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SPATIAL TECHNICAL CURVES AS SMOOTH LINES
OF THE ARCS NORMCURYVES

Abstract. In solving applied problems one often encounters with the construction of spatial curves for a number
of pre-set conditions. As a rule, the constructed curve is set by a set of pre-calculated or experimentally obtained
conditions (points, tangents, values of curvature and torsion at these points). The horizontal and frontal projections
(plan and profile) are calculated independently. As a result, the outline will consist of arcs of spatial curves no lower
than the fourth order with unpredictable differential properties. The arcs of circular norm-curved spaces are devoid of
this drawback.

The article discusses some theoretical questions of curve theory for a rational choice of smooth contour
components. It is proposed to use arcs of cubic circles as components of a spatial smooth one-dimensional contour. A
cubic circle, being a special case of a cubic ellipse, intersects an improper plane at a real point and at two cyclic
points. Such curves have better differential properties from the standpoint of the monotonicity of changes in the
values of the angles of inclination of the tangents, curvature, and torsion, which significantly affects the dynamic
qualities of the contour being constructed.

Key words: normcurves, descriptive geometry, conical surface, method of rotating the plane, one-dimensional
spatial outline, smoothness, component, intersection line, butt point.

The variety of technical problems of designing the various communications as a geometric component
includes into itself the design of a spatial curve. As a rule, it is set by many pre-calculated or
experimentally obtained geometric conditions (points, tangents, values of curvature and torsion at these
points, etc.) [4,11,13]. At that, the horizontal and frontal projections are independently constructed, or its
plan and profile are designed as one-dimensional contours. As a result, the desired curve is obtained as a
line of intersection of two composite projecting cylindrical surfaces. The main advantage of this method is
its simplicity, which is achieved by bringing a three-dimensional problem to the solution of two flat
problems and using the normcurves of the plane as components. Normcurves are algebraic curves whose
order is equal to the dimension of the space. A second-order curve as a normcurve of the plane is given by
two points 4 and B, tangents ?4, ¢z at these points, and an engineering discriminant d=BC:NC, where
T =t,Nty, TC - is the median of the triangle ATB.

In modern graphic packages and computer-aided design systems, spatial curves are set parametrically,
which makes calculations easy. They are represented as composite lines (Hermite curves, Beziers, splines
of various types). The equations of their components have the form

x=filp) yv=1p). z=1p)

where cubic polynomials [2,5,7,9,10,12,14] are taken as functions f,, f,, f; . Graphs of these functions

do not allow you to visually evaluate the geometric and differential properties of the curve they describe.
As an example, on figure 1 shows the construction of projections y = ¢, (x), zZ=@, (x)in three-
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dimensional space Oxyz of a parametrically given curve x = fl(p), v=1 (p), z= f3(p) of a four-
dimensional space, where fl(p), 15 (p), f3(p)— are the second-degree polynomials. Analysis of
projection y = @, (x), zZ=@, (x) of second-order parabolas shows that the original parametric given

curve is a fourth-order spatial curve.

Thus, the simplicity of graphical construction of the components of the conture during manual
construction and the simplicity of computational procedures in computer-aided design systems ultimately
lead to the complication of the simulation result. In our case, this is expressed in an unjustified increase of
the order of the components of the contour and their number from the geometric positions. This
conclusion follows from the fact that the simplest spatial curves of the third order (normcurves of space)
are not used as the components of the one-dimensional spatial contours.

r
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Figure 1 — The construction of projections y = @, (x ), zZ=Q, (x ) in three-dimensional space

Oxyz of a parametrically defined curve of four-dimensional space Ox'y'z’p’

In this regard, the purpose of this publication is to present the theoretical foundations of the method
proposed by the authors for modeling spatial technical curves in the form of smooth one-dimensional
contours from arcs of normcurves.

[lapadona

Figure 2 — The position of the second-order curves relative to the improper straight line
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Since there is no information in the General technical literature about normcurves, we will first cover
the questions necessary for further presentation. As the normcurves of plane (second-order curves) are

classified by their position relative to the non-own straight line u” (figure 2), so and normcurves k°of

three-dimensional space are classified by their position relative to the non-own plane A (figure 3) [1,6].

Figure 3 — The position of the norm curves of three-dimensional space relative to improper plane

1. k* - cubic hyperbola intersects A at three real different points.

2. k*— a hyperbolic parabola that intersects A% at a real point A and touches A at two coinciding
real points B=C.

3. k- the cubic parabola intersects A~ at three coinciding points A=B=C (A” is the touching plane
of the curve k° ).

4. k> - cubic ellipse, intersects A” at a real point 4 and at two imaginary-conjugate points B and C.
A special case of a cubic ellipse is a cubic circle, for which the points B and C will be cyclic.

The algorithm for constructing normcurves of three-dimensional space in theoretical plan is obvious.
Two second-order linear surfaces (quadrics) with one common generatrix / intersect along a fourth — order

spatial curve that splits into their common generatrix / and the remainder - the desired norm curve k.

The constructions will be simple if we take as these quadrics the conical surfaces ,B , O with guide circles

b and d belonging to the same plane ¥ (figure 4). In this case, the normcurve k 3 will be a circular curve
(a cubic circle) that has the best dynamic properties among normcurves [3, 8, 9, 10].
In figure 4, conical surfaces [ (S I b), o (S 5,d ) with a common generatrix / (S SH ), whose

guiding circles b and d belong to the plane ¥ , intersect in a cubic circle &°, where K, = k> Ny . The curve
K is constructed by the method of a rotating plane, that is, a beam of planes / (Oti) with an axis /:
a, M ﬂ = SlBi, a, M 0= Sle., SlBl. M SZDi = Kl., is used as intermediaries where
K ; € ko1t passes through the vertices Sl R S2 of the conical surfaces ﬂ and O , since the tangent plane
7, (S2 , 1 d) of the surface O intersects the surface [ along its generator S, 7, where / =¢, M b, and
the tangent plane 7, (S " b) intersects the surface O along the generator S, 2, where 2 =1, Nd .

— 44—
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Figure 4 — Construction of a norm-curved three-dimensional space as a curve
of intersection of two conical surfaces with a common generatrix

Thus, the incidence of the constructed curve k >to the vertices S 1» 5, of the conical surfaces p and

O allows to use them as butt joints in the preparation of a spatial one-dimensional contour.

Figure 5 — Building a tangent at a butt point

To construct a smooth one-dimensional contour, it is required to specify the tangents # S, and S, in

the butt points S 1 and S, , respectively. The tangent line ¢  at any point, for example Sz, of the line k°
of intersection of surfaces ,B and O is constructed as the line of intersection of two tangent planes
7, (SZ, t, ), 7, (Sz, tz) drawn at a point S, to the surfaces # and & (Fig. 4, 5). Here the point 2 - is

different from the point L of intersection of the tangent 7, with the guide d of the conical surface 0.

From the foregoing, the sequence of constructing the component of a smooth one-dimensional spatial
contour specified by an ordered array of points S ; with fixed tangents Zg;, from arcs of cubic circles K’ ,
follows:

1) two adjacent butt points S ; and S , with the tangents 7 s, € S I s, € S , specified in them are

taken as the vertices of the auxiliary conical surfaces /3 and O ;
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2) in a certain plane }, which is chosen from the condition of simplicity of computational

procedures (as a rule, a coordinate plane Oxy ), the points L =S IS ,Ny, 1=t AV
2=t s, M J and straight lines 7, (LZ ), l, (L] ) of intersections ) with planes, are built;

3) points L, I and tangent ¢ ; € 1 define a circle b - a guide of the first conical surface ﬂ ; points

L, 2 and tangent ¢ 5 € 2 define a circle d - a guide of the second conical surface O ; the

arc§,S,of the normeurve k> of intersection of conical surfaces 5 and O will be the desired
component of the constructed one-dimensional contour; in points S ;and S , it touches these lines
ts, €S;,15, €S,.

Thus, a method is proposed for constructing a spatial one-dimensional smooth contour, the
components of which are the arcs of a circular normal curve - a cubic circle. As known from the theory of
curves, such curves have better differential properties from the standpoint of the monotonicity of changes
in the values of the angles of inclination of the tangents, curvature, and torsion, which significantly affects
the dynamic qualities of the contour being constructed. This is achieved through the use as constituent arcs
of curves of the smallest possible order, while in all known methods, the contour components are the arcs
of non-circular curves of the forth or above order.

I'.C. UBanos!, JK.2K. Kanaoaes?, H.C. Ym6eTon?, U.®. BopoBukos!

'H. Bayman aTeigarsl Mockey MEMIIEKETTIK TEXHUKAJIBIK YHUBEPCHTETI, Mackey, Peceii;
M. Oye3os atemHaarsl OHTYCTiK KazakcTan MeMyiekeTTik yauBepcureri, Lllsmvkent, Kazakcran

HOPMKHUCBIKTAP JOFACBIHAH KYPAJIFAH " KAHAMAJIAP PETIHJIEI'T
KEHICTIKTIK TEXHUKAJIBIK KUCBIKTAP

AnHoTanusi. ['€OMeTpHsUIBIK KOMIIOHEHT PETiHe KOMMYHHUKAUMsUIApAbIH OapiblK TYPJEpiH KoOanayIblH op
TYPJIi TEXHUKAIBIK Maceliesiepi KeHICTIKTIK KUCBIKTapAblH KYPBUIBICHIH KAMTHIBL. ONETTe, 0jap OYpbIH ecenTelreH
HeMece TKIpHOe JKY31HIE alblHFaH T'eOMETPUSUIBIK JKaFlaillapAblH JKUBIHTBIFBIMEH aHbIKTanaibl (HYKTenep,
TaHTeHCTEP, KUCBHIKTHIK JkKoHe Oypaiy MoHzepi >koHe T.0.). By xarnaiina kenjeHeH »*oHe (POHTAIb MPOESKLIUSIIAP
(kocmap >koHe Tpodmib) nepbec ecenTeneni. HoTmkeciHIe KalaraH KHCHIK €Ki KypamMa HpPOCKIHsIAYIIbI
MIIAHAPIIK OSTTEepIiH KUBUIBICY CBHI3BIFEI PETIHAC ANBIHAIBL. BYIT 9MiCTiH OacThl apTHIKIIBUTBIFGI - OHBIH YIIOIIIeMI1
€CENTI eKi Ka3bIKTHIK €CENTi MICIIYTe )KOHE KAIBIITHI KUCHIK CHI3BIKTHI KOMIIOHEHTTEP PeTiHIe KOJIIAaHy apKbUIbl KO
)ketimaimiri. COHBIMEH, KOHTYP KYPacTHIPYUIBUIAPHIH KOJIMEH jKoOamayIblH TpaduKaiblK KOJIMEH TYPFBI3YIBIH
KapamailbIMABIIBIFEl  JKOHE  €CeNTey  TeXHMKAChIHBIH  aBTOMATTaHABIPBUIFAH  JKYHelepiHzeri — ecentey
HpoleypalapbiHblH ~KapanaibIMABUIBIFE] CaiibIll KeJTeHIe, KOHTYP KYPacTHIPYIIBUIAPBIHBIH JKOHE OJapIblH
JTOpeXeTNepiHiH TeOMETPUSUIBIK TYPFBIIAH HETi3Ci3 KypAeleHyiHe oKenedi. byl TyXbIpeIM VIIHIIN Topexerni eH
KapanaiblM KEHICTIKTIK KHCBIKTap (KCHICTIKTIH HOPM. KHCBIKTapbl) Oip ejmeMi KEHICTIKTIK KOHTYpJapblH
KYpacThIPYILbLIAPHl PETiH/E MaialaHbUIMAHTBIHBIHAH IIbIFazbl. HoThkeciHe KOHTYp anjbiH-ana 0oinKkaHOaiThIH
mddepeHmanpK Kacuertepi 6ap Kem AereHae TOPTIHII PEeTTi KeHICTIKTIK KMCHIKTapAbIH JOFallapblHAH TYPabl.
CoHJIBIKTaH Teric KEHICTIKTIK KOHTYpJapabl KYpy SAicTepiH o3ipiey - Ke3eK KyTTipMmeTiH Mmacene. OcbiraH
OalaHBICTBI, MaKaJaHBIH MaKcaThl KapamaiblM KHCBIK JOFajlapblHaH Teric Oip enmemai KOHTypiap TypiHzae
KEHICTIKTIK TEXHHMKAaJIBIK KHUCBIKTapIbl MOJIEIbJICY YLIIH aBTOpJap YChIHFAH 9JIICTIH TEOPHSUIBIK HETi3JepiH YCBIHY
OOJIBII TaOBIIAEL.

Teric KOHTYp KOMIOHEHTTEPiH YTHIMABI TaHIAY YIIiH MakKalaga KUCHIKTap TECOPHSCHIHBIH KeHOIp TEOpHsIIBIK
CypakTaphl KapacThIphIIaNbl. YII OJNIIEeMIi KEHICTIKTIH HOPM. KHCHIK CBHI3BIKTAaphl IIEKCI3 ajbIC (IYpBIC eMec)
XKa3BIKTBIKKA KATBICTBI OpHANAacybl OOWBIHIIA JKikTeneni gem aran eTinreH. COHBIMEH Karap, HOPM. KHCBIK
CBI3BIKTapFa KaThICTHI KeJeci )kaFaainap fa 00Iybl MyMKIiH:

- MEHIIIKCi3 )Ka3bIKTBIKTHI YIII HAKTHI HYKTE/IE KECiIl OTETiH YUIIHII JopeXeni runepoona;

- MEHIIIKCI3 Ka3bIKTBIKTBI HAaKThl HYKTele Kecil OTil, TYHIHJECKeH €Ki HaKThl HYKTele jKaHall eTeTiH
runepOoaNbIK napabosa;

- MEHIIIKCI3 JKa3bIKTBIKTHl TYWIHJECKEH YII HYKTE apKbUIbl KHUBII alaTbhlH YIIIHII Jopexkeni mapabdoia
(MEHIITIKCI3 Ka3bIKTHIK - KUCHIKKA )KaHACATHIH KAa3bIKTHIK);
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- MEHILIKCI3 Ka3bIKTBIKThI HAKTHI HYKTEJIE )KOHE €Ki HAKChI3 TYHiCy HYKTECIH/Ie KUbII OTETiH YIIiHIII A9pexeri
SIUIHIIC.

YiuiHmn gopexeni meHOep JoFalapblH KEHICTIKTIK Teric Oip eJmemi KOHTYPJIbIH KOMIIOHEHTTEpi peTiHe
nainanany ychiHbUIa bl KyOTBIK 3JUTHIICTIH epeKIle JKaFaiibl 00J1a OTHIPHII, KyO IIEHOeP] MEHIIIIKCI3 Ka3bIKTHIKTHI
HAKThl HYKTE MCH €Ki HHUKJIIbIK HYKTEIC KHUbIT oTemi. MyHIal KHCHIK ChI3BIKTAp KOHTYPJBIH JIAHAMHKAIIBIK
KacHeTTepiHe e/1ayip acep eTeTiH jKaHaMaHbIH KeJIOey K OyphIIIbL, KUCHIKTHIK XXoHE Oypaily MOHJIEpiHIH e3repyiHiH
MOHOTOH/IBUTBIFBI TYPFBICBIHAH JKAKChIPAK MU GepeHIaNIbl KaCUETTEepre He.

TyiiiH ce3mep: HOPMKHUCHIK, ChI30a IeOMETpHUs, KOHYCTHIK OCT, allHaJIMalbl Ka3bIKTBIK oJici, Oip ememmi
KEHICTIKTIK jkaHamMa KHUCHIK, TETICTIK, KABUIBICY CHI3BIFBI, TYHIHIECY HYKTECI..

I'.C. UBanos!, JK. XK. I:xanatéaes?, H.C. Ymoeron?, U.®. Boposukos!

'MocKoBCKHI TOCYIapCTBEHHBIN TeXHUUeCKHH yauBepeuteT uM. H. Baymana, Poccus;
210xH0-Ka3axcTancKuil TOCy JapCTBEHHBIA yHUBEpCHTET MM. M. Ayesona, [llsvkent, Kazaxcran

IMPOCTPAHCTBEHHBIE TEXHUYECKHUE KPUBBIE
KAK I'VTAJIKUE OBBO/JIbI U3 YT HOPMKPHUBBIX

AnHoTanusi. MHOroo0pasue TeXHUUECKHX 3a/1a4 IPOEKTUPOBAHMSI BCEBO3MOKHBIX KOMMYHHUKAINI B KauecTBE
TEOMETPUIECKON COCTABISIONIEH BKIIIOYAET B ce0s1 KOHCTPYHpPOBAHHE IMPOCTPAHCTBEHHBIX KpuBBIX. Kak mpasmio,
OHH 3a/IaI0TCS1 MHOKECTBOM TIPEIBAPUTENBHO PACCUMTAHHBIX MM 3KCIIEPUMEHTAIBHO MOITYYEHHBIX T€OMETPUIECKIX
ycnoBuil (TOYEK, KacaTelbHBIX, 3HAUCHWH KPUBM3HBI W KpPYy4YeHHH B JIaHHBIX TOYkax H T.4.). Ilpm sTom
TOpM30HTaNbHAs ¥ (pPOHTaNbHAs NPOEKUUM (INIaH W Npo(dMIb) PAacCUMTHIBAIOTCA He3aBUCUMO. B pesymbrate
UCKOMasl KpHUBas TIIOJy4yaeTCsl KaK JIMHHUA TPECEUCHMs JBYX COCTaBHBIX MNPOCLHUPYIOMNX MMINHIPUIECKUX
HoBepxHOCTeW. [JIaBHBIM JOCTOMHCTBOM TaKOI'O cIOCO0a SBIAETCS €ro IpOCTOTa, KOTOpas JOCTHUIaeTCs
NPUBEICHUEM TPEXMEPHOH 3aJjaull K PEIICHHIO NBYX IUIOCKHMX 33/1a4 M UCIIOJIb30BAHUEM B KaYeCTBE COCTABIISIOIINX
HOPMKpPHBBIX IUIOCKOCTH. Takum o00pazoM, mpocrora rpaduyeckoro MOCTPOEHHsI COCTaBISIIONIMX 00BOjAa IpU
pYYHOM €ro KOHCTPYMPOBAaHHMM M IIPOCTOTA BBIYMCIMTEIBHBIX IPOLEAYP B CHCTEMax AaBTOMAaTH3MPOBAHHOI'O
NIPOEKTUPOBAaHMS B KOHEYHOM HTOTE BEAYT K YCIOKHEHHIO pe3ysbTaTa MOJEIMPOBAHMS, YTO BBIpaXKaeTcs B
HEOOOCHOBAHHOM C I€OMETPUYECKMX IO3UIMH IOBBILICHUH IOPSIKOB COCTABILIIONIMX 00BOJA M MX KOJMYECTBA.
OTOT BBIBOJ CJIEAYeT U3 TOro (haKTa, 4YTo B KAYECTBE COCTABIISIOIIMX OJHOMEPHBIX IPOCTPAHCTBEHHBIX 00BOJIOB HE
UCTIONB3YIOTCSI CaMble MPOCTHIE NMPOCTPAHCTBEHHBIE KPHUBBIE TPETHETO IMOpPsIKa (HOPMKpPUBBIE MPOCTPAHCTBA). B
pesynbrare 00BOJ COCTOMT U3 MOy IPOCTPAHCTBEHHBIX KPHWBBIX HE HIDKE YETBEPTOr0 IOpsAKa ¢
HETNPOTHO3UPYEeMBIMU T HepeHIIHaTFHBIMU  cBOlicTBaMu. [loaTomy pa3paboTka crnocoOOB KOHCTPYHPOBAHUS
TTIAAKUX TIPOCTPAHCTBEHHBIX OOBOMNOB SIBISIETCSA AaKTyaJlbHOW 3amadeidl. B CBA3M ¢ 3TUM [enpl0 HacTOSIIEH
NyOJIMKauuK SBISIETCS H3JIOKEHHE TEOPETHYECKUX OCHOB IIPEUIaraéMoro aBTOPaMH CHOCO0a MOAEIHUPOBAHUSA
MPOCTPAaHCTBEHHBIX TEXHUYECKNX KPUBBIX B BUJIE TIAJAKUX OJHOMEPHBIX 00BOJIOB U3 YT HOPMKPHBBIX.

Jnst palMoHanbHOrO BBIOOpa COCTABJIAIONIMX IJIAJAKOr0 OOBOJA B CTaThbe PAaCCMATPUBAIOTCS HEKOTOpHIC
TEOpPETHYECKHE BONPOCHl TEOPUM KpHUBBIX. OTMeYaercs, 4YTO HOPMKPHMBBIE TPEXMEPHOIO IPOCTPAHCTBA
KIacCU(PUIMPYIOTCS MO UX IOJIOKEHUIO OTHOCUTEIBHO OECKOHEYHO yNajieHHOW (HecoOcTBeHHOH) rutockoctH. [pu
5TOM BO3MOJKHBI CIIy4aH, KOT/1a HOPMKpPHUBAst SIBJISIETCS

- KyOuueckoil runep0oioH, nepecekaronieli HECOOCTBEHHYIO IUIOCKOCTh B TPEX AEHCTBUTEIBHBIX PA3IMYHBIX
TOYKaX;

- rumepbommdecko mapaboioi, mepecekarmeil HeCOOCTBEHHYIO IUIOCKOCTh B JIEHCTBHTENBHOW TOYKE M
Kacarolieecs B IByX COBIABIINX ACHCTBUTEIBHBIX TOUKAX;

- KyOmdeckoil mapabojoi, KoTopas IepecekaeT HECOOCTBEHHYIO IUIOCKOCTh B TPEX COBIABIIMX TOYKax
(HecoOCTBEHHAs INIOCKOCTH SBIISETCS CONPHKACAIOIIEHCS IIIOCKOCTHIO KPHBOH);

- KyOMUYECKMM D3JUIMICOM, NMEPECEKaAOIIUM HECOOCTBEHHYIO IUIOCKOCTh B JNEWCTBUTENBHOM TOYKE U B JIBYX
MHHUMO-COIIPAKCHHBIX TOYKAX.

B kauecTBe COCTaBIISIONINX MPOCTPAHCTBEHHOIO INIAJKOI0 OJHOMEPHOro 00BOJA MPEAJIaraercsi NCI0Ib30BaTh
JyT'H KyOnueckux okpyxHocteil. KyOuueckas OKpPYKHOCTb, SIBJISSCh YacTHBIM CilydaeM KyOHUYEcKOro JJuIMIica,
nepeceKkaeT HeCOOCTBEHHYIO IUIOCKOCTh B JICHCTBUTEIFHON TOYKE M B JIBYX IMKIMYECKHX TOUYKax. Takue KpuBbIe
oOmamaroT JydmuMu TUdQepeHanbHbIMI CBOWCTBAMH C TO3UIIMH MOHOTOHHOCTH W3MEHEHMs 3HAuCHHH YIJIOB
HaKJIOHA KacaTeNIbHbIX, KPUBU3HBI U KPYUEHHMs, YTO CYIIECTBEHHO BIHMSET Ha JUHAMHYECKHE KaueCTBa KOHCTPYH-
pyemoro o0Boza.

Ki1roueBble c/10Ba. HOPMKpHBAs, HAauYepTaTelIbHas T€OMETPHs, KOHHYECKas MOBEPXHOCTb, CIIOCOO Bpamiaro-
meecst IUIOCKOCTH, OZHOMEpPHBINH IMPOCTPAHCTBEHHBIH O0OBOJ, TJAIKOCTh, COCTABISAIONIAs, JHMHHS IIEPECEUeHHS,
CTBIKOBAs TOUKA.
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