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DESIGN OF THE THIRD-ORDER CURVES OF THE TYPE
THE HYPERBOLISM OF THE HYPERBOLA

Abstract. The solution of many engineering problems requires the construction of curves with given
characteristics. One way to create the curves is to obtain a new curve by some transformations of an already known
curve. This method is especially important because the line of the family of lines belonging to the prototype, is
definitely displayed in the relevant lines, of the family of lines of the constructed surface. And knowing the
properties of the transformation and the preimage, it is easy to establish the properties of the image.

In this regard, this article proposes an algorithm (method) for constructing a third-order curve, where the initial
image is a parabola. The choice of the parabola is based on the fact that among the set of curves of the third order
when modeling the technical curves in CAD, the most widely used is a cubic parabola due to its’ uniqueness. The
essence of the method is as follows. Each focal straight line of parabola crosses the parabola at two points, through
which two straight lines (parabolic beams) run parallel to the focal axis, and a set of pairs of these lines form a
bundle with an improper center. The set of points of intersection of the bundle of lines with the center at the point P
with a projective to thatbundle of straight lines (parabolic beams) forms a curve of the third order, namely
"hyperbolism of hyperbola" according to Newton's classification.

Key words: Second order curves, curves of the third order, cubic parabola, a number of second-order, bundle of
the second order, hyperbolism of conic sections, the hyperbolism of the hyperbola.

Introduction. In the design of surfaces, especially non-linear, an important condition is to obtain its
model, described by the simplest algebraic equations. This allows you to produce a component a complex
surface, minimal cost and high accuracy. The line, line families belonging to the prototype are uniquely
mapped on corresponding lines, on line families of the surface being constructed [3]. The study of the
curve features and its properties by means of differential geometry is possible only if the curve is
expressed in an analytical form, i.e. by an equation. However, in many problems of theoretical and
especially of practical nature, before investigating the equation of the curve, it is necessary to make it on
the basis of some data that somehow determine this curve and expressed in the problem conditions [5].
Therefore, knowing the properties of the transformation and the prototype, it is not difficult to establish
the properties of the image. In this regard, research in this area is considered very relevant.

This article relates to the field of formation of third-order curves. It gives a method based on the use
of an auxiliary parabola of the second degree.

Of the many third-order curves, the cubic parabola is the most widely used for modeling the technical
curves in CAD because of its unambiguity. The parabola equation of the 3rd degree has the form

y=ax’ +bx’ +cx+d

When considering the projective method of curve formation, the concept of the order of a series of
points and a beam of lines is introduced [15, 16]. The notion of a second-order series and a second-order
sheaf makes it possible to define with projective method algebraic curves of higher orders and classes.
Thus, in General, if two sheaves of first-order lines lie in the same plane and are projective with each
159
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other, then the intersection points of their respective lines form a second-order curve, and similarly, if a
sheaf of first-order lines and a sheaf of second-order lines lie in the same plane and are projective with
each other, then the intersection points of their respective lines form a third-order curve.

In theoretical and engineering practice it is developed and proposed, taking into account the above
mentioned, many ways of making the curves of the third order, where the original images are: a bundle of
conic sections and projective to it pencil of lines; the points and straight lines; triangle; circle; parabola;
conic sections; conic section and triangle, etc. [8,11, 12,13,14,17].

Materials and methods. It should be noted that for construction of the third order curve, where
parabola is the original image, 28 different approaches (methods) presented [14].
In the monograph of G. S. Ivanov [8, 9, 10] "Construction of technical surfaces" it is proposed to use
cubics given in the form
@y tax+a,x’ +ax’
b, +b.x +b,x*

and obtained by means of cremonic involutions with non-owned center.
Here the involution /; is given by non-owned point F'”, the axis Oy of the reference system, and an

invariant cubic decayed into a straight line d' and a second-order curve d* (hyperbola with asymptot or a
parabola with a vertical axis) (figure 1).

ylF=)

Figure 1 - Involution [ 5 with non-owned point

We propose an algorithm (method) for constructing a third-order curve, where the initial image is
parabola. The essence of the method is that the set of points of intersection of bundle of straight lines with
the center at the point P with a projective to it bundle of straight lines (parabolic rays), forms a curve of
the third order.

Let us have a parabola y = ax’ +bx +c, with a vertex at the origin, ¢ = 0, and its focal axis

coincides with the ordinate axis (figure2) [4,6,7].

The straight lines of the beam P and the straight lines of the beam L form a bundle of first-order
straight lines (figure 3).

The projective correspondence of the first-order beam P with the center at p and the beam L
(parabolic rays) is established using the beam F of the focal lines of this parabola.

The position of the straight line of the first-order beam P with the corresponding straight line of the
beam F of the focal lines can be determined by the angular displacement A .

If the straight line of the beam P of the first order is located at an angle & to the abscissa axis, then
the corresponding straight line of the beam F of focal straight lines is located to the abscissa axis at an
angle a+ A (figure 2).
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Figure 2 - Intersection points of projective lines

The focal straight line f crosses the parabola at points 1, 1¢. Two straight lines J, I (two parabolic
rays) pass through these points. The line p intersects with these lines at points M, M.

Each pair of straight lines /,, li' of the beam L is incident to the intersection points of the focal

straight line f; with a given parabola d”.

To each straight p; of the beam (P) corresponds two straight /; of the beam (L) and Vice versa, to each
straight /; of the beam (L) corresponds one straight p; of the beam (P).

Therefore, the correspondence between the straight of the beams (P) and (L) [1, 2] - valued.

£
N[/

f /I

Figure 3 - Building a lot of points

The order of an algebraic curve, as a result of the intersection of the corresponding straight lines of
two sheaves, is

I-1+1-2=3

Thus, each straight line p; of the beam (P) intersecting with two straight lines /; of the beam ( L ),
located on different sides of the axis of symmetry of the parabola, gives a set of points Mi, constituting a
curve of the third-order.
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Derivation of the curve equation. We write the equation of the line passing through the focus F of

the parabola
y=hkx+t

here the value ¢ is the deviation of the focus from the origin in the direction of the axis y . We
calculate it from the parabola equation under the condition x = 2y (according to the geometric definition
of a parabola). Then,
_1-2b

4a

t

Solving the equations of the parabola and the focal line together, we determine the coordinates X, X,
of the points of their intersection.

Substituting the coordinates X,,X, in the equation of the line passing through the point P, we
calculate the coordinates y,,y, of the points of intersection of this line with projectively corresponding to

it the lines /; of the bundle L.

The set of points {x,,), }, {X,,),} computed with the variable & (0 < & <180") make up a third-
order curve of the type of hyperbolism of a hyperbola.

Results and discussion. The nature and shape of the obtained curves show that they belong to the
fourth class of Newton's classifications- "hyperbolisms of conical sections".
Hyperbolism of conical section

w +ex=cy+d (a=b=0)

can be considered as a special case of a parabolic hyperbola in which the parabolic asymptote has split
into two parallel lines: x = i\/z . Hyperbolisms have three asymptotes: y =0,x = i\E and a double

infinitely distant point

Hyperbolisms of the conic sections are divided into three kinds [14]. Studies have found that the
position of the center of the bundle (P) determines belonging to a certain genus (Fig.4, 5 — hyperbolism of
the hyperbola). And the value of the parameter affects the position of the asymptotes and the shape of the

curves themselves.
¥

7 \

Figure 4 - The center P of the beam P is located outside the band bounded by the asymptotes
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Figure 5 - The center P of the beam P is located between the asymptotes

Conclusion. We have developed an algorithm (method) for constructing a third-order curve, where
the initial image is a parabola. In this case, the transformation results in a third-order curve belonging to
the fourth class of Newton's classifications- "hyperbolisms of conical sections", namely hyperbolism of
hyperbola. Studies have shown that changes in the parameter A and the position of the center P of the
beam P can be controlled by the shape of the resulting curve.

H.C. Ymbetos', K. K. ’Kanaoaes!, I'.C. UBanoB?

M. Oyes0B ateiparsl OHrycTik Kasakcran memnekertik yHusepcureri, [lsivkent, Kazakcran;
’H. baymaH aTeiHarbl MocKey MEMIIEKETTIK TEXHUKAIBIK YHUBEpCUTETI, Mackey, Peceit

IT'MIIEPBOJIAHBIH 'MITEPBOJIN3MI YJIT'JIT
YINTHIII JOPEKEJII KUCBIKTAPAbI KYPACTBIPY

Annoranusi. KenrereH MHXEHEpIiK Maceleliepl Ienry OeNriii cumarramaiapbl 0ap KUCHIK ChI3BIKTapIbl
canybpl Kaker erefii. KHChIK ChI3BIKTap/Ibl TYPFBI3YABIH Oip 9/1ici — ajblH-ana Oenrii KUChIKThI KOITereH Oenrii
reOMETPUSIIBIK TYPJICHAIPY 9iCTepiHiH 0ipi apKbUIbI )KaHa KUCHIK CBI3BIKTHI aly. KUCBIKTBI KYpacThIpYIbIH OyI1 9j1ici
eH TuiMal 00k TaObutaabl. O KaHa KUCBHIKTAp/Ibl aHBIKTayFa apHAIFaH CApKbUIMANTHIH Kypaiaap/sl Oepim KaHa
KOMMaii/ipl, COHbIMEH KaTap ’KaHa KMCBIKTBIH KaCHETTEpiH TYPJICHAIPIJIEeTIH KUCHIKTBIH KECKiHI PETIHJE aHBbIKTayFa
MyMKiHIiK Oepeni. CoHbIMEH KaTap, OYJI OICTIH €peKIIe MAaHBI3IBIFBI - TYPJICHIIPUICTIH KECKIHTe >KaTaThIH
CBI3BIKTAp TOOBI COMKEC CHI3BIKTAPFa, KYPACTHIPBUIATHIH OCT CHI3BIKTAPBIHBIH TOOBIHA Oip KaJIBIITHI KECKiHaenei. A
TYPJICHIIPY OMICIHIH XOHE OacTamKbl KUCBHIKTBIH KACHETTEPIH OUIe OTHIPBIN, ANBIHATHIH CHI3BIKTHIH KaCHETTEPIH
aHBIKTay KHBIH eMmec. berrepmi, ocipece KHCHIK CBHI3BIKTBI OCTTepAi caixy Ke3iHAe KapamaibIM anreOpaiibik
TEHJCYJIEPMEH CHIIATTaJFaH OHBIH YJTICIH aly MaHBI3OBI MIapT OOJNBIN TaOBUTambel. bynm xypaeni Oerti OGemmiexTi
KYHBI K€M Jie KeM, JKOHE JKOFapbl IONIriMeH jkacayra MYMKiHIOIK Oepemi. OChIFaH OalJIaHBICTBHI, OCHI CajalaFbl
3epTTeyJiep oTe O3eKTi OOJIBI caHaa bl

by Makana yuiHi 1opexeni KUCIKTap bl TYPFbI3Y dicTepiHe KaThicThl. OchiFaH OaillaHbICThl, OYJ1 MaKanaia
eKIHII Jopexeri KeMeKili napadojiaHbl KOJJaHyFa HETi3JIeNITeH YLIHINI JIOPEeXeNi KHUCBHIK CBI3BIKTBI TYPFBI3Y
anroput™i (omic) yceiHbUIFaH. [lapabosianel TaHmayJblH HeEri3ri ce0ebl - TeXHUKAIBIK KUCBIKTapbl
aBTOMATTaHBIPbUIFAH €CENTey XKYHeJepiHae MOJENbleyAe CKIHII OHE YIIIHII JOpeKesli KOI ChI3BIKTapIbIH
apachlHIa Oiperciylik KacHeTiHIH apKachlHIa KEHIHCH KOJJIAaHbLUIATBIH mHapabosia Oojbin TaObuiazbl. By xepre,
TYPJACHIIpY HOTIXKeCiHIe HBIOTOHHBIH KiIacCU(pUKAIMIACH OOWBIHIIA TOPTIHIN KIacKa KaTaThlH «KOHYCTBIK
KUMaJIapAbH TUIepOoOTu3MAep» THUNTI YIIHINI JOPEKENi KHCHIK CBI3BIK Taijga Ooiambl - atam aiTKaHga
TUINEpOOIaHBIH THIIEPOOIU3MBI.
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YCBIHBUIBIN OTHIPFaH OMICTiH MoHI Kenecimeil. Bisre ekinmni mopexeni d? mapaGonacel koHe P HykTecinme
IIOFBIPJIAHFAH P CHI3BIKTAp INOFLI OepinreH jemik. d* mapabonansiH opOip (GOKAIIBIK CBI3BIFBI OCHI ITApabOIaHbl eKi
HYKTE apKbUIbl KHBII 6T/, OJT HYKTeJIep apKbUIbl (POKAIIBIK OChKE Mapajuiesib eKi Ty3y (mapabonabik coynenep) /,
I’ eTeni, )oHE OCBI CBHI3BIKTAp/AbIH KOITETeH KYITaphl ©31H/IK eMec LIEHTPMEH IOK Kypaiinsl. Llentpi P, p chizbikTap
ILOFBIHBIH OFaH MPOEKTHBTI TY3yJIEP IIOFLIMEH (MapaboNnaibIK caynenep) l, I KMbUIBICY HYKTENEPiHiH XKUBIHTHIFbI @
YIIIHIII JOPEkKEITi KHUCHIK ChI3BIKTHI KYPAHIIbI, dKOHE O «THITepOOoIaHbIH THITEPOOIH3MBDy OO0k Tadbutansl. LeHTpi
P HyKTeciHne opHaNacKaH OipiHIII Topeskerni p Ty3yJiep MOFBIHBIH KocapiaHraH Ty3ysep (mapadonanslk cayienep) /,
I’ 1WOFBIMEH POEKTHUBTI COMKECTIri OChl apaboIaHblH (POKYCTHIK CHI3BIKTAPBIHBIH f IIOFBI APKbUIBI TaFalbIHAAIAIbL.
Bipinmi gopesxerni p MIOFBI TY3Y CHI3BIFBIHBIH OFaH IPOEKTUBTI COlikec KeleTiH f (pOKaNIBIK IIOFBI CHI3BIFBIHBIH 03-
apa opHaJiacy >KarJaiibl onap/blH OYPBIITHIK KbUDKYBI A apKbUIBI aHBIKTAYbl MYMKIH. 3epTTeyiiep HOTHKECIHAE P
LIOFBIHBIH, P LIEHTPiHIH OpHBIH oHE A mapaMeTpiH e3repTy apKbUIbl Maiifa OONFaH KHCHIK CBI3BIKTBIH MilIiHI
GacKaphIIATHIHIBIFEl AHBIKTANABL. ¥ CBIHBUIFAH OICTIH aca epeKIIeNiri - TYpJeHIIpy HOTIDKeCiHne maiga OoiraH
CBI3BIK TCK KaHa «TUIEPOOITAHBIH THIIEPOOTU3MBDY OOJIBI TAOBLIA/IBI, )KOHE 0ACKa KUCHIK ChI3BIK O0JIMAi/Ibl, COHIAM-
aK, ecenTey KHCBHIHABI aJrOPUTMAEPIIH KapanaibIMIbUIBIFbl aBTOMATTaHABIPBUIFAH €CEINTey JKyHenepinae MyHaan
KUCBIKTap/ibl MOZEJb/CY KEe31H/e MaHbI3/IbI.

Tyiiin ce3nep: ExiHmi mopexeni KUCHIK CBI3BIKTAp, YIIIHIN JOPEkKENi KUCHIKTAp, TEKIICTIK mapadoia, eKiHmIi
JIopexeli  KaTapiap, eKiHIII J9pexXell CBhI3BIKTap IIKFbI, KOHYC KHMachl THIepOom3Maepi, TunepOoIaHbIH
TUrepooNIn3Mi.

H.C. Ymoeros!, XK.JK. I:xanadaes!, I'.C. Usanos’

TOxm0-Kazaxcranckuil roCy1apCTBEHHBIN yHUBEPCHTET MM. M. Ayesona, [llsvkenT, Kazaxcram;
2MOCKOBCKHI TOCYIapCTBEHHBIN TeXHUUECKHH yHuBepeuteT uM. H. Baymana, Mocksa, Poccust

KOHCTPYUPOBAHUE KPUBBIX TPETBEI'O ITIOPAIKA
THUIIA TMITEPBOJIN3M I'MIIEPBOJIbBI

AnHoTanusi. PenieHne MHOTMX HWHXKEHEPHBIX 3aaad TpeOyeT IOCTPOEHHS KPUBBIX JIMHUH C 33/JaHHBIMU
xapakrepucTukamu. OJTHIM U3 croco00B 00pa30BaHMs KPUBBIX SBISETCS TOJydYeHNE HOBOM KPUBOM IyTEM TOTO WIIN
HWHOTO TEOMETPHYECKOTO IPeoOpazoBaHMs YK€ M3BECTHOW KPHBOH. DTOT CHOCOO0 0Opa3oBaHUS KPHBBIX SBIISAETCS
HanOonee 3¢ ¢exTnBHBIM. OH HE TOJBKO MAET HEHCCSKAeMBbIE CPEICTBA VIS ONPEAEIECHHS HOBBIX KPHBBIX, HO U
MO3BOJISIET OMPEACIATh CBOMCTBA HOBOM KPHBOM Kak OTpa)XKeHHWE CBOWCTB MpeoOpasyemoi KpuBoil. Takxke, 3TOT
croco0 OCOOCHHO BaKEH MOTOMY, YTO JIMHUS, CEMEHCTBa JIHMHUM, NPHHAAIEKALIMX MpooOpasy, OTHO3HAYHO
0TOOpakaloTCsl B COOTBETCTBYIOIINE JIMHUH, CEMEHCTBA JIMHUN KOHCTPYHPYEMOW TOBEPXHOCTH. A 3Has CBOWCTBA
npeoOpa3oBaHusl U MPooOpa3a, HETPYAHO YCTAHOBUTH CBOWCTBa oOpasa. IIpy KOHCTpYHMpOBaHMM MOBEPXHOCTEH,
OCO6CHHO HeJ'lIdHefl‘iaTbIX, BaXHBIM YCJIOBUEM SABJIACTCA IOJYYCHHUE €€ MOJICIIN, OIMMCHIBAeMOM HpOCTeﬁL[IHMH
aJ'IFe6pal/I'-IeCKl/IMI/I YpPaBHCHUSAMMU. 9TO MO3BOJISIET UTOTOBUTH JAC€TaJIb CO CIIOKHOU TMOBEPXHOCTbIO C MUHUMAJIbHBIMU
3aTpaTaMH W BBICOKOH TOYHOCTBIO. B CBsI3M ¢ 3THM, HCCleloOBaHHMsS B JaHHOW 00JacTH CUMTAIOTCS BEChbMa
AKTYaJIbHBIMH.

JanHas crtarest OTHOCHTCS K 00JlacTH OOpa3oBaHMs KPHMBBIX TPETHETO HOpsika. B CBs3u ¢ 3TuM B naHHOU
CTaThe MpPEAJaraeTcst aNropuT™ (crmocod) MOCTPOSHHST KPUBOH TPETHETO MOPSIKA, OCHOBAHHBIA HA HCIIOJIb30BAaHHU
BCIIOMOTaTeNbHOW Mapabosibl BTOpoi cremeHn. BeIiOOp mapabosibl OCHOBaH Ha TOM, YTO W3 MHOXKECTBA KPHBBIX
BTOPOTO M TPETHETO TOPS/IKA P MOJECTHPOBAaHUN TeXHH4YeCKnX KpuBbIX B CAIIP Hambonee mmpoKo mpuMeHseTcs
napa0oia u3-3a ee 0JHO3HauYHOCTH. [Ipu 3TOM B pe3ynbTrare npeodpa3oBaHus MOIydaeTCs KPUBasi TPETHETro MOPSAKa,
OTHOCSIIAsICSI K YeTBEPTOMY Kiaccy mo kimaccuukanmii HerotoHa — «I'HmepOOmu3Mbl KOHHUECKUX CEUCHUI», a
MMEHHO TUIIEPOOIIN3M THIIEPOOITHI.

CyTb crniocoba 3aKiiodaeTcs B cieayromeM. IlycTh Mbl HMeeM Napaboily BTOPOro Nopsijika d* v MydYéK NpsMbIX p
¢ uentpoM B Touke P. Kaxnas QokanbHas npsamas f mapa6ossl d? nepecexaer sty napaboiy B JByX TOYKax, YEPE3
KOTOpBIE IPOXOAAT JIBE NpsiMble (Mapadonuyeckux iyun) [, I’ napamuiensHo (GoKaIbHON OCH, @ MHOXKECTBO Iap 3THX
IPSIMBIX 00Pa3yroT Iy4OK C HECOOCTBEHHBIM LEHTPOM. MHOXECTBO TOUEK IIepecedeH s My4Ka MPSMBIX p C IIEHTPOM
B TOYKE P ¢ IPOEKTHBHBIM €My ITyYKOM NpsMBIX (Mapabonmyeckux jiyueit) /, I’, o0pazyeTr KpUBYIO TPEThEro Mmopsiika
d®, a uMeHHO «TUEP6OIM3M THIEPOOIBIY. [IPOEKTHBHOE COOTBETCTBHE MydKa p TEPBOTO MOPAAKA C LEHTPOM B
Touke P u myuka (mapabonndeckux sydeit) /, I’ yctaHaBIMBaeTCs C IOMOIIBIO MTy4Ka f (POKATBHBIX MPSMBIX JaHHON
napaboisl. [lonoxeHne mpsiMOil Mydyka p TMEPBOTO MOPSAAKA C MPOSKTHBHO COOTBETCTBYIOIIEH MPAMOHN mydka f
(hOKaJBHBIX TPSMBIX MOJXET OINPENENSAThCS YIJIOBBIM cMelleHneM A. VccnenoBaHMSIMHU yCTaHOBIGHO, YTO
N3MEHEHHMSMH TapaMeTpa A 1 IOJ0XKEHHEM IeHTpa P Imydka p MOXHO YHpaBisiTh (POPMOW ITOJy4aeMoOil KPHUBOM.
OTIMYUTENEHON OCOOCHHOCTBIO IPEUIaraeMoro Crocooda sBIsIeTCsl TO, YTO Pe3yJibTaTe Mpeodpa3oBaHus MOITy4aeTCs
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UMEHHO «THIEepOOTU3M TUIIEpOOIB), N HUKAaKas APyras KpUBas, a Tak e, MPOCTOTA BEIYUCIUTEIBHBIX aJITOPUTMOB,
YTO BaKHO MPU MOAETUPOBAHNHN TaKuX KpuBbIX B CAIIP.

KoaloueBbie cioBa. KpuBble BTOpOro mopsijika, KpHBbIE TPEThEro MOpsjKa, KyOudeckas mnapaboia, psia
BTOPOTO MOPSIJIKA, IyYOK BTOPOTO MOPSI/IKA, TUIEPOOIN3Mbl KOHUUECKHX CEUEHHH, THIIepO0JIN3M THITEPOOIBL.
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