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AN INITIAL-BOUNDARY VALUE PROBLEM
FOR A HIGHER-ORDER PARTIAL DIFFERENTIAL EQUATION

Abstract. The initial-boundary value problem for higher-order partial differential equations is considered. We
study the existence of its classical solutions, and also propose a method for finding approximate solutions. Paper
establishes sufficient conditions for the existence and uniqueness of the classical solution of the problem under
consideration. Introducing a new unknown function, we reduce the considered problem to an equivalent problem
consisting of a nonlocal problem for second-order hyperbolic equations with functional parameters and integral
relations. An algorithm for finding an approximate solution to the problem under study is proposed and its
convergence is proved. Sufficient conditions for the existence of a unique solution to an equivalent problem with
parameters are established. The conditions for the unique solvability of the initial-boundary value problem for
higher-order partial differential equations are obtained in terms of the initial data. Solvability of the initial-boundary
value problem for higher-order partial differential equations is connected with solvability of the nonlocal problem for
second-order hyperbolic equations.

Keywords: the higher order partial differential equations, initial-boundary value problem, nonlocal problem,
hyperbolic equations of second order, solvability, algorithm.

Introduction. 1t is well known that initial-boundary value problems for higher-order partial differential
equations belong to one of the most important classes of problems in mathematical physics. To study
various boundary value problems for higher-order partial differential equations, along with classical
methods of mathematical physics, such as the Fourier method, the Green's function method, the Poincare
metric concept, the method of differential inequalities, and other methods of the qualitative theory of
ordinary differential equations are also often applied. Based on these methods, the solvability conditions
of the considered boundary value problems were obtained and ways to solve them were proposed in [1-
14]. However, the search for effective signs of the unique solvability of initial-boundary value problems,
an analogue of multipoint boundary value problems for higher-order partial differential equations, still
remains relevant. The article by T. 1. Kiguradze and T. Kusano is one of the first works to fill this gap [4].
This paper establishes an equivalence between the well-posedness of the initial-boundary value problem
for a higher-order hyperbolic equation and the existence of only trivial solutions of the corresponding
family of homogeneous boundary value problems for ordinary differential equations. Based on it, a
criterion is established for the well-posedness of initial-boundary value problems for one class of partial
differential equations of higher-order hyperbolic type. It is known that by means of substitution, an
ordinary differential equation of higher order can be reduced to a system of ordinary differential equations
of the first order. Using the methods of the qualitative theory of differential equations, the solvability
conditions for the resulting system can be formulated in terms of the fundamental matrix of the differential
part or the right side of the system. A similar approach can be applied to higher-order hyperbolic equations
with two independent variables, and by replacement, the equations can be reduced to a system of second
order hyperbolic equations with mixed derivatives. Then, using well-known methods for solving boundary
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value problems for systems of hyperbolic equations with mixed derivatives, the solvability conditions can
be established in different terms.

Mathematical modeling of many problems of physics, mechanics, chemistry, biology, and other
sciences has resulted into the necessity of studying multipoint and nonlocal boundary value problems for
higher-order partial differential equations of hyperbolic type. Applying the methods of the qualitative
theory of differential equations directly to these problems, we can establish the conditions for their
solvability [4, 8, 14]. Multipoint and nonlocal boundary value problems for high-order partial differential
equations of hyperbolic type by replacement are reduced to nonlocal boundary value problems for systems
of second-order hyperbolic equations. The theory of nonlocal boundary value problems for systems of
second-order hyperbolic equations has been developed in many papers. To date, various solvability
conditions for nonlocal boundary value problems for hyperbolic equations have been obtained.

The criteria for the unique solvability of some classes of linear boundary value problems for
hyperbolic equations with variable coefficients were obtained relatively recently [15-21]. In [15], a
nonlocal boundary value problem with an integral condition for systems of hyperbolic equations by
introducing new unknown functions is reduced to a problem consisting of a family of boundary value
problems with an integral condition for systems of ordinary differential equations and functional relations.
It is established that the well-posedness of a nonlocal boundary value problem with an integral condition
for systems of hyperbolic equations is equivalent to the well-posedness of a family of two-point boundary
value problems for a system of ordinary differential equations. In terms of the initial data, a criterion is
obtained for the well-posedness of a nonlocal boundary value problem with an integral condition for
systems of hyperbolic equations.

In present paper, we consider a higher-order partial differential equation defined in a rectangular
domain. The boundary conditions for the time variable are specified as a combination of values from the
partial derivatives of the desired solution in rows =, j=1,7. We also study the existence and uniqueness

of the classical solution to the initial-boundary value problem for a higher-order partial differential
equation and its applications.

1. Methods. To solve the problem under consideration, we use the method of introducing additional
functional parameters [15-33] and reduce the original problem to an equivalent problem consisting of a
nonlocal problem for a second-order hyperbolic equation with functional parameters and integral relations.
We establish sufficient conditions for the unique solvability of the problem under study in terms of the
initial data. Algorithms for finding a solution to an equivalent problem are constructed. The conditions for
the unique solvability of the initial-boundary-value problem for a system of fourth-order partial
differential equations are established in terms of the coefficients of the system and the boundary matrices.
Separately, the result is given for an initial periodic-time boundary value problem. Note that in [34-36] a
similar approach was applied to the initial-boundary value problem and the nonlocal problem for a system
of partial differential equations of the third and fourth orders.

2. Statement of problem. At the domain Q =[0,7]x[0,w], we consider the initial-boundary value

problem for the higher-order partial differential equation of the following form:

0"u o'u o'u
= 4 Z, -+ B, Z, - C t, t,x)> (1,x)eQ, (1)
e Z{ (t.20)7 5+ B, (1.) &aﬁ}* (1, X+ £ (2,)
! m i .
O'u(t,x) o'u(t,x)
P(x)———=+S. (x)——=¢_, = » x€[0,0], ()
ZZ{ i) o T G [l =)
m—1
M(f,O) = Wo(t)a au(t’X) x=0 — l/ll(t)’ e aaung_t;'X) x=0 :Wm—l(t)’ IG[O,T], (3)
X

where u(t,x) is an unknown function, the functions A4;(¢,x), B;(t,x), i =1,m, C(¢t,x), and f(¢, x)
are continuous on {2, the functions P;;(x), S;;(x), i = 1,m, j = 1,1, and ¢(x) are continuous on [0, w],

0<t; <ty <...<tj_q <t <T, the functions Ps(t), s = 0,m — 1, are continuously differentiable on
[0, T]. The initial data satisfy the matching condition.
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p+r -
A function u(t, x) € C(2, R) having partial derivatives W ECLR),p=1m, r=01,is

called a classical solution to problem (1) - (3) if it satisfies equation (1) for all (¢, x) € Q, and the initial-

boundary conditions (2), (3).

We will investigate the questions of the existence and uniqueness of classical solutions to the initial-
boundary value problem for a higher-order partial differential equation (1) - (3) and the construction of its
approximate solutions. For these purposes, we apply the method of introducing additional functional
parameters proposed in [15-33] for solving various nonlocal problems for systems of hyperbolic equations
with mixed derivatives. The considered problem is reduced to a nonlocal problem for second-order
hyperbolic equations, including additional functions, and integral relations. An algorithm for finding an
approximate solution to the problem under study is proposed and its convergence is proved. Sufficient
conditions for the existence of a unique classical solution to problem (1) - (3) are obtained in terms of the
initial data.

3. Scheme of the method and reduction to equivalent problem. We introduce new unknown functions

m—1 m—2
v(t,x) = 8u—nglf1x) v, (t,x)=u(t,x), v2(t,x) :M’ eV 1(1‘ )_au—m(l;x) @)
ox ox ox
and re-write problem (1)--(3) in the following form:
2
gﬁv =4 (1, x)@ +B, (t,x)? + A (Lx)W+ f(Ex)+
+ ZA (t, %)W, (t,x) + ZB (t,x) 22 L, x), (1,x) (60 €Q,
’ o, ot
Z{ P ys, 0P ap (x)v(nx)} L, =00~
=1
[ ov, (t x)
DRI ACH TN x)+ZS”( )y BB L refo0l, (©)
Jj=l1 r=1
w(t,0)=y, (?), te[0,T], (7)
m—1-s
v (t,x)= Zl//k(t) I( _1)_ )'v(z LE)dE s=Lm—1, (t,x)eQ. (8)

Here the conditions (3) are taken into account in (9).
Differentiating (8) by ¢, we obtain

v, (t x) [(x=&)"" awt,&) _
Z ! S m-1-9)1 & der s=bm=l en: @

A system of functions (v(t x),v1(t, %), v5(t, %), ..., Vp—q1(t, x)) where the function v(t,x) €

C(£2,R) has partial derivatives ( e ¢ (1, R), av(t Dec ({,R), a 2 ;E; A e (2,R™), functions

vs(t,x) € C(£2,R) have partial derlvatlves % € C(.Q,R), s=1,m—1, is called a solution to
problem (5)--(8) if it satisfies the second-order hyperbolic equation of (5) for all (t,x) € £, boundary
conditions (6) and (7) and integral relations (8).

For fixed vs(t,x), s = 1,m — 1, problem (5)--(7) is a nonlocal problem for the hyperbolic equation
with respect to v(t, x) on £2. Integral relations (8) allow us to determine unknown functions vg(t, x), s =
1,m—1forall (¢,x) € 0.
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4. Algorithm. We determine the unknown function v(t, x) from the nonlocal problem for hyperbolic
equations (5)--(7). Unknown functions v4(t, x), s = 1, m — 1, will be found from integral relations (8).

If we know the functions vg(t,x), s = 1,m — 1, then from the nonlocal problem (5)--(7) we find the
function v(t, x). And, conversely, if we know the function v(, x), then from the integral conditions (8)
we find the functions v(t,x), s = 1,m — 1. Since both functions v(t, x), vs(t,x), s=1,m—1, are
unknown, then to find a solution to problem (5)--(8) we use an iterative method. The solution to problem
(5)--(8) is the system of functions (v*(t, x), v{(t,x),v5(t,x),..., Vm_1(t,x)), which we defined as the
limit of the sequence of systems (v®(t, x), vl(k)(t, x), vz(k)(t, x),..., vr(:zl(t, x)), k =0,1,2,..., according

to the following algorithm:
s—1

P

Step 0. 1) Suppose in the right-hand side of equation (5) we have v (#,x) = Zl//k (t)x— and
p=0 P !

ov,(t,x)

s—1 p
p Zy'/k(t)x—, s=1,m—1. From nonlocal problem (5)--(7) we find the initial
t p!

p=0

(0) (0)
v (t,x) and v (t,x) for all (¢,x) € 0;
Ox Ot

approximation v(®)(t, x) and its partial derivatives

(0)
2) From integral relations (8) and (9) under v(t,x)=v®(t,x) and ov(t,x) _ Ov (t,x)’
ot ot

v (t,x)
ot
Step 1. 1) Suppose in the right-hand side of equation (5) we have v,(t,x) = vs(o)(t,x) and

ov,(t,x) vV (t,x)
o o

respectively, we find the functions vs(o)(t, x) and ,s=1m—1, forall (t,x) € 0.

s =1,m — 1. From nonlocal problem (5)--(7) we find the first approximation

v (t, x) and its partial derivatives for all (¢, x) € 0.

vV (t,x) g vV ()

Ox ot

ov(t,x) v (t,x)
o o

2) From integral relations (8) and (9) under v(t,x) = v®(t,x) and

M

respectively, we find the functions vs(l)(t, x) and M ,s=1m—1, forall (t,x) € (2.
ot

And so on.

Step k. 1) Suppose in the right-hand side of equation (5) we have v,(t,x) = vs(k_l)(t, x) and

(k=1)
v, (4, x) = v, (1,%) , s = 1,m — 1. From nonlocal problem (6)--(7) we find the k -th approximation

ot ot
(k) (k)
v®) (t, x) and its partial derivatives v (1, %) and ov (. x) for all (¢t,x) € £2:
ox ot
aZV(k) v(k) av(k)
" =4 (t,x) 3 + B, (t,x) 5 + A ()" + f(t,x)+
tox X t
m—2 m—1 av(kfl) (f )C)
+ Z A (6, (2, x) + ZB, (1) = =2+ O, (e x), () eQ,  (10)
r=l1 s=1

— 136 ——



ISSN 1991-346X 2.2020

Z{ ( el Ce) av(k)(f x) Sm,j (x)% + Pm—l,_/ (x)v(k) (t, x)} t

J=1

=t; = (D(X) -

I (m=2 (k 1)
+Z{ZR,.,~(x)v£:“(t x>+ZSU<x> = x)} myr Fe@el D
=1 U=l ‘
v (0 =y, (1), t[0,T]. (12)
(k)
2) From integral relations (8) and (9) under v(t,x) = v®(t,x) and ﬁvg,x)zav 6(t,x)’
¢ ¢

(k) -
respectively, we find the functions vs(k)(t, x) and M ,s=1m—1, forall (t,x) € 2:
ot

(k) (x ‘:Z)mls v® (.8 =1L,m—-1, (t,x)eQ. (13)
(t,x) = Z‘/’k(” f py (t,§)ds. s=Lm-1,

) p _ m—l-s (k) [
ovt (t P (1,x) Z b [=&)"" ov (.0) ge. s=Tm—1. wea.  (14)
p! O(m—l—s)! ot

Here £k =1,2,3,....
5. The main results. The following theorem provides conditions for the feasibility and convergence of
the constructed algorithm, as well as conditions for the existence of a unique solution to problem (5)--(8).

The functions A;(t, x), B;(t,x), i = 1,m, C(t,x), and f(t,x) are continuous on {2, the functions P;;(x) ,
Sij(x), i=1m, j= 1,1, and @(x) are continuous on [0, w], the functions Pg(t), s = 0,m — 1, are

continuously differentiable on [0, T].

Theorem 1. Let

i) the functions A;(t, x), B;(t,x), i = 1,m, C(t,x), and f(t,x) be continuous on {2,
ii) the functions P;j(x), S;;(x), i = 1,m, j = 1,1, and ¢(x) be continuous on [0, w];
iii) the functions Ys(t), s = 0,m — 1, be continuously differentiable on [0, T];

)i J
iv)  the function O(x) = ZPMJ_ (x)exp J.Am (r,x)dr |#0 for all x € [0, w].
J=1 0

Then the nonlocal problem for the hyperbolic equation with parameters and integral conditions (5)--
8) has a wunique solution (V*(t,x),vi(t, x),v5(t,x),...,v5_1(t,x as a limit of sequences
(8) q 1 2 m-1 q
v t,x), vy "(tx) v, (£,x),..., 0,21t X etermine Yy the algorithnm proposed above for

() () () v determined by the algorith d ab

k=0,12,...

The proof of Theorem 1 is similar to the proof of Theorem 1 in [36].

The equivalence of problems (5)—(8) and (1)—(3) implies

Theorem 2. Let conditions i) - iv) of Theorem 1 be fulfilled.

Then the initial-periodic boundary value problem for the higher-order partial differential equation
(1)--(3) has a unique classical solution u"(t,x).

Funding. These results are partially supported by the grant of the Ministry of Education and Science
of the Republic Kazakhstan No. AP 05131220 for 2018-2020.
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KOTAPI'BI PETTI JEPBEC TYBIH/IbLJIbI JU®O®EPEHIIUAJIABIK
TEHAEY YIITH BACTAINIKbI- HIETTIK ECEII TYPAJIbI

Annoranms. JKoraprel peTti gepOec TybIHABUTHI Iu(GEpeHINANABIK TEeHACYJIep YIIH O0acTamnKpI-IIEeTTiK
ecenTep MaTeMaTHKaJIble (U3MKa MOcelelepiHiH OapbIHIIa MaHBI3Ibl KJACTapblHA JKATaTBIHBI YKAKCHI OEITilIi.
JKoraprel peTTi aepOec TYBIHABUIBI AWQPGEPEHINAIABIK TEHIACYJICp VIIIH opallyaH ecenTepiai 3eppTey VIIiH,
MaTeMaTHKaJbIK M3MKaHBIH KIACCHKAIBIK dmicTepiMeH, mbicanra Dypobe oxici, ['puH GyHKUMAIApHI 91ici CHSKTHI,
Karap, ke »armaiaa [lyaHkapeHiH METPHKAIBIK KOHLEIIHMICH, Tu(depeHIHaIIbIK TCHCI3MIKTEP dIiCi ®KoHe OacKa
Ia kol nuddepeHIHanabK TeHACYICPIiH camaiblK TEOPUSICHIHBIH dmicTepi KOAmaHblIabl. OChl 9micTep HEriziHme
KapacThIPbUIBIN OTHIPFaH MIETTIK €CENTepIiH IIeIUIIMALTIK MapTTapbl aJbIHABI JKOHE OJapibl LIEUly Tociiaepi
yebiHpuibl. OchlFaH KapamacTaH, JKOFapFbl peTTi JepOec TYBIHABUIBL AW (depeHIHaNIblK TeHICYJep YIIiH
OacTankpI-IIETTIK ecenTepAiy OIpMoH/II IEeIUIIMALTITIHIH THIMAL OeNriIepiH 1371y Maceseci alli ie albIK opi ©3eKTi
Goutbin OTHIp. ByphIHBIpaK KOFapFbl PETTi THIEpOONaNbIK TeHAEY YIIIH 0AacTanKbI-IIETTIK €CEeNTiH KUCHIHBUIBIFBI
MEH JKOFaprbl PeTTi XoH AnudQepeHIanIblK TeHIEY YIIIH coikec OIpTEeKTI WIETTIK ecenTep SyJETiHIH TeK
TPUBHAIIBI IIENTiMAEpiHiH 0ap OOJMYBIHBIH apachbIHJAFbl Iapa-MapiiblK OpHAThUIFaH OoyaThiH. COFaH Heri3fernne
OTHIPHIIL, JKOFAPFBI PETTi THIEPOONANBIK TEKTeC AepOec TYBIHIBUIB Mu(epeHIHaIAbK TeHACYIepaiH O0ip Kiackl
VIIiH  0acTamKpI-IIeTTIK  €CeNTEepAiH KUCBIHIABUIBIK KPUTepUHi TaradblHOauael. JKOFaprbl  peTTi  Jkoi
mubdepeHIMaIablK TEHACYAl aaMacThIpyjap KeMeriMeH OipiHmi perTi xoil auddepeHIHanaplK TeHISYIep
JKyleciHe kentipyre OomareiHbl Oaprmara Oenrimi. J(uddepeHumanablk TEHACYIECPAIH CalaiblK TEOPHUSICHIHBIH
omiCTEpiH MaiifagaHa OTBIPBIN, aJbIHFAH JKYHWCHIH MICIIUTIMIUTIK IIapTTapbl OCHI JKYHEHIH audQepeHInaIbIK
OeuiriHiH (yHAaMEHTAJIBIK MaTpULAChl TEPMUHIHIE TYXKBIPBIMIATybl MYMKiH. OCBIFaH yKcac TocUImi eKi
alHBIMAITBLIBI KOFAPFBI PETTI THIIEPOOJIANBIK TEHICYJIEpPre KOJIAaHyFa 00JIaIbl )KOHE OJ1ap apayiac TYBIHABUIbI CKiHIII
perTi runepOoNaibIK TeHASYIep Kylecine kenTipinyi MymkiH. CoHJia, apanac TybIHIbUIbI THIIEPOOJIANIBIK TEHIEYIED
JKyHenepl YIIIH MIETTIK ecenTepil MemymiH Oenrim omicTepiH maiiiasaHa OTBHIPHI, MISMIITIMIUIIK MIapTTapbl
OPTYpIIi TEPMHUHACPAE TaFaHbIHAATYBI MYMKIH.

XKapaTbutblcTaHyIbIH KONTEreH €CeNTepiH MaTeMAaTHKAJIbIK MOJCIACY JKOFapFbl PETTi HIEpPOONANbIK TEKTEC
nepOec TYBIHIBUIBI TEHACYNep YIIiH KOIMHYKTENl XoHe OeHIOKan IIETTIK €CenTepi 3epTTey KaKETTUIIriHe ajIbIm
kenmi. JuddepeHnmanaplk TeHISYNEpIiH CamaiblK TEOPUSCHIHBIH OIICTEpiH OCHI ecemnTepre TiKeJel KONTaHy
apKbUIBI OJapJbIH MENIUTIMIUIITIH opHaTyFa O0onaabl. JKoraprel peTTi runepOosiaiblK TeKTec nepOec TYBIHIBLIBI
TEeHIEYJIep YIIiH KOIMHYKTEN oHe OCHMIOKaN IIETTIK €CenTep aaMacThIpy JKOJBIMEH €KiHIII PeTTi TUmepOOIaIbIK
TEHJACYJIep JKyhenepi yimiH Ociokan IIETTIK ecemrepre Kenrtipimemi. EKiHIN perTi rumepOosanblK TeHIACYJIEP
JKyHenepi yuriH OeHIoKa MIeTTIK eCenTep TEOPHSIChl KOITEreH JKYMBICTapa JaMbIThUIFaH. BYTiHIT Ke3eH e eKiHIi
perTi rumepOoNanbIK TEHJAeyJep JKydenepi yiIiH Oeiiyiokan HIETTIK ecenTepiAiH IIeMUTIMAUITIHIE opanyaH
mapTTapsl ajblHFaH. AWHbIMaibl KoddduumeHtTepi Oap rumnepOONanbIK TEHJESYIEp YUIH CHI3BIKTH IMIETTIK
ecenTepaiH OIpMoHAI IEMUTIMIUIITIHIH KPUTEpHUiiIepl calbICTRIpMaibl TYPAE >KaKbIHIA aJIbIHABL. ABTOpPJIapAbIH
OipeyiHiH >KYMBICBIH/Ia THIIEPOOJIANIBIK TEHACYJIEp JKYHesepi YIiH MHTerpajlblK IapThl 0ap Oeiokan MeTTIK ecer
kaHa Oenriciz (GYHKIMSATIAp €Hri3y apKbUIbl kol A (depeHnnanablK TeHIAEeYJep >KyHenepi YLIH HHTETPaJIbIK
mapTel Oap IIETTIK ecemTep oyieTi MeH (YHKIMOHANABIK KaThIHACTApJAH TYPATHIH eCemKe KeNTipiiemi.
lumepOonanelk TeHAEYNep JKyieci YIIiH OeiioKan ecenTiH KHCHIHABl MIeMIUTIMIUIITI Kol IudQepeHInanIbK
TEeHIEYJIep JKYHWeci YIIiH IIeTTIK eCenTep OyJETiHiH KUCBIHILI MICIIITIMAUITIHE IMapa-nmap eKeHi OpHATBUIIBIL.
I'urepOonanblK TEHACYJICP JKyienaepl VIIH HHTErPaImblK IIapThl Oap OCHIOKaa MISTTIK ©CEeNTiH KHUCBHIHIbI
MISHIUTIMIUTICT KpUTEPHiAl OacTanKel OepimiMaep TEPMHUHIHIC aTbIHIIBL.

JKoraprer perti gepbec TybIHABUIBI AuddepeHIUANIBIK TEHACYJIEpP VINH OacTamKbI-IIETTIK — eceln
KapacTbIpbutazibl. OHBIH KJIACCHKAIBIK ISIIIMIEPiHiH 0ap 00JIybl Macenenepi MeH XKybIK LIeniMaepid Taby aaicrepi
3eprrenred. JKaHa Oenrici3 GyHKIUSIAP SHII3Y )KOJIBIMEH 3ePTTENIIN OTHIPFAH €CeIl THUIepOOoIabIK TCHISYIep YIIiH
napamerpiiepi 6ap Oeilyiokan ecenTeH *KoHe MHTErPaNJbIK KaTblHACTApJaH TYPAThIH Mapa-lap ecernke KeJTIpiUIreH.
3epTTenin OTHIPFaH €CENTiH JKYBIK IICeHIiMiH Taly alrOpUTMIEPi YCHIHBUIFAH JXOHE ONAPABIH JKUHAKTHUIBIFBI
nmonenneHred. Ilapamerpiiepi 6ap mapa-map ecenTiH JKajfbl3 IIEIIiMiHIH 0ap OOJYBIHBIH JKETKUIKTI HIapTTapbl
TaraiibiHanrad. JKoraprbl peTTi aepoec TybIHABLUIB quddepeHunanabpK TeHaeyep xKykeci yiiH 6acTanKpl-IIeTTiK
€cenTiH OipMOHII MEMUTIMIUTITIHIH ITapTTapsl 0acTanksl OepiTiMaep TepMUHIHIE abIHFAH.

Tyiin ce3mep: XKoraprel perTi nepbec TysIHABUTH OudQepeHnInanaslK TeHaAeylep, 0acTanKp-IEeTTIK ecell,
Oeiiokan ecer, eKiHII PeTTi THIepOOIabIK TeHALYIIEp, MEMILTIMIITIK, allTOPHTM.
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O HAYAJIBHO-KPAEBOWM 3AJIAYE JUISI JU®OEPEHIIAAJIBHOTO YPABHEHMS
B YACTHBIX NPOU3BOJHBIX BBICOKOI'O IIOPAJIKA

AHHOTanmsi. XOpOIIO H3BECTHO, YTO HAYalbHO-KpaeBble 3amaud il auddepeHnnanbHbpIX ypaBHEHHH B
YAaCTHBIX HPOU3BOJIHBIX BBICOKOTO TOpSAKA OTHOCATCS K HamOojiee BaXKHBIM KijlaccaMm 3a/lad MaTeMaTH4ecKOn
¢usukn. g wccnenoBaHUs pasUUHBIX 3a1ad I8 AM((GEepeHINaTbHBIX YPAaBHEHHH B YacTHBIX NPOW3BOJHBIX
BBICOKOTO IOPSI/IKA, HAPSIY C KIACCHYECKUMH METOJIaMH MaTeMaTHuecKoi GpU3nKH, Takux kak Meton dypwe, MeTon
¢yakumii ['puHa, Takke yacTo NPUMEHSUIMCh MeTpudeckas koHuenuwms Ilyankape, metox aud¢depeHnnanbHbIX
HEpaBEHCTB U JPyrHe METOJbl KaYeCTBEHHON TEOpHH OOBIKHOBEHHBIX NU(QepeHIHanbHbIX ypaBHeHnid. Ha ocHoBe
3THUX METOJIOB OBUIH IOJIyYEHBI YCIOBHS Pa3pelIMMOCTH PACCMaTPUBAEMBIX KPaeBbIX 3a/a4 U NPEAI0KEHbI CIIOCOOBI
nx pemenusi. HecMoTpst Ha 310, HOMCK 3 QEKTUBHBIX MTPU3HAKOB OJAHO3HAYHOW Pa3pelIMMOCTH HadyallbHO-KPaeBbhIX
3agad s aupepeHInaNbHbIX YpaBHEHHH B YaCTHBIX MPOW3BOIHBIX BBICOKOTO IOpS/IKA BCE €IIE OCTAeTCs
OTKPHITHIM. Panee OblUla yCTaHOBJIEHA AKBHBAJIEHTHOCTh MEXIy KOPPEKTHOCTBHIO HAa4aJIbHO-KPAEBOW 3amadd JUIst
TUIEPOOIMYECKOTO ypPaBHEHMS BBICOKOTO TIOpSAKA W CYHIECTBOBAHMEM TOJBKO TPUBHAJBHBIX pEIICHUN
COOTBETCTBYIOIIEr0 CEMEHCTBA OJHOPOAHBIX KpPAaeBbIX 3a/1ad JIsi OOBIKHOBEHHBIX MU depeHnnanbHbIX ypaBHEHUH
BBICOKOr0 mnopsaka. OCHOBBIBAasCb Ha 3TOM, YCTaHOBJIEH KPUTEpUN KOPPEKTHOCTH HA4yallbHO-KPAEBBIX 3ahad st
onHoro kiacca an¢¢epeHINaIbHbIX YPaBHEHUI B YacCTHBIX MPOM3BOJIHBIX T'MIIEPOOJIMUECKOrO THIA BBICOKOTO
nopsiaka. M3BecTHO, YTO C MOMOIIBbIO 3aMEHBI OOBIKHOBEHHOE IHdepeHnnanbHoe ypaBHEHHE BBICOKOTO MOPSIKa
MOXeT OBITh CBEJICHO K CHCTeMe OOBIKHOBEHHBIX MuddepeHInaIbHbIX YpaBHEHUI nepBoro mnopsiaka. Mcmonb3ys
METOJbl Ka4eCTBEHHOI Teopun andepeHnaIbHbIX YPaBHEHUH, YCIOBHS Pa3pelIMMOCTH IOJYYEHHOH CHCTEMBI
MOTYT OBITH COpMYIHPOBaHBl B TEpPMHHAX (YHIAMEHTAJIbHOW MaTpuibl IuddepeHnnanbHOi 4acTH CHCTEMBI.
AHaNOTMYHBIA TTOIXO0JX MOXET OBITh NMPHUMEHEH K TUIepOOIMYEeCKUM ypaBHEHHSM BBICOKOTO IOPSIKA C JIBYMS
HE3aBHCUMBIMU TI€PEMEHHBIMH M OHU MOTYT OBITh CBEIEHBI K CHCTEME T'MIIEpOOJIMUECKHX ypaBHEHHH BTOPOTO
HopsiIka CO CMEIIaHHBIMU NMPOU3BOAHBIMH. Torna, UCHOIb3ys U3BECTHBIE METOJbl PELICHMS KpaeBbIX 3ajad AJs
CHCTEM THIEpOONNYECKNX YPaBHEHHI CO CMEIIaHHBIMH IPOM3BOAHBIMH, YCJOBHS Pa3peIlMMOCTH MOTYT OBITh
YCTAHOBJICHBI B PA3JIMYHBIX TEPMHUHAX.

Maremaruueckoe MOJEITMPOBAaHNE MHOTHX 33]ad €CTECTBO3HAHUS IPHUBEIIO K HEOOXOIMMOCTH U3yUEHHSI MHO-
TOTOYEYHBIX W HEJIOKAJIBHBIX KPAeBbIX 33/1a4 JUIsl YPaBHEHUH B YaCTHBIX ITPOM3BOIHBIX BEICOKOT'O IOPsIKA THIIEpOo-
nyeckoro tuna. [IpuMeHsss METo/bl KauyecTBEHHON TeopuH aAn¢epeHInaIbHbIX YPAaBHEHUH HENOCPEICTBEHHO K
9TUM 3ajjadyaM, MOXKHO YCTaHOBUTH YCIOBHS UX Pa3pelIUMOCTH. MHOroTO4YeUHbIE U HEJOKAIbHBIE KPaeBble 3a0aul
JUIsl YpaBHEHUH ¢ YaCTHBIMH ITPOM3BOAHBIMH BBICOKOT'O ITOPSI/IKA TUIIEPOOIMYECKOro THIIA ITyTEM 3aMEHbI CBOJSTCS K
HEJIOKAJIbHBIM KPaeBbIM 3a/1a4aM Ul CHUCTEM TUIepOOJIMYEeCKMX ypaBHEHHH BTOpOTo mopsiika. Teopus Helo-
KaJIbHBIX KPAeBbIX 3a1a4 ISl CUCTEM THIIepOOINIECKUX YPaBHEHHH BTOPOTO MOpPSIKa Pa3BUTa BO MHOTHX padoTax.
K HacrosmeMmy BpeMeHH IOIy4Y€HBbl pa3IMUHbIE YCJIOBHUS Pa3pelIMMOCTH HEIOKaJAbHBIX KpaeBBIX 3a4ad st
TUNEpOONINYEcKUX ypaBHeHUH. KpuTepun omHO3HA4YHOW pa3peliMMOCTH HEKOTOPBIX KJIACCOB JIMHEHHBIX KpPaeBBIX
3a7a4 Uil THIEpOOJIMYECKUX YpaBHEHMH C IepeMeHHbIMH KoddduimeHTamy OBUTM MOIYyYEHB CPAaBHHUTEIHHO
HelaBHO. B paboTe onHOTrO M3 aBTOPOB HEJNOKalbHAs KpaeBas 3ajada C MHTETPAIbHBIM YCIOBHEM JUIS CHUCTEM
TUIEpOONNYECKIX YPaBHEHHH IyTeM BBE/ICHMS HOBBIX HEM3BECTHBIX (pyHKUMII cBOIUTCS K 3ajade, COCTOSIIEH n3
ceMeiCTBa KPaeBbIX 33/1a4 ¢ HHTETPAIbHBIM YCIIOBHEM JUISl CHCTEM OOBIKHOBEHHBIX ] depeHInanbHbIX ypaBHEHHH
1 (QYHKIMOHAIBHBIX OTHOIIEHHH. Y CTaHOBJIEHO, YTO KOPPEKTHASI Pa3pelIMMOCTh HEJIOKAJIBHON 3a/1a41 JJIsl CUCTEMBI
TUIEpOOINYECKUX YPaBHEHNI SKBUBAJICHTHA KOPPEKTHOM pa3perrMocTH ceMelCTBa KpaeBbIX 3a1ad JUIsi CUCTEMBI
OOBIKHOBEHHBIX AN PepeHInaNbHBIX ypaBHeHNH. [lomydeH KpuTepHii KOPPEKTHOH pa3pemnMOCTH HeJOKaIbHOU
KpaeBOW 3aJaydl ¢ WHTErPaJbHBIM YCJIOBHEM JUIS CHCTEM THIEPOOIMYECKUX ypaBHEHHH B TEPMHHAX HCXOJHBIX
JTAaHHBIX.

PaccmaTpuBaeTcss HawanbHO-KpaeBas 3ajada Juisl ITUQQepeHHanbHbIX YPaBHEHUH B YaCTHBIX MPOW3BOIHBIX
BBICOKOTr0 nopsiaka. Mccnenyrorcss BOIpOCh CYLIECTBOBAHUSA €€ KIACCUYECKUX PEIIEHUH U MPEeJIaratoTcss METOMAbI
HaXOX/ICHHsI NMPUOIMKEHHBIX PELICHUH. YCTaHOBIICHBI TOCTATOYHBIE YCIIOBUS CYIIECTBOBAHUS M €JMHCTBEHHOCTH
KJIaCCMUYECKOTO pELIEHHsI paccMaTpuUBaeMOW 3alaud. BBens HOBble HeW3BecTHBIE (YHKIMHM MBI CBOJIUM HCCIeE-
JyeMyIo 33/1auy K SKBHBAJICHTHOHM 3a/1aue, COCTOSAIICH M3 HEJIOKaJbHOW 3a7a4M ISl TUIEepOOIMYEeCKNX ypaBHEHHH
BTOPOTO TOpsAAKa C (QYHKIMOHAIGHBIMH IapaMeTpaMd M MHTETPaIbHBIX COOTHOIICHUH. [Ipe/uioskeHsl aaropuTMsl
HaXOXJICHHsI MPHOJIMPKEHHOTO PEIeHUsT MCCIIeyeMOr 3aJaull M JJOKa3aHa MX CXOAWMOCTb. YCTaHOBIJIEHBI JIOCTa-
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TOYHBIE yCJIOBUS CYIIECTBOBAHNS €AMHCTBEHHOTO PEIICHIS SKBHBAJICHTHOW 3a/1a4 C TTapaMeTpaMu. Y CJIOBUS OJTHO-
3HAYHOH pa3peuImMOCTH HadallbHO-KPaeBoOH 3amaun Ui AuddepeHnnanbHbIX YpaBHEHHH B YaCTHBIX MPOU3BOIHBIX
BBICOKOTO MOPS/IKA MOMYYESHBI B TEPMUHAX UCXOJHBIX JaHHBIX.

KaioueBsle ciioBa: nuddepeHnnanbHble YpaBHEHHUS B YACTHBIX [TPOM3BOAHBIX BBICOKOTO MOPS/IKA, HAYAIbHO-
KpaeBasl 3a[1a4a, HeJIOKaIbHas 3a7a4a, THIIepOOIUeCKUe YpaBHEHHUS BTOPOTO HOPSIIKA, Pa3peIIMMOCTh, AITOPHTM.

Information about authors:

Assanova Anar Turmaganbetkyzy, the member of Editorial Board of journal “News of the NAS RK. Physico-Mathematical
Series”, Institute of Mathematics and Mathematical Modeling, Chief scientific researcher, Doctor of Physical and Mathematical
Sciences, professor, anartasan@gmail.com; assanova@math.kz, https://orcid.org/0000-0001-8697-8920;

Abildayeva Aziza Darkambaevna, Institute of Mathematics and Mathematical Modeling, leading scientific researcher, PhD
of Physical and Mathematical Sciences, azizakz@mail.ru, https://orcid.org/0000-0002-4940-3930;

Sabalakhova Aigul Pernebayevna, South-Kazakhstan State University named after M.O.Auezov, head teacher,
sabalahova@mail.ru, https://orcid.org/0000-0003-1921-0174

REFERENCES

[1] Ptashnyck B.I. Ill-posed boundary value problems for partial differential equations, Naukova Dumka, Kiev (1984)
(in Russian).

[2] Ptashnyk B.Yo., II’kiv V.S., Kmit’ I. Ya., Polishchuk V.M. Nonlocal boundary value problems for partial differential
equations, Naukova Dumka: Kyiv, Ukraine, 2002. (in Ukrainian).

[3] Kiguradze T., Lakshmikantham V. On Dirichlet problem in a characteristic rectangle for higher order linear hyperbolic
equations // Nonlinear Anal., 50:8 (2002), 1153—1178. PII: S0362-546X(01)00806-9

[4] Kiguradze T.I., Kusano T. Well-posedness of initial-boundary value problems for higher-order linear hyperbolic
equations with two independent variables // Differential Equations, 39:4 (2003), 553-563.

[5] Kiguradze T., Kusano T. On ill-posed initial-boundary value problems for higher order linear hyperbolic equations with
two independent variables // Differential Equations, 39:10 (2003), 1379-1394.

[6] Dzhokhadze O.M. The Riemann function for higher-order hyperbolic equations and systems with dominated lower
terms, Differential Equations, 39:10 (2003), 1440—1453. doi: 0012-2661/03/3910-1440

[7] Nakhushev A.M. Problems with shift for a partial differential equations, Nauka, Moskow (2006). ISBN: 5-02-034076-6

[8] Kiguradze 1., Kiguradze T. On solvability of boundary value problems for higher order nonlinear hyperbolic equations //
Nonlinear Analysis, 69 (2008), 1914-1933. doi:10.1016/j.na.2007.07.033

[9] Kiguradze T. The Valle-Poussin problem for higher order nonlinear hyperbolic equations // Computers & Mathematics
with Applications, 59 (2010), 994-1002. doi:10.1016/j.camwa.2009.09.009

[10] Kong L., Wong J.S.W. Positive solutions for higher order multi-point boundary value prob-lems with nonhomogeneous
boundary conditions // Journal of Mathematical Analysis and Applications, 367(2010), pp. 588—-611.

[11] Henderson J., Luca R. Existence of positive solutions for a system of higher-order multi-point boundary value problems
/I Applied Mathematics and Computation, 219(2012), pp. 3709-3720.

[12]. Kuz' A.M., Ptashnyk B.I. A problem with integral conditions with respect to time for Garding hyperbolic equations //
Ukranian Mathematical Journal, 65 (2013), No 2, pp. 277-293.

[13] I’kiv V.S., Nytrebych Z.M., Pukach P.Y. Boundary-value problems with integral conditions for a system of Lamé
equations in the space of almost periodic functions // Electronic Journal of Differential Equations, 2016 (2016), No. 304, pp.1-12.

[14] Kiguradze I.T., Kiguradze T.I. Analog of the first Fredholm theorem for higher-order nonlinear differential equations //
Differential Equations, 53(2017), No 8, pp. 996-1004.

[15] Asanova A.T., Dzhumabaev D.S. Well-posedness of nonlocal boundary value problems with integral condition for the
system of hyperbolic equations, Journal of Mathematical Analysis and Applications, 402:1 (2013), 167-178.
doi:10.1016/j.jmaa.2013.01.012

[16] Asanova A.T. Well-posed solvability of a nonlocal boundary-value problem for systems of hyperbolic equations with
impulse effects, Ukrainian Mathematical Journal. 67:3 (2015), 333-346. doi: 10.1007/s11253-015-1083-3

[17] Asanova A.T. On solvability of nonlinear boundary value problems with integral condition for the system of hyperbolic
equations, Electronic Journal of Qualitative Theory of Differential Equations. 63 (2015), 1-13. doi: 10.14232/ejqtde.2015.1.63

[18] Asanova A.T., Imanchiev A.E. On conditions of the solvability of nonlocal multi-point boundary value problems for
quasi-linear systems of hyperbolic equations, Eurasian Mathematical Journal. 6:4 (2015), 19-28.

[19] Asanova A.T. Multipoint problem for a system of hyperbolic equations with mixed derivative, Journal of Mathematical
Sciences (United States), 212:3 (2016), 213-233. doi: 10.1007/s10958-015-2660-6

[20] Asanova A.T. Criteria of solvability of nonlocal boundary-value problem for systems of hyperbolic equations with
mixed derivatives, Russian Mathematics. 60:1 (2016), 1-17. doi: 10.3103/S1066369X16050017

[21] Assanova A.T. On the solvability of nonlocal boundary value problem for the systems of impulsive hyperbolic
equations with mixed derivatives, Journal of Discontinuity, Nonlinearity and Complexity. 5:2 (2016), 153-165.

doi: 10.5890/DNC.2016.06.005

[22] Assanova A.T. Periodic solutions in the plane of systems of second-order hyperbolic equations, Mathematical Notes.
101:1 (2017), 39-47. DOI: 10.1134/S0001434617010047

— 140 ——




ISSN 1991-346X 2.2020

[23] Assanova A.T. Nonlocal problem with integral conditions for a system of hyperbolic equations in characteristic
rectangle, Russian Mathematics. 61:5 (2017), 7-20. doi: 10.3103/S1066369X17050024

[24] Asanova A.T., Kadirbaeva Zh. M., and Bakirova E. A. On the unique solvability of a nonlocal boundary-value problem
for systems of loaded hyperbolic equations with impulsive actions, Ukrainian Mathematical Journal, 69:8 (2018), 1175—1195.

doi: 10.1007/s11253-017-1424-5

[25] Assanova A.T. On a nonlocal problem with integral conditions for the system of hyperbolic equations, Differential
Equations, 54:2 (2018), 201-214. doi: 10.1134/S0012266118020076

[26] Assanova A.T., Kadirbayeva Z.M. Periodic problem for an impulsive system of the loaded hyperbolic equations,
Electronic Journal of Differential Equations, 2018:72 (2018), 1-8.

[27] Assanova A.T., Imanchiyev A.E., and Kadirbayeva Zh.M. Numerical Solution of Systems of Loaded Ordinary
Differential Equations with Multipoint Conditions, Computational Mathematics and Mathematical Physics, 58:4 (2018), 508-516.
doi: 10.1134/S096554251804005X

[28] Assanova A.T., Kadirbayeva Z.M. On the numerical algorithms of parametrization method for solving a two-point
boundary-value problem for impulsive systems of loaded differential equations, Computational and Applied Mathematics, 37:4
(2018), 4966—4976. doi: 10.1007/s40314-018-0611-9

[29] Assanova A.T., On the theory of nonlocal problems with integral conditions for systems of equations of hyperbolic
type, Ukrainian Mathematical Journal, 70:10 (2019), 1514-—1525. doi: 10.1007/s11253-019-01587-x

[30] Asanova A.T. One Approach to the Solution of a Nonlocal Problem for Systems of Hyperbolic Equations with Integral
Conditions, Journal of Mathematical Sciences (United States), 238:3 (2019), 189--206. doi: 10.1007/s10958-019-04228-7

[31] Assanova A.T. Solution of initial-boundary value problem for a system of partial differential equations of the third
order, Russian Mathematics, 63:4 (2019), 12-22. doi: 10.3103/S1066369X19040029

[32] Assanova A.T. An integral-boundary value problem for a partial differential equation of second order, Turkish Journal
of Mathematics. 43:4 (2019), 1967-1978. doi: 10.3906/mat-1903-111

[33] Assanova A.T., Iskakova N.B., Orumbayeva N.T. On the well-posedness of periodic problems for the system of
hyperbolic equations with finite time delay, Mathematical Methods in the Applied Sciences, 43:2 (2020), 881--902. First
Published: 30 October 2019. doi: 10.1002/mma.5970

[34] Assanova A.T., Sabalakhova A.P., Toleukhanova Z.M. On the solving of initial-boundary value problem for system of
partial differential equations of the third order, News of the National Academy of Sciences of the RK. Physico-Mathematical
Series. 3:319 (2018), 67-73.

[35] Assanova A.T., Alikhanova B.Zh., Nazarova K.Zh. Well-posedness of a nonlocal problem with integral conditions for
third order system of the partial differential equations, News of the National Academy of Sciences of the RK. Physico-
Mathematical Series. 5:321 (2018), 33 — 41. https://doi.org/10.32014/2018.2518-1726.5

[36] Assanova A.T., Boichuk A.A., Tokmurzin Z.S. On the initial-boundary value problem for system of the partial
differential equations of fourth order // News of the National Academy of Sciences of the RK. Physico-Mathematical Series.
1:323 (2019), 14-21. https://doi.org/10.32014/2019.2518-1726.2

— 4] =



News of the National Academy of sciences of the Republic of Kazakhstan

Publication Ethics and Publication Malpractice
in the journals of the National Academy of Sciences of the Republic of Kazakhstan

For information on Ethics in publishing and Ethical guidelines for journal publication
see http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the National Academy of Sciences of the Republic of Kazakhstan implies
that the described work has not been published previously (except in the form of an abstract or as part of a
published lecture or academic thesis or as an electronic preprint,
see http://www.elsevier.com/postingpolicy), that it is not under consideration for publication elsewhere,
that its publication is approved by all authors and tacitly or explicitly by the responsible authorities where
the work was carried out, and that, if accepted, it will not be published elsewhere in the same form, in
English or in any other language, including electronically without the written consent of the copyright-
holder. In particular, translations into English of papers already published in another language are not
accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent data,
incorrect interpretation of other works, incorrect citations, etc. The National Academy of Sciences of the
Republic of Kazakhstan follows the Code of Conduct of the Committee on Publication Ethics (COPE),
and follows the COPE Flowcharts for Resolving Cases of Suspected Misconduct
(http://publicationethics.org/files/u2/New_Code.pdf). To verify originality, your article may be checked
by the Cross Check originality detection service http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be chosen
in such a way that there is no conflict of interests with respect to the research, the authors and/or the
research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will only
accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of a
paper automatically implies the copyright transfer to the National Academy of Sciences of the Republic of
Kazakhstan.

The Editorial Board of the National Academy of Sciences of the Republic of Kazakhstan will monitor
and safeguard publishing ethics.

(ITpaBmna oopmiieHHS CTaThH AJIs MTyOJIMKAIIMN B KypHAJIe CMOTPETh Ha CalTax:

www:nauka-nanrk.kz
http://physics-mathematics.kz/index.php/en/archive

ISSN 2518-1726 (Online), ISSN 1991-346X (Print)

Penaxroper: M. C. Axmemosa, I b. Xaruoynnaesa, /. C. Anenog
Bepctka Ha komnbrotepe A.M. Kynveunbaesoii

IMoamucano B megats 05.04.2020.
®dopmat 60x881/8. Bymara ocetnas. [leuars — puzorpad.
11 m.n. Tupax 300. 3akas 2.

Hayuonanenas axaoemus nayx PK
050010, Armamu, ya. [llesuenxo, 28, m. 272-13-18, 272-13-19

— 178 ——



