy  Das Dy Agy Dpy  Dzs Dy
Aqp 0 A3z —Ag4 Ay + 014 Dpy Aszp+ A3y

Azp + A3y Dyy Az + Az, Ol MAzp + Az, Ay Azp+Az O
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Aiz iy fag Agp g4
= (Fha) Bz Hhig By Aip - Agy) =
Azz + A3y Azy Azp + Az

& + E Doy Azp+ Az — A1y — Ay
= (—A24) E + E Ay 0 =
Azy + Az Ayy 0

= (—02) (A3 + Azq — Ayp — Ay)Ay(Ayp + Ay — Azy — Azy) =

= 824171835 + Azy — Ag, — Agy|* = 0.
Since A247‘: O, then AlZ + A14= A32 + A34.

Summing up the boundary conditions (3.3), we have

(D12 +A10)y(0) + (Azz + A3)y(m) + Azuly’(0) — y' ()] = 0,

(D12 + A1) [y(0) + y(m)] + Az4[y'(0) — y'(m)] = 0.
Combining this equation with the first boundary condition (4.3), we receive

{(Alz +81)[y(0) + y(@] + Az [y'(0) — y' (m)] = 0,
(A12 +81)[y(0) + y(m)] + Az4[y'(0) — y'(m)] = 0.

This system of equations (4.5) has a non-trivial solution, therefore

A2+ A1s Agy

N e el
Ay + A1, Ay

Ayg(Dqz +A1y) — Dy (Byp +D14) =0,

Ay + D, _ Ay + Ay
Ay Az

Hence, the operator L has the following form

Ly = —y" + q(x)y, x € (0,m);

Ba2 ¥ 8aa )0y 4y ()] +9/(0) = y' () = 0,
B

A1,y(0) + A3y () — Apyy'(m) = 0.

(4.5)

We specify the boundary conditions of the operator L*, subtracting the second boundary condition

from the first boundary condition (3.3)", we get

(A14 = B34)2(0) + (A1 — B35)z(10) + Agy[2'(0) + 2’ ()] = 0.

From the formula 4.4 it follows that Ay, — Az, = A3, — A5, thus

(A14 — B34)[2(0) — z(m)] + Bz, [2' (0) + 2’ (m)] = 0,

— 34 ——
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A_A%A_ [2(0) — z(m)] + 2’ (0) + 2 (1) = O.

Consequently, the adjoint operator Lt has the following form
_ L'z==7"+q)z
A1q — A3y , reoN
— 20 —z(m]+2'(0) +2'(m) = 0,
24
8142(0) + Bp42' (0) + Aypz(m) = 0;
Further, the formula PL = L* P implies

PLy = P°[-y" + q(x)y] = =P[y" ()] + P[q(x)y(x)] =

_ V'@ +y'(m—x)  q0)y() +q(m —0)y(m—x)
T 2 * 2 ’

L+Py=L+[Y(x)+32'(”_x) -
__ Y@y m=x) q(x)y(x) tym=—x).

2 2
q()y(x) + q(m — x)y(m —x) = g(x)y(x) + g(x)y(m — x),
[q(x) —q()]y(x) + [q(m — x) — q()]y(mr —x) = 0,=> (4.6)
[qimr —x) — q(m —0)]y(mr — x) + [q(x) — g(mr — x)]y(x) = 0.

It is obvious that the system of equations for y(x) and y (7 — x) has a non-trivial solution, thus

_| 4 —-qk) qir—x) —q(x) | _
qx) —q(m—x) qw—x)—gl@—-x "~

[q(x) —q()]lq(m — x) — g(m — 2] = [q(mw — x) — gC)][g(x) — g(m — x)],
q(x)q(mr —x) —q(x) g(mr — x) — q(x) q(w —x) + g g(m — x) =
=q(m—x)q(x) —q(@ —x)g(r — x) — g(x)q(x) — g(x)g(m — x),

q(0)q(m —x) +q(x) g(m — x) = q(m — 0)g(w — x) + q(x)q(x),
q()[q(m —x) —q()] + q(m —0)[g(x) —g(r —x)] = 0,
[qC0) — q(mr — 0)][q(m —x) —q(x)] =0,
lg(x) —q(r =) =0,=> q(x) —q(r—x) =0;  (4.7)
From the formulas (4.6) and (4.7), we have
[q(x) —q()]y () + [q(x) —q()]y(mr —x) = 0,=>

[q(x) = q)][y(x) + y(mr —x)] = 0,=> q(x) —gq(x) = 0.
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Lemma 4.4. If
a) Ayy# 0;
6) LQ = QL",
then
1) q(m—x) = q(x);

2) q(x) = q(x),
3) Ay + A= Agp + Agy;

Aqg—A Aqg—A Azp—A
4) ( 14 34-) — ( 14 34-) — 32 12'
N—— —

Apy Apy Apy

A3zp—A1p
Az

z(x)—z(m—x)

where Qz = .

Moreover, the operators L and L* take the following forms
Ly ==y" +q(x)y, x € (0,7);
{% () +y@] +y'(0) = y'(m) =0,
A12y(0) + Azoy(m) — Azey’(m) = 0;
Ltz=—-z"+q(x)z, x € (0,m);

A24—

{& [2(0) — z(m)] + 2 (0) + z' () = 0,
A142z(0) + A,,2' (0) + Aj,z(m) = 0.

Proof.

IfLQ = QL* and z € D(L"), then y = Qz € D(L), therefore

z(x) — z(mr — x) , z'(x)+z'(mr—x)
y@) =T,y =
z(0) — z(m) z'(m) + z'(0) z(m) — z(0)
My—— o +thu——-— =0,
z(0) — z(m) z(m) + z(0) z'(m) +2'(0)
A, T 32 2 — A4 2 =0;
(D14 — D3z4) Z—(O);Z(n) + Ay (O)ZZ G 0, 49
(A2 — A3y) M AY M =0; '

It is obvious that the system has a non-trivial solution, therefore

A, —A A
A= A14 — A34 —AZ4 = =024 (814 — D34 + Ayp — A3y) =0,
12 32 24
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since A24¢ 0, then A12 + A14= A32 + A34. (49)
Subtracting the second boundary condition from the first boundary condition (3.3)", we get

(A4 — B34)2(0) + (A1 — A35)z(1) + Bpy[2'(0) + 2' ()] = 0
Due to the formula (4.9), this formula takes the form
(A14 = B34)2(0) = (Ay4 — B34)z(10) + Bgy[2'(0) + 2’ (m)] = 0,

A, —A
2 3%12(0) — z(m)] + 2'(0) + 2'(m) = 0.
Bor
Combining this boundary condition with the first boundary condition (4.8), we obtain
Ay — A
2234 2(0) — z(m)] + 2’ (0) + 2’ () = 0,
Ayy
A, — A5,
__312(0) — z(m)] + 2'(0) + ' (%) = 0.
k Ay
Ay —Agy 1
A= _A24_ —0 (A14 - A34) _ Ajy —Agy
A1y —Azy 1 ' Az Ayy
Az

Hence, the operator L* has the form
Ltz=—-z"+q(x)z x € (0,m);
Ay —A
% [2(0) — z(m)] + 2'(0) + z' (%) = O,
24
8142(0) + Bp42' (0) + Ayp2(m) = 0;

A14—Az4

where is a real quantity.

24
Summing up the boundary conditions (3.3), we get

(A2 +814)y(0) + (Az3 + A3y () + Agzy[y’'(0) — y'(m)] = 0,

Baz ¥ Bia 1)) 4y ()] +/(0) — ' () = 0.
Az

Consequently, the operator L has the form
Ly=-y"+qx)y, x€(0,m);

A%f“ [Y(0) + y(m)] + y'(0) — y'() = 0,
A1,y(0) + Az y(m) — Apyy'(m) = 0.

Further, from the formula LQ = QL*, we have

LQZ — LoZ(x) - ;(T[ —X) — _Z”(.X) _;”(T[ —X) + q(X)Z(x) —;(Tl_’ —X);
012 = Q-2 + qs] = - LD =2 =)
q(x)z(x) — q(m — x)z(m — x)
+ 5 ;
q(x)z(x) — q(x)z(m —x) = q(x)z(x) — q(m — x)z(w — x),
[ 80~ G0I) + a0 =)~ 4Wlatr =) =0, o)
[q(x) — q(m —0)]z(x0) + [q(r — %) — G(m — ) ]z(mw — %) = 0; '
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_| a0 —-gq) q(mr —x) —q(x) — 0
qx) —qm—x) q(r—x)—q(r—x) ’

[qC) —g()] - [q(m —x) — q(m — )] = [q(m — x) — q(x)] - [(x) — q(m — x)]
q(x)q(m —x) —q()g(m — x) — q(x)q(m —x) + gC)g(m — x) =
=q(m—x)q(x) — g(m — x)q(m — x) + q(x)g(x) + g(x)q(m — x);

q(0)q(m —x) + q(x)g(m — x) = q(m — x)q(m — x) + q(x)q(x),
q@)[g(m —x) —q()] + q(m — 0)[g(x) — q(mr —x)] =0,
[q(x) —q(m — )] [q(m —x) —q(x)] =0,
la(x) — q(m —0)* =0, => q(x) = q(w — ).
From (4.10) it follows that
[q(x) — q(0)]z(x) + [g(x) — q()]z(w — x) = 0,=>
[q(x) — g()][z(x) — z(m — x)] = 0,=> q(x) = g(x).

The proved Lemmas 4.3 and 4.4 yields the following theorem.

Theorem 4.1. If A,,# 0 and the following formulas hold
a) PL = L*P,

b) LQ = QLY;

then the operators L and L* take the following forms:

Ly =—=y" +q(x)y, x € (0,m);
{i [y(0) + y(m] +y'(0) — y'(m) = 0,

Azy
A1,y(0) + A3y () — Apyy'(m) = 0;

Ltz=—-z"+q(x)z, x € (0,m);

{% [2(0) — z(m)] +2'(0) +2'(m) = 0,
B142(0) + B342'(0) + Byzz(m) = 0;

where

1) q(mr —x) = q(x);
2) g(x) = q(x),
3) (A12+A14) — Ajp+A14 _ Azp+Azg

)

Apq Azq Azq
4) Big—A3zq _ (A14—A34) _ D32—417
Azq Az4 Azq

Further, from the formula PL = L*P we note that the operator L, = PL acts in the subspace H; =
PH, where H = L?(0, ). Supposing,
y() +y(m —x)
2 )

u(x) = Py(x) =

we receive
y'(x)—y'(r—x)

u'(x) = 5
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Then Theorem 4.1 implies

A, + A
w(0) + =2—"24,(0) = 0,
Az

v(G)-o

Liu=—-u"+qx)u, X € (Og)

Ay, + A
u'(0) + 2—224(0) =0,
A24

u (g) =0.

z(x) — z(mr — x)
> )

Similarly, supposing

v(x) =

we get
zZ'(x)+z'(mr—x)
5 :

v'(x) =
Then from Theorem 4.1 it follows that

A,—A
v'(0) + —=—3%45(0) = 0,
A24-

o()-o

L,v =—-v" + q(x)v, x € (0, g),

A, —A
v'(0) + =2 3% 5(0) = 0,
A24-

T
v(3)=0
From the condition 3) of the proved Theorem 4.1 it follows the following equality
Ay + A= A1y — A3y
Supposing a = A,,, B = Ay, + A4, we rewrite the operators L, and L, in the form
n n
Liu=—-u"+qx)u, X € (OE)
{au’(O) + Bu(0) =0,
14 n — .
u (E) = 0,
T
L,y =—v" +q(x)v, X € (O, —),

av'(0) + Br(0) =0,
e

If spectrum of the operator L is known, then by Lemma 4.2 spectra of the operators L; and L, are
known. It is obvious that they form the Borg pair in the interval [0, %] By the Borg theorem spectra of

these two operators uniquely determine the Sturm-Liouville operator on the segment [0, %], and due to the

formula q(x) = q(m — x), on all the segment [0, r]. Theorem 4.1 is proved.
39




News of the National Academy of sciences of the Republic of Kazakhstan

5. Authors thank the leadership of the International Silkway University and the Regional Social
Innovation University of Shymkent for the partial funding of the research.

O0XK 517
AL Mannan6aes’, A.A. llaananéaesa’, B.A. Hlangaun6aii’

1XaJILIKapaJILIK Silkway yauBepcureTi, [lIpiMkeHT K., KasakcraHn;
zAfIMaKTLIK QJIeyMETTIK-UHHOBAIMSIIBIK YHUBepcuTeTi, IIIsiMkeHT K., Ka3zakcran;
*M.0.Aye30B aTbinars OHTyCTiK Kasakcran MemiekeTTik yrusepcuteTi, ILIsivkenT K., Kasakcran

MOTEHIUAJIbI CUMMETPHUSLIbI, AJI HHEKAPAJIBIK INAPTTAPBI AJKbIPAMAWTBIH
HTYPM-JINYBNJIJI OIIEPATOPBIHBIH KEPI ECEBI TYPAJIBI

AHHoTauusi. Byn eHOekTe MOTEHIMAIbl CHMMETPHSUIBI, HAKTBI Opi Y3IKCI3, aja IIeKapaiblK IapTTaphl
axbipamaiiteia LTypm-JInyBusun onepatopsiH Oip ClIEKTp apKbLIbl aHBIKTayFa OOJIATBIHBI KOPCETUIL. 3epTTey dici
OYpPBIHFBI OiCTep/IiH enidipiHe YKcaMaiabl XoHE OJ1 OMepaTop/blH IIIKI CHMMETPHUSACHIHA HETi3/IereH, al O 63
Ke3eriHjie MHBapUaHTThI KEHICTIKTEPIH CaJllaphbl.

Tyiiin ce3nep: Ilrypm-JInmyBwminig oneparopsl, cnekrp, Ltypm-JlnyBwuigin kepi ece6i, Boprrbeix
TeopeMachl, AMOapIyMSHHBIH TeopeMachl, JICBUHCOHHBIH TEOpEMachl, aXKBIPaMAWTHIH IIEKAPaNBIK [IapTTap,
CUMMETPHSUTBI TOTEHIINAT, UHBAPUAHTTHI KEHICTIKTEP.

YK 517
A.l.l.l.ll.[amlaﬂﬁaenl, A.A.l.l.laﬂuanﬁaenaz, B.A.lllanpaun6aii’

'Mesxynaponnslii yausepcuter Silkway, r. Ilsivkent, Kazaxcras;
PernoHaNbHbIIH COLMAbHO-WHHOBAIIMOHHBIN YHUBEPCHUTET, T. LlIpmvkenT, Ka3axcras;
3}Oxno0-Kaszaxcranckuii [ocynapcTBennblil yHuBepenTer M. M. Aye3osa, . Ilsivkent, Kasaxcran

y y y ) )

OBPATHAS 3AJAYA OIIEPATOPA IITYPMA-JINYBUJLJISA
C HE PA3JEJIEHHBIMU KPAEBBIMH YCJIOBUSIMHA U CUMMETPUYHBIM IIOTEHHHUAJIOM

AnHotauusi. B nmanHO# paboTe noka3aHa Teopema €IWHCTBEHHOCTH IO OJHOMY CHEKTPY, IUIS oIleparopa
[typma-JInyBUILIS ¢ HE pa3IeIecHHBIMU KPaeBBIMH YCIOBHAMHU U BEIIECTBEHHBIM HEIPEPHIBHBIM 1 CHMMETPHUIHBIM
MOTEHIMAIOM. MeToa WcclIeJOBaHUSI OTIMYACTCS OT BCEX HM3BECTHBIX METOIOB, W OCHOBAaH Ha BHYTPEHHIOIO
CHMMETPHIO OTIEPaTopa, MOPOKIACHHOTO HHBAPUAHTHBIMA TOANPOCTPAHCTBAMH.

KiroueBsbie ciaoBa: Omeparop IlItypma-JImyBums, criektp, obpatHas 3amada llItypma-JIlnyBuis, Teopema
bopra, Teopema AmbapiiymsiHa, Teopema JIeBUHCOHA, Hepa3/elieHHbIE KPaeBbIe YCIIOBUS, CUMMETPHYHBIA MMOTEH-
nyajl, ”THBapUaHTHBIC MMOAIIPOCTPAHCTBA.

Information about authors:

Shaldanbayev A.Sh. — doctor of physico-mathematical Sciences, associate Professor, head of the center for mathematical
modeling, «Silkway» International University, Shymkent; http://orcid.org/0000-0002-7577-8402;

Shaldanbayeva A.A. - "Regional Social-Innovative University", Shymkent; https://orcid.org/0000-0003-2667-3097;

Shaldanbay B.A. - M.Auezov South Kazakhstan State University, Shymkent; https://orcid.org/0000-0003-2323-0119.

REFERENCES

[1] Ambartsumian V.A. Uber eine Frage der Eigenwert-theorie, Zsch.f.Physik, 53(1929), 690-695.
[2] Borg G. Eine Umbehrung der Sturm — Liovillschen Eigenwertaufgabe, Acta Math., 78, Ne2(1946), 1-96.
[3] Levinson N. The inverse Sturm — Lioville problem, Math.Tidsskr. B., 1949, 25-30.
[4] Levitan B.M. On definition of the Sturm-Liouville operator by two spectra. News of AS USSR, ser. Math., 28 (1964),
63-78.

[5] Levitan B.M. On definition of the Sturm-Liouville operator by one and two spectra. News of AS USSR, ser. Math., 42.
Nel. 1964.

[6] Barcilon V. Iterative solution of the inverse Sturm-Liouville problem. J. Mathematical Phys., 15 (1974), 287-298.

[7] Zhikov V. V. On inverse Sturm-Liouville problems on a finite segment. Math. USSR--1zv.1 (1967), 923-934.

[8] Gasymov G. M., Levitan B. M., On Sturm-Liouville differential operators with discrete spectra. Amer. Math. Soc.

Transl. Series 2, 68 (1968), 21-33.

— 4) ——



ISSN 1991-346X 4.2019

[9] Gelfand I. M., Levitan B. M. On the determination of a differential equation from its spectral function. Amer. Math. Soe.
Transl. Series 2, 1 (1955), 253-304.

[10] Hald O. H. Inverse eigenvalue problems for layered media. Comm. Pure Appl. Math.,30 (1977), 69-94.

[11] Hochstad T.H. The inverse Sturm-Liouville problem. Comm. Pure Appl. Math., 26 (1973), 715-729.

[12] Hochstadt H. Well-posed inverse spectral problems. Proc. Nat. Acad. Sci., 72 (1975), 2496-2497.

[13] Hochstadt. H., On the well-posedness of the inverse Sturm-Liouville problem. J. Differential Equations, 23 (1977),
402-413.

[14] Krein M. G., Solution of the inverse Sturm-Liouville problem. Dokl. Akad. Nauk SSSR (N.S.), 76 (1941), 21-24.

[15] Krein, M. G., On the transfer function of a one-dimensional boundary problem of second order.Dokl. Aka:t. 1Vaulc
SSSR (N.S.), 88 (1953), 405-408.

[16] Levitan B. M., On the determination of a Sturm-Liouville equation by two spectra. Amer. Math. Soc. Transl. Series 2,
68 (1968), 1-20.

[17] Levitan B. M., Generalized translation operators, Israel Program for Scientific Translations, Jerusalem,1964.

[18] Marchenko V. A., Concerning the theory of a differential operator of the second order. Dokl. Akad. Nauk SSSR (N.S.),
72 (1950), 457-460.

[19] Marchenko V. A., Expansion into eigenfunctions of non-selfadjoint singular differential operators of second order.
Amer. Math. Soc. Transl. Series 2, 25 (1963), 77-130.

[20] Hald O.H. The Inverse Sturm--Liouville Problem with symmetric Potentials, Acta mathematica 1978, 141:1, 263 .

[21] Coddinoton E., Levinson, N., Theory of ordinary differential equations. McGraw-Hill, New York, 1955.

[22] Neumark M. A., Lineare Differential Operatoren. Akademie-Verlag, Berlin, 1963.

[23] Titchmarsh E. C., The theory of functions. Oxford University Press, London, 1939.

[24] Titchmarsh E. C., Eigenfunction expansions associated with second order differential equations. Oxford University
Press, London, 1946.

[25] Zygmund A., Trigonometric series, vol. I, 2nd ed. Cambridge University Press, London,

[26] Jorgens K., Spectral theory of second-order ordinary differential operators, Lectmyes delivered at Aarhus Universitet,
1962/63, Aarhus, 1964.

[27] Akylbayev M.I., Beysebayeva A., Shaldanbayev A. Sh., On the Periodic Solution of the Goursat Problem for a Wave
Equation of a Special Form with Variable Coefficients. News of the National Academy of Sciences of the republic of Kazakhstan.
Volume 1, Number 317 (2018), 34 — 50.

[28] Shaldanbaeva A. A., Akylbayev M.1., Shaldanbaev A. Sh., Beisebaeva A.Zh., The Spectral Decomposition of Cauchy
Problem’s Solution for Laplace Equation. News of the National Academy of Sciences of the republic of Kazakhstan. Volume 5,
Number 321 (2018), 75 — 87. https://doi.org/10.32014/2018.2518-1726.10




News of the National Academy of sciences of the Republic of Kazakhstan

Publication Ethics and Publication Malpractice
in the journals of the National Academy of Sciences of the Republic of Kazakhstan

For information on Ethics in publishing and Ethical guidelines for journal publication
see http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the National Academy of Sciences of the Republic of Kazakhstan implies
that the described work has not been published previously (except in the form of an abstract or as part of a
published lecture or academic thesis or as an electronic preprint, see http://www.elsevier.com/postingpolicy),
that it is not under consideration for publication elsewhere, that its publication is approved by all authors
and tacitly or explicitly by the responsible authorities where the work was carried out, and that, if
accepted, it will not be published elsewhere in the same form, in English or in any other language,
including electronically without the written consent of the copyright-holder. In particular, translations
into English of papers already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent data,
incorrect interpretation of other works, incorrect citations, etc. The National Academy of Sciences of the
Republic of Kazakhstan follows the Code of Conduct of the Committee on Publication Ethics (COPE),
and follows the COPE Flowcharts for Resolving Cases of Suspected Misconduct
(http://publicationethics.org/files/u2/New_Code.pdf). To verify originality, your article may be checked by the
Cross Check originality detection service http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be chosen
in such a way that there is no conflict of interests with respect to the research, the authors and/or the
research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will only
accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of a
paper automatically implies the copyright transfer to the National Academy of Sciences of the Republic of
Kazakhstan.

The Editorial Board of the National Academy of Sciences of the Republic of Kazakhstan will monitor
and safeguard publishing ethics.

[TpaBuna opopmiieHHs cTaTby AJIs MyOJIMKALUK B XKYypHAJIe CMOTPETh Ha calTax:

www:nauka-nanrk.kz

http://physics-mathematics.kz/index.php/en/archive

ISSN 2518-1726 (Online), ISSN 1991-346X (Print)

Penakropwt M. C. Axmemosa, T.A. Anenoues, /].C. Anenos
Bepcrka Ha KomnsioTepe A.M. Kyaveunbaesot

IMoamucano B nevats 10.08.2019.
®opmar 60x881/8. bymara odcernas. [Teuars — puzorpad.
9,6 .. Tupax 300. 3akas 4.

Hayuonanvhas akademus nayk PK
050010, Anmamul, ya. Lllesuenxo, 28, m. 272-13-18, 272-13-19

—— 154 ——



