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ABOUT ONE INVARIANT MULTIVALUED MAPPING
IN THE TASK OF THERMAL CONDUCTIVITY WITH TIME DELAY

Abstract. This paper considers a matter on the strong and weak invariance of the constant multi-valued
mapping towards thermal conductivity equation with boundary control in the presence of time delay. Sufficient
conditions for the strong and weak invariance of this multi-valued mapping were obtained for the heat transfer
control task with a delayed argument with boundary and initial conditions. The concept of "invariant sets" is applied
to a system with distributed parameters, the physical meaning of which is to "keep" the object in the desired state as
long as possible by controlling it. At the same time, here object retention is understood not in the geometric sense,
but in the sense of holding the average value relative to the volume of the object. The necessary conditions for
keeping the object in the desired state are proposed. To solve the equations, we first expand the definition of the
elliptic operator and the operator itself to a self-adjoint operator, and then consider the existence of a solution that
belongs to the energy space of this operator. This uses the fact that the extended operator has generalized eigenvalues
and generalized eigenfunctions that make up the complete system both in the energy space of the operator and in
each space. In this case, a generalized solution is understood as a solution, because it is represented as a Fourier
series whose coefficients satisfy infinite ordinary differential equations. Just in this system of differential equations
there is a control parameter. An essential point in considering this task is that the controls are located on the border of
the area. In this case, the control area is a convex compact polyhedron, and the restriction area and the terminal set
are half-spaces. This, in certain conditions, allows the possibility of applying the obtained results in solving practical
tasks.

Keywords: invariant set, control, multi-valued mapping, control of systems with distributed parameters, time
delay.

1. Introduction

Note that there are theoretical and practical issues in the controllable systems with distributed
parameters, incapable of solution with the help of known methods. Typical examples of such kind of tasks
are retention of temperature in the acceptance limits in a specified volume, avoidance of undesirable
conditions, etc.

Results in the matter about invariance of specified sets concerning systems with lumped parameters
were obtained earlier in the works of A. Feuer, M. Heymann, V.N. Ushakov, Kh.G. Gusseinov,
N.S. Rettiyev, A.Z. Fazylov and other authors [1-7]. As against the work [7], this paper considers
problems with boundary control. The works [7] consider interesting applied problems on the control by
convectors for heat distributions in a volume. As against the work, this paper considers tasks with
boundary control.

The theory of differential equations with a deviating argument has been developed in various
directions; natural formulations of tasks have been found [8—12].

As you know, many real controlled objects can be considered as objects with distributed parameters,
in which control parameters can be located both on the right side of the equation and in boundary
conditions.

In the work [13-15] considers tasks with distributed parameters.
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Invariant sets with respect to a system with distributed parameters, the physical meaning of which is
to keep the object in the desired state as long as possible by controlling it. Moreover, here the retention of
the object is understood not in the geometric sense, but in the sense of holding the average value relative
to the volume of the object. The works [16-19] considers questions of the invariance of given sets with
respect to systems with distributed parameters. In particular, the paper [17] is devoted to the questions of
the strong and weak invariance of a constant multivalued mapping with delay, and the paper [18] is
devoted to a controlled process, which is described by an equation of parabolic type, with the control
parameter participating in the additive form on the right side of the equation. This work [19] introduces
concept of the invariance of a multi-valued mapping with respect to a system with distributed parameters.
In [20], a numerically approximate method for solving of a control problem for integro-differential
equations of parabolic type was considered.

This work considers a matter on the strong and weak invariance of the constant multivalued mapping
towards thermal conductivity equation with boundary control in the presence of time delay.

A bounded region Q(C Rn) will be called a piecewise-smooth boundary, if a boundary T'=Q\Q of

the region {2 can be presented in the form "= Zyzl Aj, where rj cI' - the set open towards topology,
induced on I by the topology R". Each Fj - a connected surface of class ¢!, i.e. for each point X Grj

it is possible to indicate ball U, (xy) by so small radius & >0, that the set I mUg(x()) is defined by

equation of the type xj = f§ (X] s Xg_1sXg 410 X5 ) » Where fi () € c! , k,1 <k <n is a some number.

Let 2 be the bounded region in R" with the piecewise-smooth boundary. Through A let us denote
the next differential operator [21]:

n 0 0

Adp=- 3 ——(a;(x)=2), )
i,j=1 Gxi ’ 8xj

where functions a;; (x) € L (Q) satisfy conditions: Cl,'j(x) =a ji(x) and

i a;; ()58 27§§i2,XEQ ()
i, j=1 i=1

for any (&,&95--,5,) eR" . The inequality (2) is called a condition of uniform ellipticity of operator A(1).

As the domain of operator A space CZ (€2) is taken — the set of twice continuously differentiable
functions.
Let P be operator, which is defined by the inequality

n
Pp= 2 aj(y %cos(l,x) +k(xX)p, x€0Q,
i,j=1 x;

where / - the unit vector of outer normal to 0€2 , k(x) - given positive, continuous function in 0€2 .

It is known that the elliptic operator A with the boundary condition Py = 0, x € 0€2, has a discrete
spectrum, i.e. eigenvalues 2, such that 0< 4, <1, <..,1; - 40, and according Eigen functions
¢ ,x € Q, compose the complete orthonormal system in ,(Q) [21, 22]. As well as in [23] it is possible

to introduce a scalar product and appropriate norm in the space C 2 (Q) Let’s denote completion of this
space through H, = H,(Q), where »>0 - parameter.

2. Methods.
Consider the next task on the control by heat exchange with time delay [24]

EO) tef)=c(e-n) 0<i<T, ®




News of the National Academy of sciences of the Republic of Kazakhstan

with boundary
PZ(I)=M(I), 0<t<T, xeoQ, 4
and initial
2(t)=zo(t), —h<t<0 ®)

conditions, where z, ()e X, X ={z(~):z(t)e H r,—hStSO}. The controls are measurable functions

2

u(-)e H, , 1. e. satisfying the condition > ;_; /’LZ[ Iu(r)wk dx} <oo. Here z(), u(-) are abstract functions,
oQ

i.e. at each #>0 they are unique elements of the space H,, & - positive fixed constant, ' - positive

number.
A solution of the problem (3)—(5) in H, is defined by the Fourier method. If f,(-) denotes Fourier

coefficients of the function f(-) towards the system {p, }, then solution of the problem (3)—~(5) on the
segment [0,%] has the next view [24]

2(t)= Z z;?e_’w +I[20k(r—h)+ Iu(r){pkdx]e_/lk(t_r)dr %> (6)

k=1 0 oQ

where 22 =Zog (0) , k =1,2.... Using this solution, the solution is built on the segment [, 24 ]:

zk(h)e_lkt+j‘[zk(r)+ Ju(r+h)¢)kdx}_’1k(t_7)dr %

1 0 oQ

z(t-i—h):

NI

k

where z, () is defined from (6) at =h. In the same manner, continuations of the solution are built for
the next segments.

Further, through U we denote the totality of controls, which is specified below by a some positive
number PO .

Definition 1. A multivalued mapping D' [— h,T ] —>2R, where R = (-0, ), will be called strongly
invariant on the segment [~ #,T] towards the problem (3)—(5), if for any <Z()(f)> Edt), —h<t<0, and

u(-)e U the inclusion <Z(f)> Edt ) holds for all 0<z<T, where < > - corresponding norm, z(-) -
corresponding solution of the problem (3)—(5) [21-23].

Definition 2. A multivalued mapping D: [— h,T ]—>2R , where R = (- o0, ), will be called weakly
invariant on the segment [~ 4,7 | towards the problem (3)—(5), if for any <Zo(f)> Edl‘), —h<t<0 there

is control u(-)e U such that <Z(t)> GD(Z‘) for all 0<¢<T, where < > - corresponding norm, z(-) -

corresponding solution of the problem (3)—(5).
Statement of the problem
This work studies the weak and strong invariance of the constant multivalued mapping of the next
view
D(r)=[0,] -h<e<T,
where b - positive constant.
Our further objective is to find the connection between parameters 7,b, p and A; so that to provide

the weak or strong invariance of the multivalued mapping D(¢), ¢ e [- ,T] towards the problem (3)—(5).

3. Main results.
A) Let <Z(t)> = ||z(t]|H , 0<t<Tand
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=Ju(-): iﬂ;[ Iu(t)gokdx} <p, telo.7]}.

k=1 \aQ

Here ||Z(tl|2, = “z(tlzdx = iﬂ%z%(t), 0<t<T.
"0 k=1

Assertion. For any function «(-)e U the next inequality holds:

R =

k=1 00Q

The proof of the assertion follows from the next correlations:

O 2 ) t A _ 2
pIA (J‘ J. (=) )("kdXdTJ =>4 J. _7( )e 2 L J.u(r)(okdxdr <
k=1 \ 0o k=1 o 20
0 t t 2 ¢ 2 Iyt 2
< 2/12 J‘e—/lk (t_T)dT,je—lk (t—r)( J‘u(z_)@{de dr |< [J‘e—ﬁl(t—r)dTJ 02 :[1 —e J o2,
k=1 0 0 oQ 0 /11

Theorem 1. If the follow condition is satisfied

p(h -1, ™)
then the multivalued mapping D(r)=[0,6], ¢ e[~ #,T] is strongly invariant on the segment [- /,T ]
towards the problem (3)-(5), forany 7 >0.

Proof. Let z(r) with c||zo(t)||Hr <b, —h<t<0, and u(r) with ||u(t)||Hr <p, 0<t<h, be

arbitrary functions. Substituting these functions in the equation (3), we have solution of the problem (3)—
(5) on the segment [0,4] in the next view (6)

k=1 0 oQ

z(t)= i{zge_lkt +j.{20k (z—h)+ J.u(r)qokdx]e_ﬁk (t_r)dr}pk .

If we introduce denotation f; (r) = zo; (z — k) + Iu(r)gokdx, k =1,2,..., then for the function £ (-), with

oQ
the Fourier coefficients f; (), we have
Oy, =leole-msell, <leole b, +lel,, <5+ ®
Hence,
||Z(f)||2 _ i% ~ At 0 J’ ] Zﬂr( ~24t o 2 N
" k=1

t ! ’
2e_ﬂk’zl(€).|.e_ﬂk (t_r)fk (T)dr + [J e M (t_r)fk (T)J .

0 0

From here, using the Cauchy— Bunyakovskii inequality, assertion and inequality (8), we have
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2
0 2 t t
z/ilr((e_ukt z]? +Ze_lktzgj.e_ﬂ“k(t_r)fk(r)dz'+{J‘e_/1k(t_r)fk(r)] <
k=1 0 0
"t
‘WZ,V Pz +2e‘41’22,2 022 [ 7)d7 +
k=1 k=1 0

2
< 2
zﬂk[J‘ _ﬂk t— T)fk(z.)drj Se_y“ltbz +2e_ﬂlt\/ziTgkX
’ k=1

o0 t 2 1— —At
zz;[je-ﬂk(f-f)fk(f)w} { . ](zﬁ pf <ehip?
k=1

0 1

g, 1— e Mt 1—e At ? > ) 1—e At ?
2e Mh——(b+p)+ (b+p) =|eMb+———(b+p)| .
A 7 4

1 1
_ 1—e !
Let 2t)=e l‘tb+/1—(b+p), 0<t<h.
1
Then we have 4(0)=1», }(’(l‘ ) = —ﬂle_/lltb +e Mt (b+ p) —e Mt (— Ab+b+ ,O). It follows that when
fulfilling condition of the theorem 1, »'(r)< 0, i.e. the function y(¢) is nonincreasing. Thus, observing
z()>0, we have "Z(t)”H, <b,0<t<h.

Now, by similar reasoning for the time interval [1, 24] we have ||z(t1| g Sb.It is seen from here that
continuing this process it is possible to reach for any number 7 >0 :

EC )|H <b, 0<t<T.
By this, the theorem 1 is proved.
Theorem 2. If A; > 1, then the multivalued mapping D(¢) = [0,b] is weakly invariant on the segment
[<h, Ttowards the problem (3)-(5), where T is any positive number.
Proof. Let 2, > 1. Let’s show that the set W =[0,5] is weakly invariant towards the problem (3)-(5).

Assume that z,(-) is arbitrary function from X, let u(-)= 0 . Then from presentation of the solution (6) of
the problem (3)-(5) we have

0, - S 0] [ r—rwrj <ot $ ko
k=1 k=1

2
K

0
2¢ M1 212

t 0
zg je_i" (I_T)|20k (t—c)dr+ D 2% x ©)
0 k=1

2
(o2 (e~ 244t 2 T 1—e M),
e )20 (- z')dz' <e PMp? 4 2e7 M b+ b* =
0 4 4

a0 1—e ’ 2
e " +— | b~
4

Here, the next inequality and assertion are used:

62 ——
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) t 0 2 | t 2
DI = g E ) LR 3P A D 3 A N P P 2
k=1 0 k=1 k=1 \0o
— it 1- e_ilt
If we introduce  notation ;((t) =e T+ 0 0<t<h, then we  have
1

A0)=1, 2(0)=(1-4)e" <0.
Hence, 0< z(s)<1. From here and from (9) we obtain ||z(¢)) 5y <b, 0<t<h. Sequentially using

the same reasoning, if necessary, to the time intervals [ A, (j+1hA], j=1,2,... we come to the fact that
||z(t)|H <b,at —h<t<T.The theorem 2 is proved.

Let( >—||z mH L0<¢t<T,and

2
t
T+ih)p, < Nty
(z +ih)p dx] dr< p*[ehlt=7g
0

<>ikj—ﬂw(;u

k=1 oQ

where 0<¢t<h and i=-1,0,1,....
Theorem 3. If p < (4, —1)b, then the multivalued mapping D(¢)=[0,5] is strongly invariant on the
segment [- #,T ] towards the problem (3)-(5), where Tis any positive number.

Proof. Let z,() be any element of the set X, satisfying the condition ”Zo(m o eD(t), ie.

”ZO('mH, <b, —h<t<0,and u(-) be any permitted control, i.e. u(-)e U . For 0<t<h we have

t t 2
O, =3 2220)- zﬂ[%e +Je‘ﬁk(f-f>20k<f—r>dr+Je-ﬂk‘”)Iu<r>mdxdr} (10)
kl 0 0 oQ

Using the Cauchy— Bunyakovskii inequality and definition of control domain U , it is possible to
show that

© t t 2 _e—ﬂlt 2
2/12 [Je_ik (t_T)ZOk (t—7)dr + je_}”/‘ (t=7) Ju(r)(pkdxdTJ < [1 7 ] b+ p)2
k=1 0

0 0 1

After simple calculations from (10) we obtain

||z(t
Let’s introduce the following function

Mt PTD -1
f(t)=be IZ+T(1—€ lt)-

—At , pth -t
e Mt 4 1—e M. 11
e 7 ( e ) (11)

Note that £(0)=b. As & '(t)=(— Ab+ ,0+b)€_/11t, therefore under the condition p < (4, —1)p, we
have £'(1)<0. Thus, from (5) we obtain that for all # [0,4] the inequality ||z(t1| g S b holds.

Accepting z(h)as a new initial position of the considered system for the time interval, [A, 2k] we have
2
Jote+ )5, S22 ()= 32| e M+ j ~ile=) dr+j A [u(e 4 h)avde |
k 1 k=1 0 oQ
where 0<7<h.
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Similarly, to the previous step it is possible to obtain the next evaluation
||z(t+h)||H <b,0<t<h.
Repeating the same reasoning we obtain that ||z(t)| y S<b,— h<t<T.

The theorem 3 is proved.

4. Conclusions. Many scientists have studied the conditions of strong and weak invariance of sets
with respect to differential inclusion. This work continues these studies for systems with distributed
parameters. The question of the strong and weak invariance of a multivalued mapping with respect to the
heat equation with boundary control is considered. The results obtained are useful for specialists in control
theory and differential games described by equations with distributed parameters.

0.M. Uoparumos’, 2K.C. Kypaxoaes?, U.Opasos’®, E.A . Heicanos*

124 M.Oye308 arbigarel OHrycTik Kazakcran MmemiekeTTik yausepeurteti, [lIbmvkent, Kazakcran;
3Koxa Axmer Slcayn aTbingarsl XalbIKapalblK Ka3ak - TYpik yHuBepcuTeTi, Typkicran, Kazakcran

KIAIPYJIEP OPBIH AJIATBIH KbLIYOTKI3I'IITIK ECEBIHAE
HNHBAPHUAHTTBI KOIIMOH/I BEMHEJIEY TYPAJIbI

AnHoranus. Kazipri TaHmarsl Kypaesi, 6Ty aFbIHbI JKbIIIaM JKOHE SHEPrOChIMBIMIBLIBIKTE YPAICTEpal Oackapy
TCOPHSICHIHBIH 3aMaHAyH JKETICTIKTEPl MEH FhUIBIMH-TEXHHUKAJIBIK LIrepijeyci3 icke acelpy MyMKiH emec. Kenrteren
HaKThI 0acKapy HbICAaHJApbIH TapaJiFaH MapaMeTpJi )KyHenep peTiHAe KapacThlpyFa OOJNBIHABIFE Oenrini, Oy perre
Oackapy mapamMmeTpiiepi TEHJECYAIH OH JKarblHAa HEMece IeKapallblK MIapT TypiHAe opHaiacybl MyMKiH. COHFBI
YaKbITTa OHJIIPICTIK JKOHE TEXHOJOTHSUIIBIK YPICTEpAl aBTOMATTaHABIpYFa OapbIHIIa MaHbI3bl MOH OEpLJIII OTHIp, all
TapayFaH ImapaMeTpili TeHJIeyep xKyieci — Oy ypAicTep il MaTeMaTHKAIIBIK MOZEIbIepi OO TaObUIAIbL.

Backapy ecenTepiH 3epTTeyIiH jKaHa 9IiCTepiH KYpya TOMEHCTI canalblK CUIIATTarbl CypaKTapFra xayar oepy
KakeT 0oJajbl:

a) OepinreH G XWBIHBI KYOICi3 (HeEMece KYINTi) WHBApUAHTTHI Ma, SFHM Kapalblll XAaTKaH OacKapbUIATHIH
KyiieHiH G KUBIHIAFBI Ke3 KeNreH OacTamkbl HYKTECl VIIiH, emr OonmaraHzma Oip TpaekTopust TaObputa Ma? by
TpaeKTopHs OeplIreH HyKTe/IeH IIBIFbII G JKUBIHAA TONBIK KaTa Ma?

0) KapaJblll J)KaTKaH OacKapbLIATHIH KYHEre KYIICi3 HHBAPHAHTTH G KUBIHHBIH 00C eMec 1K1 KHUBIHBI Oap Ma?

CoHbIMEH KaTap MbIHamai ecen TybIHmaiabl: G KUBIHHBIH TIPIIUTIK SIIPOCBIH KYpy eceli, Hemece Kayircis
aifiMak Kypy, SSFHH KapaJblll )KaTKaH 6ackapy *HbIHBIHA KATHICTHI KYIIICi3 HHBAPUAHTTHI G )KUBIHHBIH €H YJIKEH iIlIKi
KUBIHBIH Ta0y. ANTa KeTelik, ochl Mocene OOMBIHINA KONTETreH 3epTTeyJiep HETi3iHeH KUHAKTAIFaH mapaMeTpii
backapy KyiienepiHe apHanFaH. ¥ bIHBUIBIN OTHIPFAH KYMBICTA YACPICTIH YATICIH CHIATTayna, HAKThI JKaFaaiinapaa
aKMapaTThlH KELIIrilm Kelyi apHaibl KOCBIHIBI apKbUIBI €CEMKe ajblHAIbl. OJeTTe 0ackapy HapameTpiiepi epKiH
OoNMMaiIbl, COHIBIKTAH OJIApFa OPTYPJi TCOMETPHSUIBIK JKOHE HHTErPANIBIK MIeKTeyaep Koubutamsl. OChI
HIeKTeynepaeH 6acka 6ackapy QyHKIUSCH aHBIKTATFaH (HYHKIMOHAIIBIK KeHICTIKTEH aJIbIHAIbI.

By sxymBIcTa Kifipyiep OpBIH alaThIH HMIeKapallblK OacKkapyMeH OepiIreH >KbUTyOTKI3TIIITIK TeHACYIHEe ColKec
TYPaKTBI KOIIMOH I OelHeneynepIaiH i )KoHe 9JICi3 MHBAPUAHTTHUIBIFBI TYpalbl Macelie KapayraH. Kimipyiep opsiH
aJaThIH apTyMEHTTI MIEKapajbIK XKoHE 0acTamKel MapTTapAa XKbUIy alMacydsl Oackapy ecedi YImiH OChl KOIIMOHIL
OcitHeeyIepIiH QU1 JKOHE QJICI3 MHBAPUAHTTHI OOJybIHA JKETKUIIKTI IIApTTap alblHFaH. TapairaH KepceTKimrepi
Oap jkyiiere KaTbICThl « AHBAPHAHTTHI JKUBIHY» YFbIMbIHAH NaiganaHsuirad. OHBIH (HU3UKAIBIK MarblHACHl OOBEKTIHI
backapy apKbUIbI HHCT €TKEH JKail-Kyiae MYMKIHIITIHIIE Y3aK «ycTam Typy». by perre, 0OBEKTiHI ycTam Typy
TCOMETPHUSUTBIK TYPFBIIAaH eMeC, OOBCKTIHIH KelleMiHe Kapai opramia MOHII ycTam Typy [ereH YFbIMMEH
tycinaipieni. OOBEKTIHI HHUET €TKEeH jKal-Kyije ycram Typy YIIiH KelOip >karmainapaa >KEeTKUIIKTI mapTrap
yChIHBUIAABL. TeHAeyNepAi IIemy YIIiH anAbMEH SJUIMNTUKAJBIK OMEpaTopIblH MEH OIepaTOpAbIH ©3iHe-o31
TYHiH/ECKe [NeHiH aHBIKTay aiiMarbl KeHEHTLNedl, COmaH KEHiH OChl ONepaTOpbIH JHEPreTHKANIbIK KEHICTIriHE
JKATaThlH INeMIMHIH OOMybl KapacTeIpbuianbl. By perTe, KEHEHTUIreH ONepaTOpIbIH TOJNBIK JKYHEHI JKOHE
OTIepaTopIBIH SHEPTETHKAIBIK KEHICTITIHAE XKoHE opOip KeHICTIKTe KYPaWTHIH JKaJIIbUIAHFaH MEHIITIKTI CaHIapBl MEH
JKaNMBIIAHFAaH MEHIIIKTI (QyHKIusuapel Oap Qakt maiimamanemanel. bynm xarmadina memiM sKajimbpuiaMa  JIem
KapacThIPBIIAbI, SFHHU IIEIIM KOA(QQUIMEHTTepl IIeKci3 xail anddepeHIranaplK TeHACyIepal KaHaraTTaH-
neipatbin Dypee Karapbl TypiHae Oepimemi. Tam ocel muddepeHIMaIablK TeHACYICP XKyHeciHae Oackapy
napameTpiepi kesgeceni. CoHapikTaH, memimai any yuid dypbe ofici, an Oacramkbl ecenti Oackapyaa ®Pypne
k03 huLMEeHTTEP] KON JaHbLIa bI.
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By mMoceneHi KapacTeIpynaFsl MaHBI3BI COT, Oackapy dJIeMEHTTepi aliMaKThIH IIeKapachlHAa OpHanacKkaH. by
perre Oackapy aiiMarbl IeHEC BIKIIAM KOI KbIPJbI, all IIEeKTey aliMarbl MEH TePMMHAJIIBIK KON - >KapThLIaif
KeHicTiktep Oonbln TaObuianel. byn Oenrimi Oip skarmainapia ajblHFaH HOTIDKENIEPAl MPaKTHKAIBIK eCenTepui
ISy e KOJIaHyFa MYMKIHIIIK Oepe]ti.

Tyiiin ce3mep: MHBapUAHTTHI JKUBIHIApP, Oackapy, KenMoHJl OecifHeney, TapajFaH mapaMmerTpii sxyhenepai
Gackapy, Kigipy.
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Ob OJHOM UHBAPUAHTHOM MHOI'O3HAYHOM OTOBPA’KEHHUN
B 3AJAYE TEIIVIOITPOBOJHOCTH C 3AIIA3/IBIBAHUEM

AnHoranusi. COBpPEMEHHBIC CJIOXHBIC, OBICTPO MPOTCKAIOIIUE KM SHEPrOECMKHE MPOIECCHl HEBO3MOXKHO
peanmu3oBath 0e3 JOTOJHCHHS HX COBPEMCHHBIMU JTOCTH)KCHUSIMH TCOPUHU YIPABJICHUS W HAYYHO-TCXHUYCCKOTO
nporpecca. Kak W3BECTHO, MHOTHE pEANbHBIC YIPABISIEMbIe OOBEKTHI MOXKHO PacCMaTpPHBATh KaK OOBEKTHI C
pacrpeeieHHBIMU MTapaMeTpaMu, B KOTOPBIX YIIPABISIONIAE MMapaMeTphl MOTYT HAaXOJWUTHCS KaK B MPaBOH YacTH
YpaBHEHUs, Tak W B TPAHUYHBIX YCIOBHAX. B mocienHee BpeMsi BCEBO3PACTAIOIIEE 3HAYCHHE MPUAACTCS
aBTOMATHU3AlMU MPOU3BOJICTBEHHBIX M TEXHOJOIMYECKUX TMPOIECCOB, MATEMATHYECKHMU MOJEISIMA KOTOPBIX
SIBIISIFOTCS] CUCTEMbBI YPABHEHUH C pacrpeielieHHbIME mapamerpamiu. [Ipu pa3paboTke HOBBIX METOIOB UCCIICIOBAHUS
3a]a4 yIpaBIlIeHUs CIeyeT OTBETHTh Ha CJIE/YIOIINE BOPOCH KAYECTBEHHOTO XapaKTepa:

a) SABJISIETCS M MHOXKECTBO G CHJIBHO (MM C€)1a00) WHBAPHAHTHBIM, T.C. IS JIFOOOH HavajabHON TOYKH U3 G
CYLIECTBYET JIM XOTs ObI OJTHA TPACKTOPUS (BCE TPACKTOPHH) paCCMAaTPUBAEMON YIIPABIISIEMOM CHCTEMBI, BBIXO/ISIIIASN
U3 JAHHOW TOYKH, OTPE/ICICHHAs Ha OECKOHCUHOM HMHTEPBAJIC BPEMCHH U IIEIMKOM Jiexkaras B G?

0) CyIIECTBYET JIX XOTS ObI OJJHO HEMYCTOE MOJJMHOKECTBO MHOXKECTBa (G, ¢11a00 MHBAPHAHTHOE OTHOCUTEIIHLHO
JIaHHOM yTIpaBIsieMOi cUCTEMBbI?

Kpome Toro, BOSHHKAIOT 3a/jauu: 3a/a4a ITOCTPOCHHS S/pa )XUBydecTH (G, WM TO e caMoe 0e30MacHO 30HEI,
T... MAaKCHMAJIBHOTO IIOJMHOXECTBa MHOXecTBa (G, cnabo (WM CHUIBHO) WHBApUAHTHOTO OTHOCUTEIHHO
paccMaTpuBaeMOM yIpaBiIsIeMoi cucTeMbl. OTMETHM, YTO TIOYTH BCE MCCIICIOBAHUS IO ATOU MPOOIeMe MOCBSIICHBI
YIpaBISIEMbIM CHCTEMaM CO COCPEIOTOYCHHBIMH MapaMeTpamu. B mpejaiaraemoil paboTe B OMUCAHMU MOJCIA
MpoIiecca ¢ MOMOIIBIO CIEHATBHOIO CIAraéMOr0 YYUTHIBAETCS TO, YTO B PEAIbHBIX CHTYalUsIX Bce MH(OpMaIus
MOCTYIAaeT C 3ama3/apiBaHueM. Tak Kak yIpaBISIOIIUE MapaMeTpbl He ObIBAIOT MPOU3BOJIBHBIMHU, MO3TOMY Ha HUX
HallararoTCsl Pa3iM4yHbIe OrPaHUYCHHS B BHIEC TEOMETPHYECKUX M HMHTErpalibHbIX. KpoMme STHX OrpaHW4eHHH,
yrupasystronye GyHKIHr 6epyTcs U3 ONPeACICHHOTO (DYHKIIMOHAIBLHOTO IPOCTPAHCTRA.

B manHO# paboTe paccCMOTPEH BOIIPOC O CHIIBHOW M C1a00H MHBAPHMAHTHOCTH IOCTOSHHOI'O MHOTO3HAYHOIO
OTOOpaXCHUSI OTHOCHUTCIBHO YPABHCHHS TCIUIONPOBOAHOCTA C TPAaHUYHBIM YIPABICHUEM TMPU HATUYUU
3anasfapiBaHus. s 3amadd  ympaBiieHHsl TEIUIOOOMEHA C 3ama3/bIBalOIMM apryMEHTOM C TPaHHYHBIMH M
HAYaJbHBIMH YCIOBHSMH TOJTYYCHBI JTOCTATOYHEIC YCIOBHS JUIS CHJIBHOW W CIa0OH MHBAPHMAHTHOCTH NTaHHOTO
MHOTO3HAYHOTO OTOOpakeHUs. [IpUMEHEHO TOHSATHE — «WHBAapHUAHTHBIC MHOYKECTBA» OTHOCUTEIHHO CHCTEMEI C
pacrpeieiecHHBIMU TTapaMeTpaMu, (PU3MUYSCKUA CMBICT KOTOPBIX 3aKII0YacTCS B TOM, YTO OBl MO BO3MOXKHOCTH
JIOJIBIIE «YyIEpPXKAaTh» OOBEKT B JKEIACMOM COCTOSIHUH C TOMOINbIO yrpaBienuss uMm. [Ipu 3TOM, 31€Ch 10X
y/epxKaHueM 00beKTa MOHUMAETCSI HE B TEOMETPHUYECKOM CMBICIIE, & B CMBICIIE YACPKAHUS YCPEAHEHHOTO 3HAUCHHS
OTHOCHUTEIIBHO 00beMa 00bekTa. [IpemTokeHbl HeoOXOIUMBbIE YCIOBHS A YICpKaHUS OOBEKTa B IKEIaeMBIX
cocTosiHusIX. [lJist peleHust ypaBHeHUI cHavaIa pacluiupsieTcst 00JacTh OMPEeeICHUs JUTUIITUYECKOTO OnepaTopa u
caMoro orneparopa J0 CaMOCOIPSDKEHHOI0, U 3aTEM pacCMaTpUBAETCsl CYNIECTBOBAHMUS PELICHUS, IPHHAICKAIIETO
9HEPreTU4eCKOMY IMPOCTPAaHCTBY IAHHOIO olepartopa. [Ipu 3ToM wHcnonb3yercsi TOT (hakT, YTO pPACIIMPEHHBIN
oreparop UMeeT 0000IIECHHBIC COOCTBCHHBIC YKCiIa U 0000IICHHBIC COOCTBEHHBIC (DYHKIMH, COCTABIISIONINE TIOTHYIO
CHUCTEMY U B SHEPreTHYECKOM MPOCTPAHCTBE OINEPATOpa, M B KAXKIOM IMPOCTPAHCTBE. B MaHHOM cilydac B KauecTBE
peIllcHUs] TTOHUMAETCs OO0OOIIEHHOE, TOTOMY 4YTO OHO MPEICTaBIsACTCS B BHIe psamga Dypbe, KOIPPHUIIMECHTHI
KOTOPOTO VIOBJICTBOPSIOT OCCKOHCYHBIM OOBIKHOBCHHBIM JH(D(EpeHIMaTbHBIM ypaBHeHHIM. Kak pa3 B 3Toit
cucreMe IUQQEPCHINATEHEIX ypaBHCHUN MPUCYTCTBYET YIPABILIIONIMNA MapaMeTp. Tak dYTo s TOJXYYCHUS
pemreHus npuMmensercs meron Dypre, a ympaBieHHE HCXOMHOW 3aJadd OCYMICCTBIICTCS 4epe3 KOd(pGhHUIHECHTHI
Dypee.

CyIecTBeHHBIM MOMEHTOM PAcCMOTPEHHsSI NAHHOW 3afa4d SIBISICTCS TO, YTO YIPAaBICHHS HAXOIATCS Ha
rpanuiie oonactu. [Ipu 3ToOM 001aCTh YHpaBICHHUS SBISETCS BHIMYKIBIM KOMIIAKTHBIM MHOTOTPAHHUKOM, a 00JIacTh
OTpaHHYCHUS] U TEPMHHAILHOE MHOXKECTBO - MOJYIPOCTPAHCTBAMHU. JTO, B ONPEJEIICHHBIX YCIOBHSX, MO3BOJISIET
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