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SOLITON SOLUTIONS FOR THE (2+1)-DIMENSIONAL
INTEGRABLE FOKAS-LENELLS EQUATION

Abstact. Studying of solitons led to the discovery of a number of new directions related to it. There is interest in
which is also enhanced in connection with the discovery of new examples in which soliton processes are manifested.
The number and variety of nonlinear equations containing solitons as the most interesting solutions significantly
increase due to generalizations to the two-dimensional and three-dimensional cases. Such popular transformations as
Darboux, Backlund and Hirota's bilinear method are often used to find exact different kind of the solutions of
nonlinear equations.

In the present paper, we present Lax pair of the (2+1)-dimensional integrable Fokas-Lenells equation. The
bilinear form of the (2+1)-dimensional integrable Fokas-Lenells equation was obtained by the Hirota’s bilinear
method. By using Hirota's bilinear method, we construct exact one-soliton and two-soliton solutions of the (2+1)-
dimensional Fokas-Lenells equation. The graphics of the obtained solutions are presented. The obtained new results
have important physical applications.

Keywords: Hirota method, Lax representation, soliton solution, Fokas-Lenells equation.

Introduction. In many areas of science, the object of intensive theoretical and experimental research
is soliton which is mean the "solitary" wave (solitary wave). Soliton can be used to transmit information,
where the main idea is to use in each bit interval to represent units in the stream of binary signals.
Mathematically, solitons are localized stationary solutions of nonlinear partial differential equations or
their generalizations.

One of the generalization of nonlinear Schrodinger is the integrable (1+1)-dimensional Fokas-Lenells
equation (FL) [1, 2] which was proposed by J. Fokas and A.S. Lenells. At present, studying
multidimensional integrable systems containing derivatives in more than two variables is very interesting
and relevant and namely finding exact soliton solutions. In this regard, by considering the (1+1)-
dimensional FL. equation, we obtain the (2+1)-dimensional FL equation and present its Lax pair [1, 2].

The paper is organized as follows. In Section 2, we present Lax representation of the (2+1)-
dimensional FL equation. Hirota method is presented in Section 3. Namely, we apply Hirota method for
FL equation and find one soliton and two soliton solutions by obtained bilinear equation. In Section 4, we
give conclusion.

Lax representation. The (2+1)-dimensional FL equation is given by next form

. . 2 .
qut - quy + 2Qx - qx Q‘ + lq = 07 (1)

where { is the complex shell of the field, the indices x, y and ¢ denote the partial derivatives with respect

to the arguments x, y and 7, and 1 is the complex number.

To construct solutions of differential equations, a number of conditions must be fulfilled, one of
which is to satisfy the compatibility condition [1]. The studied equation (1) satisfies the "compatibility
condition" and has the following has a Lax representation
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Y =UY, U=-ilo,+10,
1 i
qjt:\Py-i-W\P, W:W0+EW71_WG3,

where ¥ = ¥ (x,t) is a 2x2 matrix-valued eigenfunction, A is an isospectral parameter, and matrices are

given in the form:

0 g, iqr i(0 ¢ 1 O
- Wy =ioy- Loy, W, =L oy .
o (rx 0] 03Ty T 2(—1’ OJ 3 (0 —1)

Hirota's bilinear method. Soliton solutions of the (2+1)-dimensional FL equation will be
constructed by the so-called bilinear Hirota's method. The outline for constructing soliton solutions by this
method is as follows:

1. The first we apply the dependent variable transformation for FL equation in order to obtain its
bilinear form.

2. The second we consider the formal series of perturbation theory.

3. The third we build multi soliton solutions.

One-soliton solution of the (2+1)-dimensional FL equation. In order to construct soliton solutions

of equation (1), we use the bilinear form of FL equation has the form [6] 4 = §. Then the bilinear form

of the FL equation

iD.D,(g- /) ~iD,D,(g- f)+2D,(g- ) +igf =0, 2o
DD+ £ )=iDD,(f £ )= Dy(g-8) =0, 26)
DS f)=iD(f 1) 5808 =0, (n)

iD,(f £ =D £ =5 282 =0, e

2230

where & is complex function, f is real one, the sign means complex conjugation and Dx R Dy , Dt ,

are bilinear differential operators which defined by

. o oY(o oY ‘
DmDn . - = _ - ,t !,t! s
eoir-r (22 Y(2-2) far ..

where x',¢" as two formal variables, f'(x,t) and f (x',2") - two functions, 7 and 7 - two non-

negative integers.
Then, we expand the functions & and f in bilinear equation (2) with respect to small parameter &

as follows [2]:
g(x,y,t)=ggl(x,y,t)+83g3(x,y,t)+..., (3a)
f(xﬁyat) = 1+82f2(x9y7t)+84f4(x9y9t)+"-9 (36)

where gj is complex function, fn isreal ones ( j=1,3,5,..; 1 =24.6,...).
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In the case of a one-soliton solution of equation (1), the formal parameter in equation (3) is taken as
E=land j=1,n=2,ie

g = &4, (4a)
f=1+&*f, (46)

and we find the solution according to the following statement:

g__&
fo+h

2
where g =€ l, 91 = a1x+b1t+cly+dl and 91* = afx + bl*t'i‘ C;ky + dl*’ here al,bl,cl,dl -
complex constants.

Substituting expression (4) into equation (2) and collecting in powers of the parameter &, we get
next system

q= )

g : (iD,D,—iD.D,+2D,)(g 1) +ig, =0, 6)

g : (iD,D,—iD.D, +2D,)g - f,)+ig f> =0, %
g 1 DD, ~D.D))f,+f>) —%Dx(gl -g1)=0, ®)
A liDt(fz'fz*)—liDy(fz‘fz*)zoa ©)

g i(D,-D)(f; —fz*)—%gl g1 =0, (10)

gt WD, =D)(f> f2)=0, (1)

& 5 DD +IDDS D= gigh =0, 1)
et o (D =D)(fs fr:)=0. (13)

Now, applying the properties of the Hirota operator to equations (6) - (13), we obtain

1

£ 1 gy — I8y 281, +ig =0, (14)
e 1 iginfy —igufax —i81x o +181 fon — g o +Hig1 o +
+ig foy —i81 20 + 281 /2 —281/2x +i81/2 =0 (15)
£5 1 ifay +if2*tx /L. _ifZ*yx _%glng +%glgrx =0, (16)
e 1 i Sy —ifafoe i S H i S — o s+
+ifay for +ifaxfry =i fap =0, (7
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2 . - e . s | *
7t ify —ify —ify, +ifsy, 588 = 0, (18)
4 . Lk Lk
g Uy fs —ifafu — iy fo +ifa S, =0, (19)
2 . . Lk 1 *
& lhatihy —5 218, =0, (20)
4 . * . * . * . *
e Uy fox —Wafox — iy Sox +if2fox, =0. 21)
By solving the system of equation (14)-(21) we can get from equation (14)
a :; (22)
: c,—b +2i

the equation (15) gives conjugation form of &;

. 1
a=—— 23
1 cl*—bl*—Zi 23)

and from equations (16) - (21) we obtain
.2 % *
la; a, 6,+6

fr=—T2 1 4)
? 2(“1*‘“1)2

Then by substituting equation (24) into equation (5), we obtain the one-soliton solution of the (2+1)-
dimensional FL equation, which is
(7 )
1 2(
e a +a

2
1+

iaj af 0+0" *2 0 .2 x 0

— TL LY 2(ay+ay) e +iafage
*\2

2(ay +ay)

or if rewrite equation (25), with 191 = K| + X, then we get

iy
4aie™

q= (26)

_ 1 . ’
405129 " JF2(0512 +,B12)(1051 _131)31(1
where
n=px+vit+ny+n, K =ogx+put+oy+m

with
a1=0(1+i,51, b1:ﬂ1+ivl, CIZO-1+iT1, d1:m1+in1.

Finally, the equation (26) has the form
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2 i
g= pe , 27)
@(ﬁeﬁ P, KIJ
p Jh
J 1
where p=2q; and h = é(alz + ﬂlz o, _E(alz + ﬂlz VB
I . _ 0 P _ _51 . .
n addition, when — = €/ and —— = ¢ the equation (27) can be rewritten as
p Jh
i i
pe pe
=———ysech(k; +0,) = . (28)
170 e = cosh(x; + &)

So, the equation (28) is one-soliton solution to the (2+1)-dimensional FL equation. Plot of the one-
soliton solution is presented in Figure 1.

(a) (b) (©)
Figure 1 - Dynamics of the one-soliton solution with next parameters:

a =1-i,c;=1-=i,b =1-iandd, =1—i.t=-5();t=0(b);t=5(c).

Two-soliton solution of the (2+1)-dimensional FL equation. To find the two-soliton solution of
equation (1), the formal parameter in equation (3) is taken, as & = I and Jj= 1,3, n=24,ie.

e  (D,D,—iD.D,+2D, ) (g 1)+ig, =0, (30)

g : (iD,D,—iD,D,+2D,)(g, - f>+gs 1) +ig [, +ig; =0, (31)

g (iDyD; —iD,D,, + 2D, )(g, - f4 + &3 [2) +igi1 f4 +ig3/, =0, (32)

g (iDD; —iD,D, +2D,)(g3 - f4)+ig3/4 =0, (33)
. w1 %

g* DD, —=D.D,)(f>+f5 )= Dulgi-g1) =0, (34)

&' L iDD(fo o + fa+ [ =IDD(fr- [y + fut f1) -
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—%Dx (8183 +8381) =0, (39)
e liDz(fz'f4*+f4'f2*)—liDy(f2‘f4*+f4'f2*)—

—%Dx (2383) =0, (36)
g iD.D,(fy- f1)=iD.D,(fy-f)=0, (37
g i(Dt_Dy)(f2_f2*)_%gl'gl*:Oa (38)

gt i(Dt—Dy)<f2-f2*>+i<Dt—Dy><f4—f4;">—§<g1-g;“+gi“g3>=o, (39)

g i(D; —Dy)(f - f4)—i(D, —Dy)(f> 'f4)—5(g3'g3)=0, (40)
&' 1 (D, =Dy)(fy f3)=0. (41)
: . * | R
&+ (DD +iDD,)(fy D=7 &i181x =0, 42)
et Z(Dx_Dy)(fZ'fo)_l(f4xt_f4xy)_5(g1g3x+g3g1x):O: (43)
. * * 1 *
e l(Dt_Dy)(fZ'f4x+f4'f2x)_5g3g3x:07 (44)
g i(Dt_Dy)(f4'f4*x):0- (45)

By applying the properties of the Hirota operator we solve the system of equation (30)-(45), and can
get the two-soliton solution of equation (1), which has the next form

g= g &
I+ 1, + 1,

(46)

where

0, 0
=, 2
g e +e-,

6,10,+6, 6,160,+0,

g, =ke + k,e ,
o+6 0.+6; ) 0,+6;
fo=lel T +lLe' 24+lLe! t+le? 2,

* *
491+91 +02 +o92

fy=me >
with

O =ax+bt+cy+d, 6 =ax+bt+cy+d,,
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0,=a,x+bt+c,y+d,, 6, =ax+bt+c,y+d,,

.0 * .0 .0 * .0 %
_ iajaq _ iaa, _ iayq, _ iaya,
b 2a,+a) 7 2a+a) 7 2a +a) Y 2a, + @)
. *\3 2 . *\3 2
l(al) (az _al) _ l(az) (az _al)

2(“1* + az)z(al + al*)z , ’ 2(a, + a;)z(az + a;)z ,
_(az —a,) (a,—a,) (a, +a,+a +a))aa,a;a,

2(a, + a1*)2(a2 + a;)z(al + a;)2(a2 + al*)z

and a,,b ,c, ,d, -complex constants, n=1,2.

-10

(@

Figure 2 - Dynamics two-soliton solution with next parameters:
a, =0.5+0.5i, ¢, =0.5+0.5i, b, =0.5+0.5; and d, =0.5+0.5;. f =—5 (a); t=0(6); t =5 (c).

Conclusion. Thus, we studied (2+1)-dimensional Fokas-Lenells equation by the Hirota’s bilinear
method which is considered one of the effective methods for finding exact solutions of integrable
equations. By using this method, exact one-soliton and two-soliton solutions of the (2+1)-dimensional FL
equation are constructed. Additionally, we present the graphical representation of the obtained soliton
solutions.

M.B. KacbioaeBa, K.P. EcmaxanoBa
JL.LH. T'ymunes arbinaarsl Eypasus yntTeiK yHuBepcuTeTi, AcraHa, Kasaxcran

(2+1)-OJIITEM/II HHTETPAJITAHATBIH ®OKAC-JTEHIJIIIC
TEHJEYTHIH COJIMTOHAbI INEIIM/IEPI

AnHoTanus. COJMTOHIAPIBI 3€PTTEYy CONMTOHMEH OailIaHBICTBI OipKaTap jkaHa OaFbITTApIbIH AlIbUTYbIHA
anpin kesai. COHbIMEH Katap, COMMTOHIBI IpoLecTep OaiiKaiaaThiH KaHa OarbITTapIbIH AIbLTYbIMEH OaiJIaHBICTHI
KBI3BIFYIIBUTBIKTAp 0ap. CONUTOH KYPaNThIH CHI3BIKTH €MEC TCHACYJICPAIH CaHbl MCH alyaHABIFbl €Ki KMl XKoHEe
YIII eJIIIeM/Il XKalblIayiapra Kelly apKbUlbl KYHHEH-KYHTe apTyaa. JapOy, BakinyHa TypaeHaipyi skoHe XUupOoTaHbIH
OMCBHI3BIKTEI 9JICi CHSKTHI TaHBIMANl TYPJICHIOIPYJIEP CBHI3BIKTHI eMec TeHIACYJEepIiH dp Typii IenriMuaepin Taly
Ke31H/€e K1l KOJIIaHbLIa b,

Jlemek, OepiiareH s>KyMbIC aJIAbIHFBI Ta0bUTFaH (2-+1)-emmem i naTerpaigadatein Pokac-JIeHdIcC TeHACY] KoHE
OHBIH OMCBI3BIKTBI TYPI aTThl KYMbBICHIMBI3/IBIH JKaJIFachl 00JbIN TaObutazbl. EHIL, 3epTTeyiepimizii >kalracTbipa
OTBIPBIN, XUPOTa JICi apKbLIbl HHTErpaiaHateiH (2+1)-enmemai ®oxac-JIenance TeHaeyiHiH 1-COMTUTOHIBI XKOHE
2-COJIMTOH/IBI WIEeUTIMepi Ta0bUIbIN, rpadUKTEpl TYPFBI3bULABL. Bi3/iH TanKaH HOTHXEIEePiMi3 MaHbI3Ibl (PH3UKAJIBIK
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KOJLIAHBICKA €.
Tyiiin ce3aep: Xupota omici, Jlake kepinici, comuronas! memnrim, @okac-JIeHdIuIc TeHaeyi.
MLB. KacbioaeBa, K.P. EcmaxanoBa

EBpasuiickuit HartmonanbHeIA yHUBepcuTeT uM. JL.H. I'ymuneBa, Acrana, Kazaxcran

COJIMTOHHBIE PEHIEHUA (2+1)-MEPHOI'O
HUHTEI'PUPYEMOI'O YPABHEHUS ®OKACA-JIEHIJIUICA

AHHOTANHsA. YCIEXH B UCCIECIOBAHUU COJIMTOHOB IMPHUBEIH K OTKPBITHIO IEJIOTO Psa HOBBIX HAINPaBIICHHNA
CBSI3aHHBIX C HUM, TEM BJIOXHOBIUIU OYPHOIH aKTUBHOCTBIO MCCIICAOBATENICH B MAaHHBIX HampaBleHusx. Kpome Toro,
HHTEpEC, K KOTOPOMY YCHJIMBAETCS TAKXKE B CBSI3M OOHAPYKEHUSIMH HOBBIX MPHMEPOB, B KOTOPBIX MPOSBISIOTCS
CONUTOHHBIE TIporiecchl. KommuecTBo U pa3sHOOOpa3ne HEMMHEHHBIX yPaBHEHUH, COIEPIKAIINX COJTUTOHBI B Ka4eCTBE
HanbOollee WHTEPECHBIX pEIICHWA, CYIIECTBEHHO YBEIMYMBAIOTCS Onaromapst oOOOIIEHWSM Ha IBYMEPHBIE M
TpexXMepHBIe cirydau. [ HaX0KACHUS COJUTOHHBIX PEIICHUH HENWHEHHBIX YpaBHEHUH YacTO MPUMEHSIOTCS TaKue
oIy JIsipHEIe Tpeobpa3oBanus, kak [lapOy, baxkmynna u metox XupoTsl.

Takum oOpa3zom, naHHas paboTa SBIAETCS MPONODKCHHEM Hamieidl mpeaplaymeil paboTel, B KOTOPOH OBLIO
HaiineHo (2+1)-mepHoe uHTErpHpyemoe ypaBHeHne Dokaca-Jlenaica u mocTpoeHa ee OmmuHEHHas popMa METOAOM
Xupotsl. Tenepb, IpoAoKas HAIIM UCCIEIOBAHMSI, METOJIOM XHUPOThl HAWJEHBI €ro TOYHbIE |-cONMMTOHHOE U 2-
COJIMTOHHOE PELICHUS C IOMOIIBIO YK€ MOJTy4YeHHOH HaMu OmitnHelHo# ¢opmbl (2+1)-mepHoro ypaBuenust ®okaca-
Jlenanica v mocTpoeHk! uX rpaduku. HaliieHHble HAMU pe3yJIbTaThl HMEIOT BaXKHBIC (PH3UUCCKUC MTPIITOKCHHUS.

KioueBble cioBa: Meton XupoThl, mpencraBieHue Jlakca, comuToHHOe pemieHue, ypaBHeHune okaca-
Jlenninnca.
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