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ON COMPLETENESS OF ROOT VECTORS
OF THE CAUCHY PROBLEM OF THE FIRST ORDER EQUATION
WITH DEVIATING ARGUMENT

Abstract. The main objective of this paper is to study the conditions under which the system of finite-
dimensional invariant (root) subspaces of the operator A turns out to be complete in H or in the range of the operator.

In the case of a general completely continuous operator, completeness may not take place. The simplest
example of this kind is the integration operator

X
Af = [ f(Ddt,a<x<b,

which acts in the Hilbert space of square-integrable functions on the interval (a, b). In what follows, we will denote
this space by L?(a, b).

In the present work, by the method of M.V. Keldysh, the completeness of the system of root vectors of the
operator corresponding to the Cauchy problem of a first-order equation with a variable coefficient and a deviating
argument is proved. The Volterra operator of the ordinary differential equation corresponding to the Cauchy problem
is well known, so the result is in sharp contrast with the known facts. It can be expected that the results obtained will
find application in theoretical physics, the theory of signal transmission, especially in fiber optic communications.
Since the coefficient of the equation is not assumed to be real, the corresponding operator is not self-adjoint;
therefore, questions of basicity were not considered. The result obtained is formulated in terms of the coefficient of
the equation, and is close to the necessary, which is confirmed by the constructed example. This condition is a
consequence of the method used; perhaps with other methods they can take a different look.

Note that the square of the operator A generates a sheaf of operators in the space L?(0,1); therefore, the results
of the paper are of interest also for the theory of sheaf.

Keywords. Spectrum, deviating argument, root subspace, completeness, Keldysh theorem, compactness,
Hilbert-Schmidt theorem, Green function, resolvent, sheaf of Keldysh operators.

1. One of the central concepts of the spectral theory of linear operators is completeness of the
system of its root vectors. In this paper, we consider a linear non-self-adjoint operator acting in a separable
Hilbert space H and having a discrete spectrum. The latter means that all points of the spectrum of the
operator A4 (with the possible exception of one) are isolated and the corresponding subspaces are finite-
dimensional. A finite-dimensional invariant subspace of the operator A related to some point A5 of the
spectrum a(A) is usually called the root subspace. We will denote it by R,. The root subspace R can be
characterized as a set of elements f satisfying for some integer m > 1 the following equation

(A—AE)™f = 0. (M

Discrete spectrum, as well known, is possessed by completely continuous operators, as well as
unbounded (for example, differential) operators having completely continuous inverse operators. In fact,
we consider only such operators.

The main objective of this paper is to study conditions under which the system of finite-dimensional
invariant (root) subspaces of the operator A turns out to be complete in H or in the range of the operator.
50
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We explain that a system of finite-dimensional invariant subspaces of an operator is commonly called
complete in a Hilbert space H if any element h € H can be approximated with a predetermined accuracy
by the norm by a finite linear combination of elements, each of which belongs to one of the invariant
subspaces. It is well known that if some completely continuous operator is self-adjoint, then the system of
its finite-dimensional invariant subspaces is complete in the range of the operator (in this case, the root
subspaces turn out to be eigenvalues, in the formula (1) m = 1).

In the case of a general completely continuous operator, completeness may not take place. The
simplest example of this kind is the integration operator

Af = [Ff(dt,a<x <, 2

which maps in a Hilbert space of functions having a Lebesgue integrable square on the interval (a, b).
Furthermore, we denote this space by Lx(a, b). It is easy to verify that the operator (2), being completely
continuous, has only a single point in the spectrum — zero, and does not have any eigenvectors.
Consequently, it does not have finite-dimensional invariant subspaces.

Although the question about completeness of the system of root subspaces for operators with a
discrete spectrum has long been considered in a large number of works, a decisive step on this path was
made only in 1951 by M. Keldysh in the fundamental paper [1], where he proved the general theorem, in
which completeness in a large number of boundary value problems for various series of equations with
ordinary and partial derivatives was established. In his research, M.V. Keldysh relied on the results of his
previous authors [1] - [7]. After this work, a number of papers [2] - [20], devoted to this theme, appeared.
After 20 years, M.V. Keldysh continued his research [21]. This paper contains a detailed exposition of the
first part of the work “On eigenvalues and eigenfunctions of some classes of non-self-adjoint equations”
published by the author in [1]. According to the author, content of the paper was reported in 1951 at the
meeting of the Moscow Mathematical Society. Then its manuscript was made available by the author to a
number of mathematicians.

Note that the second part of this work did not appear, apparently, it was lost in archives of his
students. Works in this direction are published today. In development of this direction in the theory of
non-self-adjoint operators, the present paper is also written.

Compact operator A in a linear topological space E is called complete, if the system Y;,(A) of root
vectors, corresponding to eigenvalues, which are nonzero, is complete in /mA. In the case ker A = 0, it
means that for the operator A~1: JmA — E system of root vectors is complete in the domain (and complete
in E, if D(A™1) = JmA is possible). In usual concrete situations original operator is A™1, for example,
A~! =L is a differential operator, A — is an integral operator, generated by the Green’s function of the
operator L. Any self-adjoint and compact operator A in a Hilbert space is complete. It is natural to expect
that for small perturbations of such operators the completeness is preserved. This expectation is justified if
eigenvalues of the unperturbed operator quickly tend to zero. As noted above, the first general result in
this direction belongs to I.V. Keldysh [1].

Keldysh Theorem [1]. Suppose that operator A in a Hilbert space H has the form A = (I + R)S,
where S,R - are compact operators, moreover S — is self-adjoint and its eigenvalues
A, # 0(n=0,1,2,...), taking into account the multiplicities, satisfy the condition

+00

2[4 <o

n=0

at some p > 0. Then the operator A - is complete.
The aim of this paper is to study the operator of the Cauchy problem for an equation with a
deviating argument for completeness.

2. Research Methods.
Let H = L?(0,1) be a Hilbert space, and q(x) be a continuous function. We consider the operator

Ay =Sy +Qy,D(4) = {y € *(0,1) n [0,1],y(0) = 0} )
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Where S, Q are also operators, given by the formulas:
S(x)=y(1-x) Oy =q(x) y(x) 3)
The question is whether the operator A7 will be complete in H | To answer this question, we study

the operator A according to the scheme of the Keldysh theorem.

Let
A, =SL “
Where L = %, D(L) = {y = Cl(O,l)m C[O,l],y(O) = O}.
Then we get:
A=A, +0=A|I+4,'0|=1+04,"] 4,
At =[r+40]" 4", “
[+ 470l =S 1y (') =1+ 3 1y (47°0)" B
m=0 g

These equalities are true if Ay* exists and the inequality ||A51Q || < 1 holds, therefore we study these
operators in detail.
We consider the spectral problem

Ay = Ay (7
for them in expanded form
{— y'(1=x)= Ay(x)
H0)=0 ®)-©)
the following lemma holds.
Lemma 2.1. Spectral problem (8) +(9) has an infinite set of eigenvalues
V4
A, =(=1) (I’lﬂ' + —J
2). (n=0,12,.) (10)
and the corresponding eigenfunctions
u,(x)= V2 sin(nﬂ + z}x
2 (an

which form an orthonormal basis in the space L?(0,1).

Lemma 2.2.
(a) Operator Ag? is self-adjoint and almost continuous;
(b) For any p > 1 we have

~+00

2

n=0

< +00,
p

A

where 151 — are eigenvalues of the operator Ay®.

© [l4zt] <2

Proof.

(a) We show that if an operator A, is symmetric, then the operator Ay* is also symmetric; since it is
defined throughout the space H, then it is self-adjoint.

(b) Due to Lemma 1, we have
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sLs 1y ljps(éj’li

V4 ‘= ntn”

(¢) Norm of the integration operator is known [3], it is equal, therefore
/1= s = s < |- = ) = 2
Now we estimate norm of the operator A51Q.

el <larol= 2 fo

3

df b

2
>

0<x<l

[0 = [la(@)y(e) de =[la]" -[3(¢) dt < |max

03] < maxlgl-[},= 0] < maxlq]|.
Thus,
-1 2
ol =2 o
T 0<x<1 (12)
Lemma 2.3. If
max q| <z
0<x<l 2 , (13)
then the operator
R=Y(-1)"(4,0)
pot (14)

is almost continuous.

Proof. From the conditions (12)+(13) it follows that the series (14) converges uniformly; since each
term of this series is almost continuous, then the sum is also almost continuous operator. The proved
Lemmas imply Theorem 3.1.

3. Research Results.

Theorem 3.1. If max |q| < %, then the operator A4

0<x<l

A= S% +Q,D(4) ={y € c*[0,1] n [0,1],¥(0) = 0},

where Sy(x) = y(1 — x), Qy = q(x) — y(x) is complete in the space H = L?(0,1).

Our operator A is invertible, therefore its range is whole space H = L?(0,1), consequently, Theorem
3.2 also holds.

Theorem 3.2. If q(x) is a complex continuous function, satisfying the condition

q(x) <§

B

max

0<x<I

then the system of root vector of the operator
A=5+0Q,D(4) ={y € c*(0,1) n[0,1],y(0) = 0},
where Sy(x) = y(1 — x), Qy = q(x) - y(x) is complete in the space H = L?(0,1).
If q(x) is a real function, then the operator Q:
Oy = q(x)- y(x)
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will be self-adjoint in H = L2(0,1). Then the operator
A=4,+0
Is also self-adjoint. From
At =i+ 400" 4

it follows that the operator A7 s almost continuous, moreover if A71f =0, then f = AA™1f = 0.
Therefore kerA~1 = 0. We have proved the following Theorem 3.3.
Theorem 3.3. If q(x) is a real continuous function, satisfying the condition

olx) <~

b

max

0<x<1

then the system of orthonormal eigenvectors of the operator A:
Ay =y (1=x)+4q(x)(x) D(4)=1{y e C'(0.1)n[0.1] »(0)=0f

forms an orthonormal basis in the space H = L2(0,1).
Proof follows from the Hilbert-Schmidt theorem [36], and the above discussions.

4. Discussion.
Remark 4.1. Condition

max

0<x<1

q(x) <%

provided invertibility of the operator A, as the following example shows, it may not be invertible. Then the
application of the Keldysh theorem becomes difficult.
Example 4.1. If

q(x) = _gix € [011]
then the equation
' (1=x)+g(x)y(x)=0

has a nontrivial solution. In fact, solution to this equation is the function
~
y(x) =sin—,
2
which can be verified by direct calculation:

()= Zcos =, v(1—x)="cosZ(1—x)="]cos " -cos = +sinZ -sin™ | = F .sin ™
J’(x)—ZCOSZ,y(l x) 2cosz(l x) 2[cos2 cosz+sm2s1n2} sin—,

y'(1-x)+ q(x)y(x):%-sin%—%-sin%: 0.

Theorem 4.1. If symmetric operator A has a complete system of eigenvectors, then closure of this
operator A is self-adjoint in H, in other words, the operator A is self-adjoint in essential.
5. Conclusion. If g(x) is a real continuous function, satisfying the condition

max
0<x<l1

alx) <~

then
(a) system of orthonormal eigenvectors of the operator A:

Ay = y'(l - x)+ q(x)y(x) ’ D(A) = {y eC' (O,l)m [O,l],y(O) = 0}
forms an orthonormal basis in the space H = L?(0,1).

(b) operator A is self-adjoint in essential.
The latter property is very important, see [21].

— 54 ——
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T.II. Kaamenos!, A.IIL.Iannan6aes?, M.U.AkbL16aes®, A.H.Ypmarosa*

I2MaremaTHKa XoHE MATEMATHKAIIEIK MOJIENB/IEY HHCTUTYTEL, Anmarsl, Kazakcran;
X anbIKapanblK IyMaHUTAPIIbIK-TEXHUKAIBIK yHUBEpCUTeT, [LbiMkent, Kasakcran;
*M.Oye30B areinars OHTYCTiK Kazakcran Memmekerrik Yausepcuteri, LlIsvkent, Kazakcran

APT'YMEHTI AYBITKbBIFAH, BIPIHIII PETTI JU®P®EPEHITUAJIABIK TEHJAEY JIIH
KOHIMJIIK ECEBIHIH TYIIKI BEKTOPJIAPBIHBIH TOJBIMABIIBIFBI TYPAJIBI

AnHoTauus. ChIHApIbl ONEPATOPIAPAbIH CIEKTPAIAI TEOPHSICHI PETIHIE, OJAPJAbIH CIEKTPIJIIIK KAaCHETTEPiH
3epTTeyre apHajJFaH KeH ayKbIMIbl CypaKTap Ti3iMi TaHBUIAJbl, MBICAJIBI, CIICKPAIH OpHAJIacy TOPTiOi MEH aCHMTOTHKACHI,
TYINKI BEKTOpJIAp Ti3IMiHIH TOJBIMIBUIBIFBI, TYIIKI BEKTOPJIAp CHCTEMACHIHBIH 0a3UCTIri, TYNKI BEKTOpJIAapAaH *KacaKTaJFaH
KaTapiapJAblH JKHHAKTBUIBIFBIH B. B. Jlunckuiimin omici apkbuibl 3eprrey. Komenmi Mocenmenepii 3epTTEreHie, KoHe
muddepeHInANIBIK TCHICYJIEP TEOPUACHIHAA OChIFAH YKCAC ecenTep Kesjaeceli, Oipakra, OyJ1 COTTe omeparop YIIiH eMec
omepatop MoHII (yHkuusulap ymiH. OnepaTopiapiblH CIEKTPAIAIK TEOPUSCHIHBIH Oysl TYpiH, OpHHE, OIepaTop-
dyHkuusapabiH (0.-().) CHEKTpaai Teopuschl Jien aTaraH keH. Omeparop-QpyHKimsmapabiH (0.-d.) crnekTpammik
KacHeTTepiH 3epTTey eCeNTEpiHiH KaXKeTTiNiriHe MaTeMaTUKTEePIiH Ha3apbl 6TKEH FACBHIPABIH OachbIHIA ayFaHbIMEH, O.-¢.-
JapAbIH a0CTPaKTi TEOPHSCHIHBIH Heri3ri HoThexenepiH Tek 1951 xbputel M. B. Kengpimn anaei, Oy eHOEKTe TYIKi
BEKTOpPJIAp CHUCTEMACBIHBIH N-PETTi TONBIMIBUIBIFBI YFBIMBl CHTI31LIMI,KOHE A-Teé MOJIMHOMOIAI TOyelal oeparop-
(YHKIMSIApIBIH TYIIKI BEKTOPIAP CHCTEMACBHIHBIH N-PETTi TOJBIMIBUIBIFBI JANIENACH I, KeHiHIpeK MyHIal oreparopiap
M. B. KennsluthlH onepaTopnap IIOFBIPHI AediHAi. byn Tteopema omneparop-audpdepennuangik tennenepaiy Kommrik
ecenrtepin Dype oiciMeH 1menryre ot amrtsl. Oneparop-anddhepeHIuaNIiK TeHaeyIepAiH 6acka ecenTepin 3epTTereH/e,
M. B. KengpltiH n-peTTi TOJBIMABUIBIK YFBIMBIHBIH JKETKITIKCI3iri 0alKasibl, COHIBIKTAH, €CENIK TOJBIMJIBLIBIKTHI
3epTTey ecenTepi manaa GoIbl.

TynKi BEKTOpIap CHCTEMACHIHBIH TOJBIMIBUIBIFBI CHI3BIKTHIK OMEPATOPIAPABIH CIEKTPAIIIK TEOPHSCHIHBIH HETi3ri
YFBIMIApBIHBIH Oipi. Byn enOekre rundepttiy cenapabenai H keHicTIriHIEe CHIEKTPi CUPEK CHI3BIKTHIK ChIHAPIIBI OIEpaTop
KapacThelpbUIbl. byl gereHiMmisz cnekTpaiH Oip HyKTeciHeH Oacka HYKTeNepi OKUIayJlaHFaH, COHJA aK oyapra Colkec
INIKeHICTIKTepl caHcananbl JereHnai Oinmipeni. A omeparopblHblH G(A), CIEKTPiHIH Ag HYKTECIHE COWKeC caHcasaibl
WHBapUaHTTHI 1MIKEHICTITH TYNKI KEHICTIK Aen aray KaObuinaHraH. biz oHbl Rg apkpuibl Oenrineiimis. Tynki KeHICTIKTI
MbIHA, ( A —AE)™f =0, m> 1 (1) tenaeyniH memimMaep KUbIHbI Jen cunartayra Oonansl. Erep ne m=1 Gosnca, onna f
BEKTOpBI MEHIIIKTI BEeKTOp O0Ja/ibl, 0acKa jkarJaiija eHIlijIec BEKTOp Jell aTajabl.

9cipe y3iKkci3 onepaTopiaapMeH, Kepici acipe y3ikci3 (Mbicaibl, AuddepeHHaIibK) onepaTopiaapAblH CIIEKTPi CUPEK
exeHi Oenrimi. Bi3niH omepaTopbIMbI3 @ OCBUIAPIbIH KaTapblHA )KaTaJbl XKoHE Oi3 TeK cOHAall omeparopiapAbl FaHa
KapacThIPaMbI3.

Byn enOekTiH Herisri ece0i TYNKi KEHICTIKTEp CHCTEMAChIHBIH TOJIBIMABLIBIFBIH KAMTAaMacChI3 €TETiH MapTTapasl Taly
JKOHE 3epTTey, €H OoJIMaraHjaa, olap OIepaTOpAbIH MOHIEPIHIH JKUBIHBIHAA TONBIK Oomysl mapT. Erep runbeprTiH
H kenicririnin op06ip heH »neMeHTiH, ori TYNKEHICTIKTEpAE *KaTKaH 3JIEMEHTTEPAIH ChI3BIKTHIK KOMOMHALUICH! apKbUIBL,
KaJaFaH JQJIIKIICH, JKYbIKTayFa 0oJica, OHJa QNI caHcaaalbl KEHICTITEp CHCTeMachlH ochl H KEeHICTiriHAae TOJBIK el
canaiimbi3. Erep-ne Oenrini Gip ocipe y3iKci3 ornepaTop >kajkbl 00Jica, SSFHM OHBIH ChIHAPBI OHBIH €31 00Jica, OHJIA OHBIH
caHcasajgbl HHBAPUAHTTHI 1MIKEHICTIKTEP CUCTEMAChl, OHBIH MEHJCPIiHIH JKHUBIHBIHAA TOJBIMIBI eKeHi Oenrimi (Oyn coTte
OHBIH TYIKi KEHICTiIKTepi MeHIUiKTi Oonansl, sFHU (1) Gopmynana m =1 Goxamsl).ChiHApIBL onepaTopiap YLIiH Xargai
MYyJjieM Oackaiiia MyMKiH.

TonBIMIBIIBIK KacHeTi ocipe Y3iKCi3 omeparopnap YuUIiH >xanmbiiaid emec. OmnepaTopablH ocipe Y3iKCi3aAiri OHBIH
TONBIMABI OOJTybIHA JKeTKiNikci3. YKanmel »karmaiiia, TOMBIMABUIBIK YIIIH ONEPATOPAbIH 9ocCipe Y3IKCI3IIri JKETKUTIKCI3.
MyHBIH aiiKbIH MBICAJIBI PETiHAE, Kelleci,

Af =[f)d,a<x<bh, ()

UHTEeTpanjay OIepaTopblH aiiTyra Oomaapl, Oyl omeparop MeninnepiHiH kaxpaTrrapel JleGer OoiibiHma (a, b)
MHTEPBAJIbIHAA UHTErpallAaHaThIH (PyHKIMATIApAbIH THIOEPTTIK KeHicTirinae opeker ereni. by keHictikrti 6i3 opi Kapaid,
6butait Lo(a, b) GenrineiiMiz. by (2) onmepaTtopasiH ocipe y3ikci3 OoJFaHBIHA KapamacTaH, 0ipje 6ip MEHIIKTI MOHI KOK,
OHBIH CIIEKTPI TEK HeJI HYKTECiHEeH TYPATBIHBIH TeKCepy KbIMBIH Imapya emec. JleMek omepaTopIblH CaHCAJIAIBI
WHBApUAHTTHI KEHICTIKTEPI XKOK.

byn enOexte M.B.KennabluTblH oniciMEeH apryMeHTI aybITKbIFaH KOI(GQUIMEHTI alHbIManbl OipiHmI peTTi
muddepenunanpik Tenaeyaid Komm ecebiHiH TYNKi BEKTOpIap CUCTEMAChIHBIH TOJIBIMIBLIBIFBI KopceTinai. bipinmi perti
komimri nuddepeHumanaplk TeHaeyAiH Kommmik eceOiHiH BoNTEpii €KeHi KOIKe MoJiM, COHABIKTaH, Oyl kail Oenrini
JKalnapJaH epekieneHesi. ANbIHFaH HOTUEXeIepli TEOpUsUIbIK (pu3uKa MEH JepeKTepAl TapaTy TeOpHACBIHAA, acipece
OINTHKANBIK TapallbIM XKyilenepinae Konganslc Tabaabl A€l KyTyre 60iaibl.

TenaeyniH k03 PUIMEHTI HAKTHl 00JIMaraHAbIKTaH, ECENKe COUKEC ONepaTop ChIHAPIIbl, COHABIKTaH 0a3UCTIK Typasbl
MocereNiep Ha3apaH ThIC KaJibl. AJIbIHFAH HOTHUEKeNep TeHaAeyIiH KoeQUIueHTi apKbpUIbl ©PHEKTEI, JKOHE OJ1 KAXKETTi
HIAPTKA JKaKbIH, OHBICHI HAKTHl MbICAJI apKbUIbl AoWeKTeNreH..byn mapr KonjgaHeuraH opicTiH cangapbl,0acka ojic
KOJIJJaHFaH COTTE OHBIH TYPi ©3repyi e MYMKIH.
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KapacTeipbiiran onepatopabid kBaaparsl L2(0,1) keHicTirinae omepaTtopiap INOFBIPhIH TYbIHAATa[bl, COHIBIKTAH
AJIBIHFAH HOTUEKETIeP ONepaTopIiap MOFBIPBIHBIH TCOPUSCHIHAAAA KI3BIFYIIBUIBIK TYFBI3Ybl MyMKIiH.

Tyiiin ce3nep. CriekTp, aybITKbIFaH apryMEHT, TYIIKI KEHICTIK, TOJIBIMABLIBIK, KeIbIIIThIH T€OPEMAChl, KOMITOKTIIIIK,
I'un6epr-1IMuntin TeopeMacsl, I'puHHIH QyHKIMACHL, pE36IIBEHTA.

T.1II. Kaamenos!, A.IlL.Ianxan6aes?, M.U.AkbL16aes®, A.H.Ypmarosa*

L2 HCTUTY T MATEMATHKN U MATEMATUYECKOTO MOJIETMpOBanus, Anmarsl, Kaszaxcran;
SMesKTyHapO/IHBIN TyMaHHTAPHO — TEXHAIECKUH yHuUBepCHUTeT, [lIbvkenT, Kazaxcran;
‘IOKI'Y umenu M. Ayesosa, r. llIsivkent, Kasaxcran

O NOJIHOTE KOPHEBBIX BEKTOPOB 3A/TAYHM KOIIHU YPABHEHMUS IIEPBOI'O IIOPSJAKA
C OTKVIOHAIONUMCA APTYMEHTOM

Annoranus. Ilox crnekTpanbHOW TeopHuell HECAMOCONPSIKEHHBIX OINEPATOPOB NMPHUHATO MOHUMATh LIMPOKHUN Kpyr
BOIIPOCOB, CBSI3aHHBIX C M3YYEHHEM CIIEKTPAIBHBIX XapaKTEPHCTHK HECAMOCOIPSDKEHHBIX OIEpaTopoB, Harpumep,
HCCICAOBAHUE ACUMITOTUKHU W JIOKaJIU3allMh CIEKTpa, IOJIHOTBI KOPHEBLIX BEKTOPOB, 63.31/ICOB, COCTABJICHHBIX H3
KOPHEBBIX BEKTOPOB, H3YyYeHHE BO3MOXKHOCTH CYMMHPOBaHHS KOPHEBBIX BEKTOPOB METOAOM, IPEIIOKEHHBIM
B.b. JIunckum. Ho Bo MHOrux 3asauax, BCTpeyaromuxcs B qud@epeHInalbHbIX YPaBHEHHSIX W NPUKIAIHBIX BOIPOCaX,
BO3HUKAEeT HEOOXOJIMMOCTh HW3YUYHTh aHAJOTHYHBIE BONPOCH, HO HE U1 ONeparopa, a Jis HEKOTOpod (yHKUHUH,
[IPUHUMAIONIEH 3HAaYEHUsI BO MHOXECTBE OIepaTopoB. Takoe 0000LIEHNE CIEKTPAIbHON TEOPUU ONEPATOPOB ECTECTBEHHO
Ha3BaTh CIEKTpaJbHOU Teopuell omepartop-pyHkuuit (0.-¢d.). XoTs Ha HEOOXOIMMOCTh HCCIEHOBAHUS CHEKTPaTbHBIX
CBOMCTB 0.-¢). BHMMaHHE MaTeMaTHKOB OBbLIO OOpallleHO ele B Hayaje HaIlero Beka, TeM He MeHee, IEpBbIe
OCHOBOIIOJIATAIOIINE PE3yNbTaThl B aOCTpakTHOH Teopuu o0.-¢. Obumm momydensl M. B. Kenmemmem. B paGore,
omy0OnukoBaHHOM B 1951 r., rae BBeNEHO BaKHOE MOHSATHE N-KPATHOM TMOJHOTHI KOPHEBBIX BEKTOPOB W JOKa3aHa
(yHnaMeHTanbHas TeopeMa 00 N-KpaTHOW IOJHOTE KOPHEBBIX BEKTOPOB AJs MOIMHOMHUANBHO 3aBUCAIIUX OT A 0.-¢.,
MOJYYMBIIMX BIIOCICICTBUM Ha3BaHWEe Ty4koB oneparopoB M. B. Kengpima. Ota Teopema 00OCHOBBIBAaET
IPUHLUNUAIBHYI0 BO3MOXHOCTh HpuMeHeHus Mmerona Pypbe mpu pemieHud 3agauu Komu pis mumpoxoro Kiacca
orepatopHo-nuGepeHInaNbHbIX ypaBHeHHH. VccnenoBanue ke Apyrux 3aaad s oneparopHo-auddepeHraaIbHbIX
ypaBHEHHMH AUKTYET U3y4eHHE KPaTHOH MOIHOTHI KOPHEBBIX BEKTOPOB, OTIMYHOE OT N-KPATHOH MOIHOTHI, PACCMOTPEHHOM
M. B. Kengpiiem.

OnHUM U3 LIEHTPAIbHBIX MOHATUH CHEKTPaIbHOH TEOpUM JIMHEHHBIX OINEPATOPOB SIBJIAETCS MOJIHOTA CHUCTEMBI €r0
KOPHEBBIX BEKTOpPOB. B HacrosIei paboTe paccMaTprBaeTCs TMHEWHBIH HECAMOCOIPSKEHHBIN ONEepaTop, ICHCTBYIOLIUN B
cenapabesnbHOM I'Hab0epToBOM IpocTpaHcTBe H, u oOnanaromuil auckpeTHelM crekTpoM. IlocnenHee o3HayaeT, 4To BCe
TOYKH CIIEKTpa omepaTopa A (3a UCKIIOUEHHEM, OBITh MOXET, OJHOH) SIBISIOTCS H30JMPOBAHHBIMHE M COOTBETCTBYIOIIHE
UM IMOJIPOCTPAHCTBA KOHEUHOMEPHbL. KOHEUHOMEpPHOE MHBApUAHTHOE IOANPOCTPAHCTBO OIEpaTopa A, OTHOCAIEECS K
HEKOTOpOU Touke Ag; cieKTpa 6(A), NPUHATO Ha3bIBaTh KOPHEBBIM MOANPOCTPAaHCTBOM. MBI OyZieM ero o003HayaTh yepes
R;. KopHeBoe moampocTpaHcTBO Ry MOXKET OBITh 0XapaKTepPH30BaHO KaK COBOKYITHOCTH JJIEMEHTOB f , yIOBIETBOPSIOIINX
MpU HEKOTOpOM 1iesioM m= 1 ypaBaeHuto ( A —AE)™f=0, m> 1. (1)

JIMCKpeTHBIM CIIEKTPOM, KaK H3BECTHO, OOJNAJaIOT BIIOJHE HETPEpHIBHBIE OINEPaTOPHI, a TaKKe HEOrpaHWYCHHEIE
(manpumep, nuddepeHnuanbHbIe) OnepaTopsl, UMEIOLINE BIIOJIHE HENpepbiBHbIE oOpaTHble. I1o cymiecTBy, TOIBKO Takue
OIIepaTopsl MBI M PACCMaTPHBAEM.

OcHoBHOH 3aaueil HacTodmell pabOTHI SABISETCS UCCIEJOBAaHUE YCIIOBUI, IPU KOTOPBIX CUCTEMa KOHEYHOMEPHBIX
WHBAapHAHTHBIX (KOPHEBHIX) IOANPOCTPAHCTB OlepaTopa A oKa3bIBaeTcs MoiaHoH B H i B o6nactu 3Ha4eHHIA oneparopa.
W3BecTHO, YTO €CIM HEKOTOPBHIH BIIOJIHE HETPEPHIBHBIH ONEpaTop SBISAETCS CAMOCOIPSDKEHHBIM, TO CHCTEMa €ro
KOHEYHOMEPHBIX MHBApPUAHTHBIX MOANPOCTPAHCTB IOJHA B 00NacTU 3HAa4YeHUH omeparopa (IpU 3TOM KOPHEBBIE
MOJIIPOCTPAHCTBA OKAa3bIBAIOTCS COOCTBEHHBIMH, B hopmyuie (1) m =1).

B cirydae ke 0011ero BIOJIHE HEIPEPLIBHOIO OIIEPAaTOpPa OJHOTA MOKET M HE UMETh MECTA.

[IpocTredmmm MpUMepOM TaKOTO POJia CIIYKHUT OIEePaTOp HHTETPUPOBAHHS

Af = [ f()dt,a<x <D, 2

KOTOPBII JeHCTBYeT B IHIBOEPTOBOM MPOCTpaHCTBE (QYHKIMH, 00IaIalomuX HHTErpupyeMbIM Mo Jlebery kBagpaTtoM Ha
uHTepBaie (a, b). OTo MPOCTpaHCTBO MBI OyaeM B jJanbHeieM o6o3HauaTh yepe3 Lo(a, b). HerpyaHo npoBeputh, 4To
omeparop (2), Oyay4u BIIOJIHE HEMPEPHIBHBIM, 00JaIaeT JHIIb €INHCTBEHHONH TOYKOW CIEKTpa — HyJIeM W HE MMEET HU
OJHOT0 COOCTBEHHOro BekTopa. ClefoBaTeIbHO, KOHEUHOMEPHblE HHBAapUAHTHbIE HOANPOCTPAHCTBA y HEro BOOOILIE
OTCYTCTBYIOT.

B Hacrosimeit pabore, meromom M.B.Kenppima nokazaHa MOJHOTa CHUCTEMBbI KOPHEBBIX BEKTOPOB OIlepaTopa,
COOTBETCTBYIOIIEro 3anade Komm ypaBHEHHS MEPBOrO MOpSAKA, ¢ NMEpeMEHHBIM KO3()(OUIHUEHTOM, M OTKIOHSIO-IIAMCS
apryMeHTOM. BosibTeppoBOCTb oliepaTopa COOTBETCTBYOLIEro 3agade Komm 0ObIKHOBEHHOro auddepeH-IuaIbHOro
ypaBHEHHsI OOLIEH3BECTHO, MMOITOMY PE3YJIBTAT PE3KO KOHTPACTHPYET C M3BECTHBIMH (akTaMH. MOXHO OKHIATh, YTO
MOJIyYeHHBIE PE3YJIbTaThl HAUAYT NPHUIOKEHHE B TEOPETHUECKOH (H3MKe, TEOpUH Iepelaud CUTHAJIOB, OCOOEHHO B
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ONTHKO-BOJIOKOHHOM  cBsi3U. Ilockombky, Kod(@uImMeHT ypaBHEHHs He NPEINoNaraeTcsi BeIIECTBEHHOH, TO
COOTBETCTBYIOIMH OIEPaTOp HE CAMOCOIPSDKEH, IO3TOMY BOIpPOCH! 0a3HMCHOCTH HE paccMaTpU-BalauCh. [lomydeHHBIH
pe3ynpTaT copMyNIUpOBaH B TePMUHAX KOd(duIMeHTa ypaBHEHHUS, W OIM3KO K HEOOXOAU-MOMY, UTO ITOJATBEPKIAETCS
MOCTPOCHHBIM MIPUMEPOM. ITO YCIOBUE SBJISETCS CICICTBHEM UCIOJIL30BAHHOTO METOa, BO3MOXKHO IPH JIPYTUX METOJax
OHHU MOTYT IPUHAMATH JPYTOil BUI.

OTMeTuM, YTO KBaJpaT orepartopa A MOPOXKAAeT MyuoK oIepaTopos B mpocTpanctse L2(0,1), I03TOMY pe3yabTaThl
PabOoTHI MPEACTABISIET HHTEPEC U VIS TEOPHU ITyUYKOB.

KunroueBble ciioBa. CrekTp, OTKIOHSIOIUICS apryMeHT, KOPHEBOE MOANPOCTPAHCTBO, IOJIHOTA, TeopeMa Kenpplia,
KOMITaKTHOCTB, TeopeMa ['mnbepra-llImunra, dpynkius ['puHa, pe3osbBeHTa.

Information about authors:

Kalmenov T.Sh. - doctor of physical and mathematical Sciences, Professor, academician of the National Academy of Sciences of
the Republic of Kazakhstan, https://orcid.org/0000-0002-1821-2015;

Shaldanbayev A.Sh. — doctor of physical and mathematical Sciences, associate Professor, SKSU named After M. Auezov,
Shymkent; employees of the Institute of mathematics and mathematical modeling, Almaty; http://orcid.org/0000-0002-7577-8402;

Akylbayev M. 1. - candidate of technical Sciences, associate Professor, Vice-rector for research of the International humanitarian
and technical University, Shymkent, Kazakhstan, https://orcid.org/0000-0003-1383-4592;

Urmatova A.N. - SKSU named After M. Auezov, senior lecturer of the Department of mathematics, https://orcid.org/0000-0002-
1323-1639

REFERENCES

[1] Keldysh M.V. On eigenvalues and eigenfunctions of certain classes of non-self-adjoint equations, DAN77 (1951), 11-14.

[2] Cato T., Perturbation theory of Semi-Bounded Operators, Math. Ann. 125. (1953), 435-447.

[3] Carleman, "Uber die asymptotische Vereilung der Eigenwerte partiller Differentialgleichungen Ber. Sachs. Akad. Wiss zu
Leipzig, Math. Phys. Klass 88 (1936)r 119-134.

[4] Braud e r F., Strongly elliptic systems of differential equations, Contributions to the theory of partial differential equations,
An. of Math. 33 (1954), 15-51.

[5] Livshits M.S., On spectral decomposition of linear non-self-adjoint operators, Mat. Sb 34 (76): 1 (1954), 145-199.

[6] Mukminov B.R., Expansion by eigenfunctions of dissipative kernel, DAN 99, No. 4 (1954), 499-502.

[7] Naimark M. A., On some criteria for completeness of a system of eigenvectors and associated vectors of a linear operator in a
Hilbert space, DAN 98, No. 5 (1954), 727-730.

[8] Lidskii V. B. On completeness of the system of eigenvalues and associated functions of a non-self-adjoint differential operator,
DAN 110, No. 2 (1956), 172-175.

[9] Lidsky V. B. On completeness of a system of eigenvalues and associated elements of a completely continuous operator, Dokl.
USSR Academy of Sciences, 1957, Volume 115, Number 2, 234-236.

[10] Naimark B. M., Completeness of the system of eigenvalues and associated functions of strongly elliptic systems of differential
equations, DAN 112, No. 2 (1957), 198-201.

[11] Gokhberg I. Ts. and Krein M.G., Fundamentals of defective numbers, root numbers and indices of linear operators, Uspekhi
Mat. XII, no. 2 (74) (1957).

[12] Allahverdiev D. E., On completeness of a system of eigenvalues and associated elements of non-self-adjoint operators close to
normal, Dokl. USSR Academy of Sciences, 1957, Volume 115, Number 2, 207-210.

[13] Lidsky V. B. Conditions for completeness of a system of root subspaces for non-self-adjoint operators with a discrete
spectrum, Trudy MMO, 1959, Volume 8, 83—120.

[14] Matsaev V.I. On a class of almost continuous operators, Dokl. USSR Academy of Sciences, 1961, Volume 139, Number 3,
548-551.

[15] Keldysh M. V., Lidsky V.B. Issues of spectral theory of non-self-adjoint operators., Proceedings of the IVth Congress of
Mathematicians, 1963, vol. 1, pp. 101-120.

[16] Dikiy L. A. On twofold completeness of the system of eigenfunctions arising in a problem of mathematical physics, Funct.
Analysis and its adj., 1967, Volume 1, Issue 3, 24-32.

[17] Bitsadze A. V., Samarsky A. A. “On some simple generalizations of linear elliptic boundary value problems”, Dokl. USSR AS,
185: 4 (1969), 739-740.

[18] Akylbayev M.1., Beysebayeva A., Shaldanbayev A. Sh. On the periodic solution of the Goursat problem for a wave equation of
a special form with variable coefficients (in English). N e w s of the National Academy of Sciences of the Republic of Kazakhstan
Physico-mathematical Series, Issn 1991-346, Volume 1, (2018), 34-50.

[19] Shaldanbaeva A. A., Akylbayev M.I., Shaldanbaev A. Sh., Beisebaeva A.Zh. The spectral decomposition of cauchy problem’s
solution for laplace equation, N e w s of the National. Academy of Sciences of the Republic of Kazakhstan Physico - mathematical
Series,Issn 1991-346X https://doi.org/10.32014/2018.2518-1726.10,Volume 5, Number 321 (2018), 75 — 87.

[20] Shaldanbayev A.Sh., Shaldanbayeva A.A., Shaldanbay B.A. On projectional orthogonal basis of a linear non-self -adjoint
operator, N ¢ w s of the national academy of sciences of the republic of Kazakhstan physic -mathematical series7,Issn 1991-346X ,
https://doi.org/10.32014/2019.2518-1726.15, Volume 2, Number 324 (2019), 79 — 89.

[21] Keldysh M. V., On completeness of eigenfunctions of certain classes of non-self-adjoint operators. Advances in Mathematical
Sciences, 1971, vol. XXVI, issue 4 (160), pp. 15-41.




News of the National Academy of sciences of the Republic of Kazakhstan

Publication Ethics and Publication Malpractice
in the journals of the National Academy of Sciences of the Republic of Kazakhstan

For information on Ethics in publishing and Ethical guidelines for journal publication
see http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the National Academy of Sciences of the Republic of Kazakhstan implies
that the described work has not been published previously (except in the form of an abstract or as part of a
published lecture or academic thesis or as an electronic preprint,
see http://www.elsevier.com/postingpolicy), that it is not under consideration for publication elsewhere,
that its publication is approved by all authors and tacitly or explicitly by the responsible authorities where
the work was carried out, and that, if accepted, it will not be published elsewhere in the same form, in
English or in any other language, including electronically without the written consent of the copyright-
holder. In particular, translations into English of papers already published in another language are not
accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent data,
incorrect interpretation of other works, incorrect citations, etc. The National Academy of Sciences of the
Republic of Kazakhstan follows the Code of Conduct of the Committee on Publication Ethics (COPE),
and follows the COPE Flowcharts for Resolving Cases of Suspected Misconduct
(http://publicationethics.org/files/u2/New_Code.pdf). To verify originality, your article may be checked
by the Cross Check originality detection service http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be chosen
in such a way that there is no conflict of interests with respect to the research, the authors and/or the
research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will only
accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of a
paper automatically implies the copyright transfer to the National Academy of Sciences of the Republic of
Kazakhstan.

The Editorial Board of the National Academy of Sciences of the Republic of Kazakhstan will monitor
and safeguard publishing ethics.

(ITpaBmna oopmiteHHS CTaThH AJIs MTyOJIMKAIIMU B KypHAJIe CMOTPETh Ha CalTax:

www:nauka-nanrk.kz
http://physics-mathematics.kz/index.php/en/archive

ISSN 2518-1726 (Online), ISSN 1991-346X (Print)

Penaxroper: M. C. Axmemosa, I b. Xaruoynnaesa, /. C. Anenog
Bepctka Ha komnbrotepe A.M. Kynveunbaesoii

IMoamucano B megats 05.04.2020.
®dopmat 60x881/8. Bymara ocetnas. [leuars — puzorpad.
11 m.n. Tupax 300. 3akas 2.

Hayuonanenas axaoemus nayx PK
050010, Armamu, ya. [llesuenxo, 28, m. 272-13-18, 272-13-19

— 178 ——



