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SOLVABILITY OF BOUNDARY VALUE PROBLEMS
WITH NON-LOCAL CONDITIONS FOR MULTIDIMENSIONAL
HYPERBOLIC EQUATIONS

Abstract. In this paper, we study the solvability of new nonlocal boundary value problems for hyperbolic
equations in a multidimensional bounded domain. For the problem under study, the existence and uniqueness
theorems of regular solutions are proved.

Keywords: hyperbolic equation, boundary value problems, regular solutions, existence, uniqueness.

1. Introduction and statement of the problem. It is well known that studies of the properties of
correcting boundary value problems for differential equations are important both for applications and for
mathematical and mechanical problems. The theory of boundary value problems for high-order elliptic
equations attracts particular attention of mathematicians.

The aim of the work is to study the solvability in classes of regular solutions of a new boundary value
problem for the equation

Uy — Au+ c(x, t)u = f(x,t), (x,t) € Q. (1)

This equation is an ordinary second-order hyperbolic equation, and the solvability of natural boundary
value and initial-boundary value problems for it is well studied [24-26].

The study of the solvability of boundary value problems for quasi-hyperbolic equations (by analogy
with quasi-elliptic equations) apparently began with the works of V.N. Vragova [1,2]. A study of the
solvability of problems for high orders of equations in Sobolev spaces was carried out in [1-3], a number
of similar results were obtained in [4-11].

Investigations of nonlocal problems with integral conditions for linear parabolic equations, for
differential equations of odd orders, and for some classes of non-stationary equations, have recently been
actively studied in the works of A.l. Kozhanova [7,9,10]. In [1-6], the main attention was paid to
situations related to degenerate equations of the form (1).

In [12], a criterion was obtained for the strong solvability of the mixed Cauchy problem for the
Laplace equation.

It is known that the Dirichlet problem for polyharmonic equations is uniquely solvable for any right-
hand side of the equation. In [13—16], a new representation of the Green function of the Dirichlet problem
for the polyharmonic equation in a multidimensional ball is constructed explicitly. In [17,18], a
representation of the Green function of the Neumann problem for the Poisson equation in a
multidimensional unit ball was obtained.
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The problems of finding solvability conditions for boundary value problems for a polyharmonic
equation in a ball were investigated in [19]. In [20], for derivatives of the 2/-th order equation with
constant (and only higher) real coefficients, normal derivatives were studied under boundary conditions.
For these problems, sufficient conditions for the Fredholm solvability of the problem are obtained and
formulas for the index of the problem are given.

In [21-23], the behavior of solutions of the Dirichlet problem for the Poisson equations and the
biharmonic equation in an unbounded domain was studied.

In this paper, we obtain a theorem on the existence and uniqueness of a regular solution of a nonlocal
in time boundary value problem for hyperbolic equations in a multidimensional bounded domain by the
method of a priori estimation and passage to the limit.

Let QO - be a bounded region of space R" with a smooth boundary I, QO - a cylinder
Qx (0, T),O <t<T <+, §=I'x (O,T) - a side boundary Q ,f(x,t) — given functions defined for
xeQ), te [O,T ]

For equation (1) we study the time-nonlocal boundary value problem

uls =0, )
u(x,0) = au(x,T), 3)
u;(x,0) = Bu;(x,T),a, B €R. 4

In studies of this kind of nonlocal problems, the parameter continuation method, a priori estimation
method, and passage to the limit are usually used. For a hyperbolic equation, the parameter continuation
method is not applicable, since the smoothness of the right side of the equation will be lost.

We define a functional space in which the properties of uniqueness and existence of a solution to the

boundary value problem (1) - (4) will be studied. Namely, we define space sz’2 (Q) as the set of
functions from space L, (Q), that have generalized derivatives of spatial variables up to the second order
inclusive and with respect to variable ¢ up to the second order inclusive, belonging to the same space. We
define the norm in space W22’2(Q) .

i 7+ St 0 o

i,j=1

1/2

obviously, space W22’2 (Q) with this norm will be a Banach space.

2. The regularized nonlocal boundary value problem and the main result. We consider the following
regularized problem in order to apply the continuation method with respect to the parameter

Uy — Au + c(x, )u — eAuy = f(x,t) € L,(Q) (5)
uls =0 ©)

u(x,0) = dau(x,T), (7)

u:(x,0) = ABus(x, T). (8)

For the regularized problem (5) - (8), we obtain estimates in the corresponding spaces. To this end,
we multiply equation (5) by u; integrate over Q, then we obtain.

juttutdxdt —jAuutdxdt +jcuut dxdt — sjAut updxdt = jfutdxdt

Y
f&(ut)dxdt —lf[u,_?(O,T) —u?(x,0)]dx (1 ; K )J—uf(x,T)dx;
Q

2n2
” >0.

Here we take into account the boundary condition (7) and |B| < 1, such that
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J—[uﬁi(x, T) — u2,(x,0)]dx Z%Z f uz, (x,T)dx;
Q 1q

I —f ddt—lfa 2)dxdt 1f Zdxdt =
3 = | cuupdx =3 at(cu) X > cu“dxdt =
Q Q

[cCx, TDu?(x, T) — c(x,0)u?(x, 0)]dx —%f couldx dt =
Q

[cCx, T) — 22a?c(x, 0)]u?(x, T)dx —%f couldx dt;

I, fAut updx = — SZ f U,x;t Up dxdt = ez f Uyt 2dxdt;

llQ 11Q

1-22B% [,
—f[ut(x,T)dx +— ZJ—ux (x, T)dx +

2
i=10

va—‘ va—k

1 1
2 f[c(x T) — 2%2a?c(x,0)] u?(x, T)dx + = fAututdx dt +£Z fux 4+ dxdt = ffutdxdt
Q Q i=1¢q

We will require that the conditions are met

c(x,T) — 22a%c(x,0) =0 , ¢, (x,T) <0.
Under the condition 9| = 0 the embedding theorem holds, i.e. Friedrichs inequality [20]:

fﬁ(x T)dx < moz:f xlz(x T)dx. (F)

Q i=10
We apply it to the function Y = u;.
f ddt< ddt+1f2ddt< m"if dx dt +— fzddt
fu.dx x 252 fedx > uxltx 252 fedxdt.
Q Q =19
8%my £
We choose > = 5
Then we have
1-p2 1-a? 1
T'Bfﬂuzt(x, T)dx +7a o1 Joux (0 Tdx + e X7y fQ Uy, 2dxdt < Zfodedt; 9)

At the beginning, we must obtain a uniform estimate for A for a fixed €. Equation (5) is multiplied by
u;; and integrated over @, then we obtain

—futtAutdxdt +fAu Au,dxdt — f c u Aupdxdt + szutzdxdt =— f f Au;dxdt.
Q

Q Q Q Q
Then we have

1—22p? 1— A2q?
Tﬁz Uy,e 2(x, T)dx + ——— > ¢ f [Au (x, T)]de +¢ f (Auy)?dxdt =
i=1 Q Q
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—ijutdxdt+fcuAutdxdt;
Q Q

Estimating the right-hand side and taking into account C, = mgxlcl we have

i=10Q Q0

1—12 2 1-2%a?
p qux 2(x, T)dx + ————— > ¢ f[Au (x,T)]de+§f(Aut)2dxdt <
Q

2
Co
<-|f*+— 2dxdt = I. 10
_8ff+€fux ¢ (10)
Q Q

Applying the Newton-Leibniz formula:
u(xt) = fot u.(x, 7)dt + u(x, 0) (N-L)

using the boundary condition (7) we obtain

ulx,T) =

T

I —Aafut(x’ t)dt.
0

Using the inequality |(a + b)? < 2(a? + b?)| we obtain

2 2

t

u?(x,t) <2 jut(x, t)dt | + 2a, Jut(x, t)dt | <

0 0
t t T T

<2 ]u?dr fd‘r +2a, Ju?dt ]dt S(2T+2a1T)fu?dt;
0 0 0 0

T

Integrate over Q:
fQ u? (x,t)dxdt < 2(1 + a)T? fQ u?dxdt; (11)

Aa \?
Here aq = (1—Aa) .

This is the required inequality. Denote by ky, = 2(1 + a;)T? . Further, continuing inequality (11), we

have:
C2k
I < f ffz 0 OmOqux dxdt;

Q Q i=1¢
Using inequality (9), we have

ffzdd

The Newton-Leibniz representation (N-L) using (7) gives:

1 Clkom
fdexdt——< 02;2 O)fdexdt;
Q

t T

Aa
u(x,t) = fur(x,r)dr+ 1 —Aafut(x' t)dt;

0 0
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So we have
L+ +1; < 1+Cgk°m° f 2dxdt; 12
1T Tl=17 De3 f=dxdt; (12)
Q
Ifin (11) we assume u = Au, then we obtain:
2ko (1 Cékom
f (Aw)2dxdt < k, f (Auy)?dxdt < TO<E + %) f f2dxdt; (13)
Q Q

It remains to obtain an estimate for the first term, i.e. for u;;. To do this, we use the following well-
known inequality:
|(ay + -+ ap)? < m(a? + - + a?)|
jugtdxdt = f(Au —cu + eAu; + f)?dxdt < < (4 j(Au)Z +4CZ juz + 4¢ j(Au)Z + 4ff2)dxdt.
Q Q Q Q Q Q
For all terms of the right-hand side of the last inequality, estimates are obtained for fixed ¢, i.e.

fQ u?.dxdt < N(¢) fQ f2dxdt. (14)

Next, let’s bonus the continuation method with respect to the parameter for a fixed «.
Now erase A, i.e. consider the boundary value problem for A=1.
{ u(x,0) = aulx,T),
u(x,0) = Bu,(x,T).

Obtaining the first a priori estimate uniform in € :

2 2 n
Fzﬂjuf(x,T)dx + 1—20( juf.(x,T)dx +
Q

i
Q i=1

+ lJ‘[c(x,T) - azc(x,O)]Az(x,T)d 1 J.c,u2dxdt +SZn:J‘uitdxdt =
2 Q 2 Q i=l g '

2
= [ fir,dxdt < 52 [u? dxdt + 2;2 [ faxat. (15)
0 0 0

Hence, in particular, we have

1= ¢ » 51 o 1o
5 J.ut (x,T)deT.[ut dxdt+FJ.f dxdt. (16)
(0 o

Q

(5)>< (A -t )Mt , where A - is some positive number, A > T . For example, you can take 4 = 27T,
thend—t>A-T=T>0;

I(A — 1 )u,,u,dxdt —J (A - t)Auu, dxdt +

o o

+ I(A — t)euu, dxdt — ej(A — t)Au,u,dxdt = I(A —t) fu,dxdt ;
0 0 0
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0
Suppose that condition 8_ [( A—1t)c(x, t)] <0, is satisfied, then we have
t

— utzdxdt+ Zju (x,T)dx +— ZJ.M dxdt
=l O i= IQ
+ _TIc(x,T)uz(x,T)dx—%j((A—T 2dxdt+gzj —t)u} dxdt =
Q 0 i= lQ

_jf — 1) u,dxdt + = j (x,0)dx + = Zju (x,0)dx +— jc(x())u (x,0)dx (17)

=l Q
We use the boundary conditions (7), (8) and (16) we have

Iu (x, T)dx<

5 Zdxd dxd,
] I xt+7—)jf xdt.

As a result, we get

i

1 < K\5* [uldxdt + % [ f2axat.
o o

where K, K, - independent of &

l, o2 :L. Then we get
4K,

We choose, in particular, K 15 2 _

- j Zdxdt + - Zu dxdt + £ [ul dxdt <4K K, [ fdxdt .
i=l 0
Hence, in partlcular we have

[u}dxdt <16K,K jf dxdt Zju dxdt <8K K jf dxdz,gzju dxdt < 4K K jf dxdt -
0 i=1 g i=l

Adding all the terms, we get

n n
[uldxdt+" [ul dxdt + & [ul,drdt <K, [ fdxd.
0 i=1 0 i=1 0
where K o - is independent of &£ . As required.
Thus, the following theorem is proved.
Theorem. Let the conditions be satisfied: c¢(x,T)

—22a%c(x,00 =0 , c¢(x,T)<0,
f, ft el, (Q). Then the boundary value problem (1) - (4) cannot have more than one solution in space

w2(0).

Funding. This work was supported by grant AP05135319 of the Ministry of Education and Science of
the Republic of Kazakhstan.
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B.J. Komanos!, I'.JI. Komanosa?, I'.E. Ozimxan’, P.V. Ceriz6aena*

"Maremaruka xoHe MATEMATHKANIBIK MOJENIEY UHCTUTYTHI, AnMatsl, Kasakcran;
13 AGaii aTeinaars! Kazak YITTHIK IIeJaroruKanbK yHuBepcuteTi, Anmarsl, Kazakcran;
3X.A. Slccaym atbinjarsl Xansikapaisik Kasak-Typik yuusepcureri, Typkicran, Kasakcran;
4A3amMaTThIK aBMalus akaneMuschl, Anmarel, Kasakcran

KoelloJIHEMAI HTEKTEJI'EH OBJIBICTA THITEPBOJIAJIBIK TEHJAEYJIEP YIIITH
JIOKAJIbIbI EMEC HIETTIK ECENTEPAIH INEINIMALTIT'T

Aunnoranusi Byn kympicTa IIekTenreH Kemenmmemai HuwiMHapai o6meicta O = QX (0, T), QcR",
S=Ix (0, T),F =0Q 0<t<T <+00 xeneci runepGonanbk TeHACY YLLIiH

u, —Au+cx,u=f(x1), (€0 (1)

KeJeci Typ/eri JIOKaJlibl eMeC IIETTIK ecell

u(x,t]s =0, 2
u(x,0) = au(x,T), 3)
U, (x,O) = :Buz(x’T) 4)

KapacThIpbLIa/bl, MYHIAFE! f(x,¢) — X €QY, te[O,T] Gepinren Gpynkumsap ¢, B € R - caujap.

AsFpIHIANIFaH KBa3UTUIEPOONANbIK TEHJAEYJIep YLIIH WIETTIK ecentepAiH meuiMaurrin 3eprrey B.H. Bpa-
TOBTBIH )KYMbICTapbIHaH 0acTay aynajbl.

CBhI3BIKTHI MapadoIaiblK TCHACYJICD YIIIH HHTErPaIbIK MapThl 0ap, Tak peTTi AuddepeHInanapK TeHaeyIep
YILiH, CTaluOHapibl eMec KeilOip TeHAeyJepAiH KiIachlHAa JOKAJIbAbl €MeC IIETTIK eCenTepiiH IIeIiMALTIriHIH
Macereci, COHFBI XKbu1Iapbl, A.W. KoskaHOBTBIH KYMBICTapbIH/Ia 3€PTTEITEH.

Uy — Au+ c(x, t)u — eAu; = f(x,t) € L,(Q) 5)
u(x,t)|S =0, (6)

u(x,0)= Aau(x,T), ()

u,(x,0)= Apu,(x,T) ®)

(1)-(4) ecebiniH perymspasl OIEHIMIH 3epTTey YIIiH Kocaskbl (5)-(8) perymsprianraH eceOiH KapacThIpaMbl3.
Ocpl anbiHFad Kocaiksl (5)-(8) ecen yuuiH: A napaMmeTpi OOMBIHIIA JKaIFaCTBIPy 9MICiH, calikec (DyHKIMOHAIIBIK
KEHICTIKTep/ie anpuopiibl Oaraiayiap OIiCTEpiH KONAaHaMbI3. & -HaH GipKaiblnTsl TOyenni OGaramaynapaa & — 0
YMTBULABIPBLY apKBUIBL, 3€PTTENIN OTBIPFaH €CENTIH Peryssapibl MIeIiMiHiH Oap GONYbI KOHE KAJIFBI3IBIFEl Typalbl
TeopeMa JQJeICHE .

Tyiiin ce3mep: runepOoIANBIK TEHICY, HISTTIK €CeNTep, PEryJIsApIibl HiemimMaep, 6ap 0Oybl, KaaFbI3AbIFbL.

B.J1. Komanos!, I'.JI. Komanosa?, I'.E. Asumxan®, P.Y. Cernsoaesa*

'MIHCTHTYT MaTeEMaTHKH U MaTEMaTHIECKOTO MOJECTHpoBanus, Aamarel, Kazaxcram;
1.3Kazaxckuii HAMOHAIBHBIN MEAArOrMIECKUi yHUBEpCUTET nM. AGast, AnMarsl, Kasaxcran;
Mexmynapomnslii Kazaxcko-Typenkuii yausepcuter nmern X.A. Slcasu, Typkucran, Kazaxcram;
4Axagemus rpaXkJaHCcKol aBuanuu, Anmatsl, Kazaxcran

PASBPEHINMOCTDB KPAEBBIX 3AZIAY C HEJIOKAJIBHBIMH YCJIOBUAMU
JJIA MHOTI'OMEPHBIX T'NIIEPBOJIMYECKUX YPABHEHUU

AnHoTtanusi. B nmaHHON paboTe wucciemyercs pa3peliMMOCTh HOBBIX HEJNOKAJIBHBIX KPaeBBIX 3amad Juis
TUIEPOOINYECKIX YPaBHEHUI B MHOTOMEPHOH OrpaHUYeHHON 00J1acTH.

B orpaHuueHHOH LMIMHAPUYECKOH 00nacTH () =Q)x (0, T), QcR", S=Tx (0, T),F =00 0<t<T <+

paccMOTpUM rUNepOoIHUecKOe ypaBHEHHE
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u, —Au+cdx,nu=f(x0, x0HeQ )
Cco CHe,Z[y}OH.H/IMH HCJIOKAJIBHBIMH I10 BpeMeHI/I KpaeBbIMI/I yCHOBI/IﬂMI/I
u(x,t), =0, )
u(x,0) = au(x,T), 3)
u,(x,0)= fu, (x.T) )

rae c(x,t ), f (x,t ) — 3aganHble GyHKLMH, onpeaenennbie npu X €LY, f € [O,T],a, [ € R -HexoTOpbIC YKCHA.

HccnenoBanue pa3pellMMOCTH KpaeBhIX 3ajad JUIsl BBIPOXKACHHBIX KBAa3MTHIIEpPOOJIIMUECKHX ypaBHEHHH (110
AHAJIOT'MH C KBA3UIJUIMIITHYECKUMH ypaBHEHHSIMH ) Hadaiock ¢ padot B.H. Bparosa.

HccnenoBaHus HENOKaNbHBIX 337ad C MHTETPAIGHBIMHM  YCJIOBUSIMHM Ul JIMHEHHBIX MapaOOoIM4ecKux
ypaBHEHUH, 17151 AnddepeHINaTbHBIX YPAaBHEHNI HEUETHBIX MOPSIKOB M ISl HEKOTOPBIX KJIACCOB HECTALIMOHAPHBIX
YpaBHEHHI B TIOCIIETHIE BPEeMsI aKTHBHO HccienyroTes B padotax A.W. KoxaHoBa.

Jis uccnenoBaHus HEMOKATBHON KpaeBoit 3amgadn (1)-(4) paccMOTPHM CIEAYIOMIYIO PEryIIPH30BaHHYIO 3aa4d

U — Au + c(x, t)u — eAu, = f(x,t) € L,(Q) ®)
uls =0 (6)

u(x,0) = Aau(x, T), (7

ue(x,0) = Buc(x, T). ®)

st aTo# peryssipu3oBaHHON 3a1aun (5)-(8) MBI MPUMEHUM METOJ IPOJOIDKEHUS 1Mo napamerpy. s 3amaun
(5)-(8) momy4nM anpuOpHEIE OIICHKH B COOTBETCTBYIOUINX (PYHKIMOHAIBHBIX IIPOCTPAHCTBAX. M B KOHIIE IEPEX0IUM
Kk npegeny & —> 0.

Takum oOpa3zoM, aus HM3y4aeMOH 3a/a4d JOKa3bIBAeTCs TEOpeMa CYyLIECTBOBAHMS W EAMHCTBEHHOCTH
PETYISIPHOTO PEIICHHS.

KiroueBble ci10Ba: runepOoIMUecKoe ypaBHEHNE, KPAaeBble 3a7adM, PETYJSIPHBIE PELICHUs, CyIECTBOBAHHE,
€INHCTBEHHOCTb.
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