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BOUNDEDNESS OF THE HILBERT TRANSFORM
FROM ONE ORLICZ SPACE TO ANOTHER

Abstract. In this paper, we investigate boundedness of the Hilbert transform from one Orlicz space to another.
D.W. Boyd gave examples (see [1]) showing that reflexivity of X is both unnecessary and insufficient for
boundedness of the Hilbert transform from X to itself. This may be somewhat surprising, since the condition for L,
to be reflexive (1 < p < o) is the same as the condition for the Hilbert transform to be bounded from L, to L,,.
However, D.W.Boyd considered only the cases when the domain and the range of the Hilbert transform coincide.
Since L, spaces are examples of rearrangement-invariant (r.i.) Banach function spaces, we consider boundedness of
the Hilbert transform from one reaarangement-ivariant Banach function space to another. To be precise, we
generalise the Boyd’s results allowing the domain of the Hilbert transorm to be a particular Orlicz space defined on
(0,1), and the range is different from the domain an other Orlicz space defined on (0,1). Moreover, we also consider
boundedness of the Hilbert transform from one Lorentz space on (0,1) (which is also rearrangement invariant) to
another Lorentz space (0,1). In case when the domain of the Hilbert transform is a Lorentz space Ag,(R,) which
coincides with its range, the problems was fully resolved by D.W.Boyd. He showed (see [1]) that uniform convexity
of Ay n(R,) (1 <p < ) is necessary and sufficient condition for boundedness of the Hilbert transform. However,
for the most important case when p = 1 the result was proved recently [2, Theorem 4.2]. Moreover, applying the
main theorem D.W.Boyd obtained the following [1]:

Let Ly be an Orlicz space. Then H € B(Lg, Ly) if and only if Ly os reflexive.

Towards these goals we also investigate boundedness of the Calderén operator from one rearrangement-
invariant Banach function space to another. Such questions have been attracting a great deal of attention for many
years, in particular in connection with embeddings of Sobolev spaces. In the present paper we discuss such
boundedness problems for classical operators of great interest in analysis and its applications, namely the Hilbert
transform and the Calder6n operator. The action of these operators on specific classes of function spaces has been
extensively studied over the several decades. Classical results are available for example in connection with familiar
function spaces. Besides the importance of these operators is very well known, and their properties have been deeply
studied.Classical Lorentz spaces which originated in 1950s and have been occurring occasionally later became
extremely fashionable in 1990s when the fundamental papers appeared.

In this paper we study the boundedeness of such classical operators on rearrangement-invariant spaces, a class
of function spaces that includes for example all Lebesgue, Lorentz, Orlicz, Marcinkiewicz spaces and more. Our
focus is mainly on boundedness of the Hilbert transform from one Orlicz space to another. We also give examples of
particular rearrangement-invariant spaces on which the Hilbert transform acts boundedly.

Key words: Hilbert transform, Calderén operator, Rearrangement invariant Banach functon spaces, Orlicz
spaces, Lorentz spaces, Marcinkiewicz spaces.

1 Introduction

The purpose of this paper is to determine Orlicz spaces such that the Hilbert transform defines a
bounded linear operator from one Orlicz space to another. Besides the Orlicz space, we deal with other
spaces having the property of rearrangement-invariance.
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Let H be the classical (singular) Hilbert transform (for measurable functions on R), given by the

formula
B O]
(Hx)(t) = ;9.17.7Tf1R —ds.
If X is a Banach space, let B(X,X) denote the space of bounded linear operators from X into itself. A
classical result of M.Riesz states that H € B(Lp, Lp) if and only if 1 < p < co. The main result of the
paper by D.W.Boyd [1] generalises this as follows.

Theorem 1. Let X be a rearrangement-invariant space. Define the operator Eg for 0 < s < o by
(Esf)(x) = f(sx), f € X. Denote the norm of Eg as a member of B(X,X) by h(s; X). Then, H € B(X,X)
if and only if

sh(s;X) > 0ass - 0+,and h(s; X) > 0ass — .

Using this result, D.W.Boyd gives examples showing that reflexivity of X is both unnecessary and
insufficient in order that # € B(X, X). This may be somewhat surprising, since the condition for L, to be
reflexive (i.e. 1 <p < ) is the same as the condition for # € B(L,, L,). However, 1 <p < o also
ensures that L, is uniformly convex, so D.W.Boyd [1] obtained the following result:

Let X be the Lorentz space A(p,p),1 <p < oo. Then H € B(X,X) if and only if X is uniformly
convex.

In [1], D.W. Boyd characterized Lorentz spaces Ay ,(R;) in which the Hilbert transform 3 is
bounded from Ay, (R,) into itself in the case when 1 < p < . However, for the most important case
when p = 1 the result was proved recently [2, Theorem 4.2]. Moreover, applying the main theorem
D.W.Boyd obtained the following [1]:

Let Ly, be an Orlicz space. Then H € B(Lg, L) if and only if Ly, os reflexive.

While D.W.Boyd investigated the boundedness of the Hilbert transform acting from a rearrangement-
invariant space into itself, we rather consider the boundedness of the Hilbert transform from one
(particular) Orlicz space, defined on (0,1), to another, i.e. we provide the Orlicz functions G, and G, such
that (see Corollary 10) the Hilbert transform

H:Lg,(0,1) - Lg (0,1).
We also give examples of Lorentz spaces such that the Calderdn operator
S:A4(0,1) » Ay, (0,1).

2 Preliminaries

Let (I, m) denote the measure space, where throughout this paper I = (0,1), equipped with Lebesgue
measure m. Let L(I,m) be the space of all measurable real-valued functions on (0,1) equipped with
Lebesgue measure m, i.e. functions which coincide almost everywhere are considered identical. Let
L(1,m) be the space of all measurable real-valued functions on (0,1) equipped with Lebesgue measure m.
Define Ly(0,1) to be the subset of L(0,1) which consists of all functions x such that m({t: |[x(t)| > s}) is
finite for some s > 0.

2.1 Rearrangement invariant Banach Function Spaces

Definition 2. /3, Definition I. 1.1, p. 2] A mapping p: L(I)* - [0, 0] is called a Banach function
norm if, for all x,y,x,, (n = 1,2,3,...), in L(I)", for all m-measurable subsets A of R, the following
properties hold:

1. p is anorm

2.0<y<xae=p) <pk)

3.0< x, Txae = p(x,) T plx)

4.p(8) <0 =p(xp) <o

5.p(8) <= [, xdm < cpp(x)
for some constant ¢y, 0 < ¢y < o0, depending on A and p but independent of x.
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Let p be a function norm. The set E = E(p) of all functions x in L(I) for which p(|x]|) < oo is called
a Banach function space. For any x € E, define

I x llg= p(lxD.
Define Ly(I) to be the subset of L(I) which consists of all functions x such that m({t: |x(t)| > s}) is
finite for some s > 0. Two functions x and y are called equimeasurable, if

m({t: |x(t)| > s3) = m({t: |[y(®)| > s}).
For x € Ly(I), we denote by u(x) the decreasing rearrangement of the function |x|. That is,
u(t,x) =inf{s = 0: m({|x| > s}) <t} t > 0.

Definition 3. /3, Definition 4.1, p. 59] A Banach function space E is called rearrangement-invariant
if, whenever x belongs to E and y is equimeasurable with x, then y also belongs to E and || y llg=Il x llg.

For the general theory of rearrangement invariant Banach function spaces, we refer the reader to
[3’ 43 5, 6]'

2.2 Kothe dual of Rearrangement invariant Function spaces

Next we define the Kdthe dual space of rearrangement invariant Banach function spaces. Given a
rearrangement invariant Banach function space E on (0,1), equipped with Lebesgue measure m, the
Kothe dual space, denoted by E*(0,1), is defined by

1
E(0,1)* = {y € S(O,l):f [x(®)y(t)|dt < oo, Vx E E(O,l)}.
0
E* is a Banach space with the norm

1
1Y lpgoay: = sup{fy [x(©)y(©)ldt:x € EQL), 1 x g < 1} @.1)

If E is a rearrangement invariant Banach function space, then (E*,|l-llgx) is also a rearrangement
invariant Banach function space (see [3, Section 2.4]). For more details on Kothe duality see [3, 5].

2.3 Lorentz and Marcinkiewicz spaces

Definition 4. /4, Definition II. 1.1, p. 49] A function @ on the interval [0,1] is said to be
quasiconcave if

L) =0et=0;

2. @(t) is positive and increasing for t > 0;

3. 240

Observe that every nonnegative concave function on [0,o0) that vanishes only at origin is

quasiconcave. The reverse, however, is not always true. But, we may replace, if necessary, a quasiconcave
function ¢ by its least concave majorant ¢ such that

is decreasing for t > 0.

N | =

P<p=¢@

(see [3, Proposition 5.10, p. 71]).
Let Q denote the set of increasing concave functions ¢:[0,1] — [0,1] for which lim;_,,¢(t) =0
(or simply ¢ (0+) = 0). For a function ¢ in (), the Lorentz space A, (0,1) is defined by setting

1
Ap(0,1): = {x € Lo(0,1): f; (s, x)dep(s) < oo}
equipped with the norm

I lla,01): = fol u(s, x)deo(s). (2.2)

The Lorentz spaces (A, (0,1), Il A(p(O,l)) are examples of rearrangement invariant Banach

function spaces. For more details on Lorentz spaces, we refer the reader to [3, Chapter 11.5] and [4,
Chapter 11.5]. Let ¥ be a quasiconcave function on (0,1). The space
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My(0,1) = {f € Ly: Il £ llyg, < 0)

equipped with the norm
1 t
i = sup ——- s, f)dm
f Iy 00) te(og)w(t) Jo n(s.f)
t

is the rearrangement invariant space with the fundamental function ¢(t) = °®

1(0,1)(t). The space
(M, 111l w) is called the Marcinkiewicz space.

2.4 Orlicz spaces

Definition 5. An Orlicz function is a function G:[0,1] — [0,1] such that

(1)G(0) =0, G(A1) > 0 for some A; > 0 and G(4,) < oo for some 1, > 0.

(2) G is increasing.

(3)Gisconvex: G(al; + (1 —a)Ay) <aG()+ (1 —a)G(1,),0 < a < 1.

(4) G is left-continuous.

In what follows, unless otherwise specified, we always denote by G an Orlicz function.
For every Orlicz function G, we define a functional

Ie(f) = [, G(IfI)dm € [0, ]

and set
1flle = inf{a > 0:1; (£) < 1} € [0, 0]
for every measurable function f: [0,1] = R. We put here inf{@} = co. The set
Le ={f € Lo:IfllL; < o0}

equipped with the norm || - ||, is the rearrangement invariant space. The space (Lg, || - ||.) is called the

Orlicz space. Orlicz spaces which generalize Lebesgue’s scale in a direction essentially different from
Lorentz spaces, received much attention too, see for instance [7, 8, 9, 10, 11, 12, 13].

2.5 Calderon operator and Hilbert transform
Let E(0,1) be a r.i. Banach function space. For a function x € E(0,1), define formally the operator S
as follows

(Sx)(B): =1 fy x(s)ds + [ x()5,t > 0. 2.3)

The operator S is called the Calderon operator. It is obvious that S is a linear operator. If 0 < t; < t,,

then
min (1,%) < min (1,%) < :—i - min (1,%),5 > 0.

Let x be nonnegative function on [0,1]. It follows from the first of these inequalities that (Sx)(t) is a
decreasing function of t. The operator S is often applied to the decreasing rearrangement u(x) of a
function x defined on some other measure space. Since Su(x) is non-increasing itself, it is easy to see that
u(Spu(x)) = Su(x). Throughout this paper, we write A < B if there is a constant ¢, > 0 such that A <
CapsB. We write A = B if both A < B and A = B hold, possibly with different constants.

If x € E(0,1), (E is rearrangement-invariant space) then the classical Hilbert transform # is defined
by the principal-value integral

(Hx)(s):= p.v.%fol ’Sc%)dn. (2.4)

(see, e.g. [3, Chapter III. 4]). Boundedness of such classical operators on rearrangement-invariant spaces
have attracted attention of leading mathematicians in the field of r.i. spaces and non-commutative analysis,
see for example [14, 15, 16, 17, 18, 19, 20].

3 Main results

3.1 Boundedness of the Calderén operator on Orlicz spaces

Let S be the Calderon operator acting on Lorentz spaces

— 34 ——
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S:A4(0,1) - Ay (0,1)

In the next lemma we find the Lorentz function ¢, such that S: A, (0,1) - L;(0,1) is bounded and
0,(0,1) is maximal.

Lemma 6. If ¢o(t) =tlog () +6,0<t <1, then Ap(01) is the maximal among all

rearrangement invariant spaces such that S: A, (0,1) - L1(0,1). (Here and throughout this paper log
stands for the natural logarithm)
Proof.

1 11t 1 1
[y Sx)@®dt = [ 3 f; x(s)dsde + [, [} *Pdsdt =
1 11 1 x(
= [y x(s) [ 2dtds + [ Z2 [ atds =

= fol x(s) (log G) + 1) ds.
Hence ¢ (t) = log (g) Then, by integrating we obtain
©o(t) = tlog (%) +t
Now, we show that A, (0,1) is maximal among such rearrangement invariant spaces. Indeed, let
S:E(0,1) - L1(0,1),
where E(0,1) is arbitrary rearrangement invariant space. Then,

l1x[la,, = 1ISxIlL, = l1x]|g. m
Therefore, E(0,1) © Ay, (0,1).
Lemma 7. Let p(t) = tlog (%), t € (0,1) and ¢(t) = tlog? (%), ¢ € (0,1). Then
$(29) 29,5 o,

Proof. Indeed, integrating by parts, we obtain

(M)——f lo ()ds+f Uds-%(slog())|6+f0tds—%|%

2
g (5) 415+ 5 = g () + o () 4=

_ tlog(?)+%tlog2(g)+%t < tlogz(g)+%tlog2(%)Hflogz(%) _ Etlogz(%)

t t 2t
Note that both ¢(t) and ¢ (t) are Lorentz weight functions for t € (0,1).

Lemma 8. Let ¢(t) = tlog (%)t € (0,1) and ¢(t) = tlog? (%), t € (0,1). Then the Calderon

operator

S:A4(0,1) > A,(0,1)
is bounded. Moreover,
§:M,(0,1) - My (0,1)
is also bounded.
Proof. First we show the boundedness of the Calderén operator from one Lorentz space to another. It

was shown in [17, lemma 10] that if lim,_,¢log (%) @(t) = 0 and lim;_, ¢ %t) = 0, then

S:Ap(Ry) = Ap(Ry)

5(%”)5@,t>0.

if and only if
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Here we consider the boundedness of the Calderén operator
S:A4(0,1) - A, (0,1).
It is easy to see that the first condition in [17, lemma 10], lim,_,log (%) @(t) = 0, is satisfied. The

condition for a function ¢(t) such that S (%t)) < @ for all t > 0 is satisfied by lemma 7. Hence, by

[17, lemma 10] we obtain that the Calderén operator

S:A4(0,1) » A, (0,1)
is bounded. It is well known fact that the associate space (Kothe dual) of the Lorentz space A, with
weight function ¢ is the Marcienkiewicz space My, and || - ||ax = || - ||m,,- [4, Theorem 5.2, p.112]

Hence,
S: M(p(O,l) - M¢,(0,1)
is also bounded.

1 1
Theorem 9. Let G, (t) = eltl* — “_ |t|z — 1 and G,(t) = e!tl — 1. Then the Calderén operator

2
S:L;,(0,1) = Lg, (0,1)
is bounded.
Proof. 1t is known from [19, see Lemma 4.3] that Ly, = My, (with norm equivalence) holds for

every p > 0, where

& t[*kP
Ny(O):= el =3P P €O

Ny(t):=el" —1,p>1,teR
and

P(e): = tlogh? ()t 2 0.

If we choose p = %, then ¥ (t) = tlog? (%) coincides with the ¢(t) above. The corresponding Orlicz

1 1
function is N1(t) = eltl* — |2ﬂ — |t|z — 1. For convenience let us denote N1(t) = G, (t). Then
2 2

M4(0,1) = Lg, (0,1).
Similarly, we need to find the Orlicz function G, such that M, (0,1) = L¢,(0,1). For p =1 we have
Y(t) = tlog (%) which is equal to ¢@(t). Hence, the corresponding Orlicz function is Ny (t) = eltl — 1. Let
us denote Ny (t) = G,(t) so that M, (0,1) = Lg,(0,1) holds. Thus, we have found the Orlicz functions G,
and G, such that the Calderdn operator
S:Lg,(0,1) = Lg, (0,1)

is bounded.

3.2 Boundedness of the Hilbert transform from one Orlicz space to another

In this section we use the equivalence (up to equimeasurable functions) of the Calderon operator S

and the Hilbert transform # [3, chapter 3.4].
Corollary 10. The Hilbert transform

H:Lg, (0,1) - Lg, (0,1),

1 1
where G, (t) = eltl — 1 and G, (t) = el** — lzﬂ — |t]z — 1, is bounded.

Proof. An estimate of the Hilbert transform (H f)(t) from above by the function S(u(t, f)) is given
in [3, Theorem I11.4.8, p.138]. The theorem states that if S(u(1, f)) < oo, then the Hilbert transform
(Hf)(t) exists a.e. Furthermore,

u(t, Hf) < cSu(t, f)),t >0
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for some constant ¢ independent of f and t. The corresponding lower estimate is false. However, there is
the following substitute. If S(1(1, f)) < oo, then there exists a function g equimeasurable with f such that

S(u(t, ) < 2mu(t,Hg),t > 0.
[see [3, Proposition 111.4.10, p. 140]].
Therefore, all results obtained in the previous section for the Calderén operator S will also remain
valid for the Hilbert transform H. In particular, we also obtain boundedness of the Hilbert transform from
one Lorentz space to another and from one Marcienkiewicz space to another as well.

E.X.Hecun6aes'**, K.C.Tynenos'?

'MHCTUTYT MaTEMATHKK U MATEMATHIECKOTO MOJIEMpoBanus, AnMarsl, Kazaxcran;
’Ka3axCKuii HAMOHAIBHBIN yHHBEPCUTET HM. AJb-Dapadu, AnMarsl, Kasaxcran;
SMex 1yHapoJHbIA YHUBEPCHUTET MH(POPMAIMOHHBIX TEXHONOTHY, Anmarsl, Kazaxcran

OI'PAHMYEHHOCTbDb IPEOBPA30OBAHUSA 'NJIBBEPTA
N3 OJHOI'O TIPOCTPAHCTBA OPJIMYA B JIPYT'OE

AnHoTtanusi. B 370l cratke wuccnenyercs OrpaHMYEHHOCTh IIpeoOpas3oBanusi [uinbOepra W3  OIHOTO
npoctpanctBa Opnuya B apyroe. [. B. boiin npusen npumeps! (cM. [1]), moka3piBaronue, 910 pedIeKCHBHOCTE X
HE SIBJISIETCS KaK HEOOXOIUMBIM, TaK U JOCTATOYHBIM YCJIOBHEM JUIS OTPaHUYEHHOCTH IpeoOpasoBanus [ mibbepra.
OTO MOMET HECKOJIBKO yIMBHUTB, IIOCKOJNBKY ycioBue peduekcuBHOCTH L, (1 < p < 00) COBHALAET C YCIOBHEM
OrpaHHYEeHHOCTH npeobpasoBanus ['mibbepra us Ly, B L,. Onnako JI. B. boiin paccMatpuBan TONbKO CllydaH, KOTa
00acTh onpesieeHus ¥ 0071acTh 3Ha9eHUH mpeoOpasoBanus ['misbepTa coBnanaroT. I10CkOIBKY MpOCTpaHcTBa Ly,
SBIIIOTCSL TIpUMEpaMU  MEPEeCTAHOBOYHO-MHBAPHAHTHBIX 0aHAXOBBIX (YHKIHOHAJIBHBIX IPOCTPAHCTB, MBI
paccMaTpruBaeM OTPAaHHYCHHOCTh TIpeoOpazoBaHus [ minpOepra ©W3 OJHOTO MEPECTAHOBOYHO-MHBAPHAHTHOTO
GanaxoBa mpocTpaHcTBa (yHKIWMA B apyroe. Tounee, Mpl 0o0oOmaem pe3ynsTarthl boiima, mo3Bonsisi 00MacThIO
omnpeneneHus npeobdpazoBanus ['mibpbepra OBITH KOHKPETHBIM HpocTpaHcTBOM Opinya, onpexaeneHHsiM B (0,1); a
0o0nacTpi0 3HaueHWH Takke ObITh mpocTtpaHcTBoM Opnwua, onpeneneHHbiM B (0,1), OTAMYHBIM OT oONacTu
ompenenenus. Kpome Toro, Mel Takke paccMaTpUBaeM OTpaHMYEHHOCTb NpeoOpasoBanus ['miibbepra M3 OJHOTO
npoctpanctBa Jlopenna Ha (0,1) (koTopoe Taxke SBISETCS WHBapUAHTHO-NIEPECTAHOBOYHBIM) B JIpyroe
npoctpanctBo Jlopenma (0,1).

JUIst TOCTIDKEHUSI 3THX Lelied MBI TakKe pacCMOTPUM OrpaHMYEeHHOCTh oneparopa KanpaepoHa M3 oxHOTO
NepecTaHOBOYHO-MHBAPHAHTHOTO OaHaxoBa IIPOCTpaHCTBA B Jpyroe. B ciydae, xorma obnacteio mpeoOpa3oBaHMs
I'mabbepra spisercss npoctpancTso Jlopenna Ay, (R.), coBmanaromee ¢ ero 06IacTbio 3HAYEHHH, 3a1a4u ObLIH
nonHocteio pemensl [l B. Boitnom. On moxasan (cm. [1]), uro paBHOMepHas BBITYKIOCTh Ay, (R,) (1 <p < )
SIBIIICTCSI HEOOXOJMMBIM M JIOCTATOYHBIM YCJIOBHEM OIPaHHUCHHOCTH mpeoOpasoBanus ['winOepra. OmHako s
HaunOoJiee BaKHOTO cilydasi, Korjna p = 1, pe3ynbTaT OblI HeAaBHO J0Ka3aH [2, Teopema 4.2]. Kpome Toro, npumeHsis
ocHOBHY!0 Teopemy J1.boiin, nonxyuywnu cienyromiee [1]:

Ilycte Ly - mpoctpanctBo Opnmua. Torma H € B(Lg,Ly) Torma W TombKO Toraa, Korma Lg sBISETCS
pedIICKCUBHBIM.

Takue Bonpocsl MpHBJIEKaOT 0OJIBIIOE BHUMAaHHE MAaTEMAaTHKOB Ha MPOTSHXKEHUH MHOTHX JIET, B YAaCTHOCTH, B
CBSI3U C BJOXKEHMSAMH COOOJIEBCKMX IIPOCTpPaHCTB. B HacTosmeid craTtbe MBI 00CyXmaeM Takue IpoOieMsbl
OTPaHMYECHHOCTH [UI KJIACCHYECKHX OIepaTopoB, MPEACTABIIONIMX OOJIBIION WMHTEpeC Ui aHajiu3a MU €ro
MPUJIOKEHUH, a IMEHHO I rpeodpa3oBanus [ misbepra u omeparopa Kanpnepona. JleicTBHE 3THX ONEpaTopoB Ha
KOHKPETHBIE KJIACCHl (DYHKIIMOHAIBHBIX MPOCTPAHCTB MIMPOKO HM3YYaJOCh B TEUEHHE HECKOJIBKUX MECATHIICTHH.
Knaccrdeckne pe3ynbTaThl TOCTYIHBI, HAIIPUMEDP, B CBSA3U CO 3HAKOMBIMH (DYHKIIMOHAJIBHBIMH IIPOCTPAHCTBAMHU.
Kpome Toro, mpuioXeHusi 3TUX ONEpaTopoB OYEHb XOPOIIO M3BECTHBI, M UX CBOMCTBA OBUTH TINTyOOKO H3YYEHBI.
Knaccuueckue npoctpanctsa Jlopenna, koTopsie Bo3HHKIN B 1950-X Toaax, cTaim uype3BblaaiiHO MOIHBIME B 1990-
X TOZIax, KOT/ia MOSIBWINCH (PyHaMEHTaIbHBIE CTAThH.

B oT0ll crathe MBI H3y4aeM OIpPaHHYEHHOCTh TaKHX KJIACCHMYECKUMX OIEepaTOpoB Ha IPOCTPAHCTBAX,
HWHBAPUAHTHBIX OTHOCHUTCIIBHO MEPECTAHOBKH, TO €CTh KJIacC (l)yHKL[I/lOHaJ'l])HI)IX IMPOCTPAHCTB, KOTOpLIﬂ BKJIFOYACT,
HarpuMmep, Bce npoctpancTsa Jledera, Jlopenua, Opauya, MapuyakeBnda 1 MHOrue apyrue. OCHOBHOE BHHUMaHHE
MBI y/IeJIsleM OIpaHWYEeHHOCTH IpeoOpa3oBaHus [ mibdepra U3 oxHOro npocrpancrsa Opnuya B apyroe. Mbl Takke
NPUBOJYM TIPUMEPHl KOHKPETHBIX I1€PEeCTaHOBOYHO-MHBAapHUAHTHBIX IPOCTPAHCTB, B KOTOPBIX HpeoOpa3oBaHKE
l'unpbepra HeHCTBYET OTpaHUICHHO.
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KaroueBblie cioBa: npeoOpazoBanue ['unbbepra, omeparop KanbliepoHa, mepecTaHOBOYHO-MHBApHUAHTHBIC
OaHaxoBbI pocTpaHcTBa GyHkuuit, npoctpanctea Opiuda, npoctpancTsa JlopeHna, npocTpancTsa MapunHkeBHYA.

E.X.Hecin6aes">*, K.C.TesenoB'?

! MaremaTyKa jxoHe MaTeMATUKAIBIK MOJEIbIEY HHCTHTYTHI, AnMatsl, Kazakcran;
2 On-Dapabu aterHnarel Kazak yITTeiK yHEBEpcHTeTI, AnMathl, KazakcTaH.
3 XansIKapaJbIK aKapaTThIK TEXHOIOTHSIAP YHUBEPCHTETI, AmaThl, KazakcTam;

T'MJIBBEPT TYPJEHAIPYIHIH BIP OPJIMY KEHICTITTHEH
EKIHINICIHE WIEHEJITEHAIT'T

Annoranusi. byn makanana 6i3 ['uns0ept Typaenaipyinig 0ip Opiind KeHictirineH exiHmi Opind KeHiCTiriHe
meHenreHairin  3eprreiimis. J.B. Boiin e3inin xymbickiHga [1] ['misbept TtypaenaipyiniH X KeHIiCTiriHAeri
HIeHeIreHairi yira X KeHICTIrHIH pe(IeKCUBTIIIIN KaKeT T€ KETKUIIKTI e eMec eKeHIIrH KopcerTi. by Oipimama
TaHKaJIAPJIbIK XKaraaid 601ybl MYMKiH, oiTKeHi Ly, (1 < p < o) peduiekcti Gonanpl cona Tek cona rana ['mibbepr
TYpienaipyi Ly,-nan Ly,-Fa menenren omneparop Ooinca. Anaiina, JI.B. Boiix ['mnGepr TypienaipyiHin aHbIKTamy
OONBICEI MEH MOHJEP OOJBICH Oipiell KEeHiCTiK OoNaThiH JKarjainapiabl TONBIKTAd 3epTTedi. L, KeHicTiri
aJIMacThIPMaJbl-UHBAPUAHTTH (YHKUHSIAPbIHBIH baHax keHicriri OonraHabIKTaH, 0i3 Oyy kymbicta ['uisdept
TYPJICHIIPYIHIH aHBIKTAIy OOJBICHI MEH MOHIEp OOJBICTaphl dp TYpJi OOJIFaH Karmaipl KapacThlpambl3. ATarl
aiitkanna, ['mnbepr Ttypaenapipyinin (0,1) apanpiFblHOa aHBIKTaIFaH —enmeMal  GyHKuusiIapasiH — Opiuy
KEHICTIKTEepIHIe [ICHEIreHIIrH 3epTTeiMi3, sstau 0ip Opiny KeHicTirineH 6acka Opiiny KeHICTIrHE MICHEreHIIrH
kepceremi3. ConbiMeH Katap, 013 ['mnbOept Typrenaipyinin Oip JlopeHil keHicririnen Oacka JlopeHi| keHicTirine
LICHENTeHIIK KpUTepuidiH KapacTeipambi3. Erep ['mabept TypieHmipyiHiH aHbIKTaldy o0JbIchl JIOpeHIl KEeHICTiri
Ay p(R,) Gomica, xoHe OHBIH MoHEp 00ibICH Ja con Jlopenn kenicTiri Ag,(R,) (1 < p < o0) Gonca, oHIA OCHI
npoGnemansl J[.B.Boiin tompikraii memken. On ([1]) Jlopenm kemicririnin Ag,(R,) (1 <p < ) 6Giprexti
neHectiri [mib0epT TypaeHAipyiHIH IEHEITeH T YIIIH KQXKEeTTi )KOHEe KETKUTIKTI IIapT eKeHIH KkepceTTi. Anaiiaa,
€H MaHBI3/Ibl JKaFaai yiid p = 1 60oiFaH Ke31eri HOTHKE TeK KaHa jKakbIiHaa aasenaenai [2, Teopema 4.2]. ConbiMeH
Karap, /[.B.boiia Herisri TeopemMachiH KoJijaHa OTBIPBII, TOMEHET1 HOTHXKe amabl [1]:

Lg Orlicz xenicriri 6oncwin. Onna 3 € B(Lg, Ly) conna xone Tek Kana connua erep Ly peduexcusti 6oica.
Ocbl MakcarTapra ery yuniH 0i3 Kanpaepon onepatopbiHbIH Oip 0aHax —ajiMacThIpMalbl-MHBAPUAHTTHI
(dyHKuMsapeiHbIH baHax KeHICTIriHeH eKiHIiciHe OeiHeNneHTIHAIrH KapacThIpaMbi3.

MyHpail cypakrap kenrtereH »xbuigap 0oibl, acipece Co00JIeB KEHICTITH eHIipyre 0aiiaHbICThl KOMIIUTIKTIH
HazapbelH ayaapiasl. Ocbl KymbicTa 013 Tajjayra JKOHE OHBI KOJIaHYFa YIIKEH KbI3BIFYIIBUIBIK TYAbIPATHIH
KJIACCHUKAJIBIK OIlepaTopiiap YIIiH, Mbicansl, [wisbepT TypieHnipyi koHe KampaepoH omepaTopsl VINiH MyHAai
IICHENTeHIIK TpoOeManapelH TaluKpUIaiMbI3. By omeparopiapabiH (yHKIMOHANABIK KEHICTIKTEPIiH apHaibl
KJIaCTaphIHAAFEl dpeKeTi OipHelle OHAaraH >KbUIIap OOWBI KeH 3epTTenreH. KIlacCHKaNBIK HOTHKeNepre, MBICAIIBI,
TaHBIC (PYHKIUSUIAP KCHICTIriHE OaiiaHbICTHI KO keTiMi. COHBIMEH KaTap, OChl ONEepaTOPIAP IbIH MaHbI3IbLTBIFBI
Oenrimi, *oHE oOJapAbIH KacuerTepi TepeH 3eprrenreH. 1950 »xpurmapel madnga OonraH KiaccHKanblk JlopeHn
keHicriri 1990 xpnapaan 6acran Herisri 3epTTeyliep naiiia OoiFaH Ke3/e oTe KOl KOJIAaHbUIAIbL.

Byn xkymbicta 0i3 OChIHIAal KJIaCCHKAJIBIK OIEpaTOpJIapblH IISHEITSHAIrH aIMacTbpMajibl-HHBAPHAHTTHI
KeHICTiKTepAe, Mbicanbl, Oapablk Jleber, Jlopenn, Opnny, MapluHKEBHY KEHICTIKTEpiHAE KOHE Oacka
(yHKUMOHANBIK KeHicTiKTepae 3eprreiimi3. bi3niH Ha3apbIMbI3, Heri3iHeH, [mnpbept TypneHnipyinin 6ip Opiuiy
KEHICTITiHeH eKiHuriciHe meHenarenirinae. ConsiMeH Karap, 0i3 ['mnbept TyprieHaipyiHiH LieKkTeysi OonaThiHAaN
HWHBaPUAHTTHIK KCHICTIKTEPIIH MbICAIIAPbIH KEATIpEMi3.

Tyiin  ce3gep: Tmmebepr TypneHmipyi, Kanpmepon  omepaTopsl, — alMacTHIpMalbI-HHBAPHAHTTEHI
(yaxmusmapeiHEH banax keHicTiri, Opmmd keHicTiri, JlopeHm keHicTiri, MapunHKeBHY KeHiCTepi.
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