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FUNCTIONS OF DISTRIBUTIONS OF AMOUNTS OF UNIFORALLY 
DISTRIBUTED RANDOM VALUES OF TIMES OF PROCESSING  

THE REQUEST OF THE INFOCOMMUNICATION SYSTEM 
 

Abstract. The normal distribution of a random variable is usually used in studies of the probabilistic properties 
of information systems. Using the normal distribution to approximate the distributions determined over a bounded 
distorts the physical meaning of the model and the numerical results obtained can only be used as an initial 
approximation. The purpose of the work is to improve methods for calculating the probability properties of 
infocommunication systems. The object of study is an analytical method for calculating the request processing time 
in the system, the subject is the formula for calculating the duration of sequential processing of a request by elements 
of the system with uniformly distributed independent random processing times. For positive random variables, it is 
proposed to use finite-interval distribution laws, for example, beta distribution. Density formulas and probability 
functions for the sums of two, three, and four independent randomly distributed variables are given. 

Key words: cumulative distribution function, CDF, probability density function, PDF, probabilistic properties, 
infocommunication system.  

 
Introduction. In a multicriteria performance evaluation, an additive convolution of its criteria is often 

used; the weighting coefficients of the criteria are introduced [1]. The meaning of these weights and their 
values are determined heuristically, based on an expert survey. In contrast to additive convolution, a 
multiplicative formula is known for converting criteria efficiency functions into a general indicator with 
the goal of its further optimization [2]. In this case, the output of the complex criteria be more grounded 
and it is easier to understand. One of the approaches to deriving a multiplicative complex efficiency 
criterion is based on a probabilistic approach: the probabilities of reaching given criteria values are 
estimated. The overall probability of achieving the target values of several criteria is calculated as the 
product of the probabilities of the individual criteria, if criteria do not depend on each other. An increase 
in the probability of an individual criterion increases the likelihood of a complex criterion, therefore, 
increases the efficiency. At the same time, for an analytical study using a simple probabilistic 
multiplicative complex efficiency criterion, an analytical description of the probability distribution 
functions of the criteria used, which are often difficult to obtain, is necessary.  

One of the important indicators of the effectiveness of infocommunication systems is the 
responsiveness, reactivity, throughput and other properties associated with the evaluation of the system’s 
performance over time [3]. A probabilistic criterion, for example, the duration of data processing, is 
defined as the probability of completion of data processing in a given time.  

Another problem to be solved at the initial stages of the design of infocommunication systems is to 
assess the impact of the durations of individual stages of data processing on the total processing time in 
the system [4, 5]. This problem is solved by the most informative calculation of probability properties 
durations her data processing steps.  
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Mathematically, the tasks of calculating the data processing time are usually solved using an acyclic 
directed stochastic graph. The same apparatus is used to calculate network diagrams using the PERT 
method [6 - 8]. Computational methods PERT designed for networks of large dimension, so the use of the 
central limit theorem of probability theory, justifying the use of normal probability distribution of time the 
law of individual stages and network as a whole [9]. Such an approach, with a small number of data 
processing stages in the network, causes difficulties in substantiating the use of the normal distribution law 
defined on the interval (-∞, +∞). In practice a priori known minimum duration of data processing in step, 
it is caused by physical features of the data processing in the step, and the maximum length is determined 
by the requirements of the technical tasks. The mean or mode of the duration of the stage is unlikely to 
occur, therefore, calculation based on them has little reliability. The calculation of only the largest and 
smallest data processing times (interval method) is not sufficiently informative [10]. Under such 
conditions, it is advisable to use a probabilistic approach with a uniform density of data processing 
durations at the stages [11, 12]. 

With the sequential execution of the stages, the duration of processing requests is reduced to summing 
the durations of processing at each stage, i.e. to the summation of independent random variables [13 - 15]. 
The probability distribution function of the sum of independent random variables is calculated through the 
convolution formula of the distribution functions of the terms.  

The topology of the connections of information processing elements in the system can be different, 
but to evaluate the critical duration of information processing, a sequential chain of elements is allocated 
that is likely to determine the temporal properties of the system. Estimating the duration of information 
processing in such a chain of elements, obviously, comes down to summing the processing durations in 
each of them. For a deeper estimation of temporal properties, it is necessary to know the probability 
density function (PDF) f(t) and/or the cumulative distribution function (CDF) F(t) of a continuous random 
variable [14], and the best analytical solution to this problem is an accurate analytical description of the 
PDF and CDF. 

Mathematical model. Let random continuous independent quantities T  ti, i  1,..., n be uniformly 
distributed on the intervals ti  [0; βi], βi > 0. To simplify further analytical transformations, random 
variables are ordered by increasing βi. The upper bounds of the ordered random variables are indicated by 
the variables bi. Ordering condition: bi ≤ bi +1, i  1,..., n - 1. For example, the largest values of the random 
component of the duration of the first stage β1 = 3, the second stage β2 = 5 and the third stage β3 = 4 will 
receive new notation b1 = 3, b2 = 4, b3 = 5. It is known that, due to the additive properties of the arithmetic 
operation of summation, changing the sequence of summing random variables does not affect the final 
result [13].  

In contrast to [15], the simplified Heaviside function H(t) [17] was used to simplify analytical 
dependences:  
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Based on these proposals, the formula expressions F(t) and f(t) are obtained for the sums of several 

independent random variables for a more general case than [13]. 
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The PDF of the sum of two random variables is determined by convolution [15]: 

      1 2 1 2

0

,
t

f t f u f t u d u    (4) 

where f1(t), f2(t) are the PDF of the first and second terms; f12(t) is the PDF of the sum of the first and 
second random variables. 

The CDF F12(t) is defined similarly. Using the direct method, f12(t) and F12(t) can be determined by 
substituting (2), (3) in (4):  
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The characteristic function of the sum of two uniformly distributed random variables [17]: 
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The uniformly distributed random variables and their sums are symmetric, therefore, the mean, 
median and mode are equal, and the asymmetry coefficient is zero. For the sum of two uniformly 
distributed random variables, the mode is absent [15]: 
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 4th order starting moment : 
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 kurtosis coefficient : 
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Below, without further explanation, formulas for calculating the properties for the sums of three and 

four uniformly distributed random variables are given. The quantiles for such distributions are usually 
determined by numerical methods. 

The PDF, CDF, characteristic function, mean and variance of the sum of three uniformly distributed 
random variables  

 

 

        

     
  

22 22
1 1 2 2 3 3

1 2 3

22
12 3

1 2 1 2 1 3 1 3

2

2 3 2 3 1 2 3

1 2 3

0;

1

2

       

       , 0

0

;

, ;

0 , t

t H t b t b H t b t b H t b t b
b b b

f t H t b b t b b H t b b t b b

H t b b t b b t b b b

b b b t




          
            

         
   

 

 

 

        

     
  

33 33
1 1 2 2 3 3

1 2 3

33
1 2 3

1 2 1 2 1 3 1 3

3

2 3 2 3 1 2 3

1 2 3

0 , 0 ;

1

6

       

       , 0

1, ;

;

t

t H t b t b H t b t b H t b t b
b b b

F t H t b b t b b H t b b t b b

H t b b t b b t b b b

b b b t




          
            

         
   

 

     31 2

3
1 2 3

1 1 1
;

b pb p b p

t

e e e
p

b b b p

   
   

 

      1 2 3 ;
2

b b b
M T M e T M o T

 
    

 

 
2 2 2

1 2 3

1 2

b b b
D T

 
 . 

 
A γ-quantile is calculated by numerically solving the equation F123(tγ) = γ. For example, a 0.2-quantile 

t0.2 = 1.55675; 0.8-quantile t0.8 = 2.94325 = 4.5 - 1.55675 with b1 = 1, b2 = 1.5, b3 = 2. Since F123(t) is a 
polynomial interval-defined function, before solving the equation, it is necessary to determine the interval 
of values tγ in which there will be a solution to the equation. Various methods can be used to determine the 
interval, for example, using a graph, or by tabulating F123(t) at the boundaries of the intervals, etc. 
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The PDF, CDF, characteristic function, mean and variance of the sum of four uniformly distributed 

independent random variables:  
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For example, a 0.2-quantile t0.2 = 2.56716 and a 0.8-quantile t0.8 = 4.4328 = 7 - 2.56716 with b1 = 1,   
b2 = 1.5, b3 = 2, b4 = 2.5.  
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The proposed approach can be used to derive analytical expressions for the sum of a larger number of 

random variables, however, the bulkiness of the formulas increases significantly. The implementation of 
the proposed calculation formulas in computer programs does not cause difficulties. The temporal 
computational complexity is determined by the number of operations of multiplication and division when 
calculating the values of the functions in the last sub-interval of determining the functions of the sum of 
random variables. For example, for F(t) with n = 2, the number of operations of multiplication and 
division is 6, for n = 3 – 18, and for n = 4 – 50, this means that the number of such operations obeys a 
quadratic dependence on n. Thus, the computational complexity of the formulas obtained is O(n2). 

To illustrate the application of the obtained formulas, various deciles are calculated. When the 
probability of completion of information processing is 0.1, the duration of the information process in a 
chain of four elements having evenly distributed random durations in seconds at intervals [0; 15], [0; 15], 
[0; 15] and [0; 40] is equal to t0.1 = 24.25 s. 

Risk assessments of untimely data processing are determined through decile calculations [18]. For 
example, to calculate the duration of processing information in the same chain at a risk level of 10%, the 
equation F1234(t0.9) = 1 - 0.1 is numerically solved, which implies t0.9 = 60.75 s. To calculate deciles, we 
used the traditional method of numerical solution of nonlinear equations.  

The graphs f12(t), f123(t), f1234(t) are shown in the figure. 
 
Summary. The obtained analytical dependences are applicable for independent random variables of 

the genus. The implementation of the formulas obtained in the form of computer programs allows the use 
of more complex distribution functions of random variables for more adequate modeling of data 
processing in infocommunication systems. 
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өңдеу ұзақтығын есептеу формуласы. Екі, үш және төрт тәуелсіз біркелкі үлестірілген кездейсоқ шама 
қосындысы үшін тығыздық формулалары мен ықтималдықтың функциялары келтірілді. 

Түйін сөздер: ықтималдық тығыздығы, үлестіру функциясы, инфокоммуникациялық жүйелердің 
ықтимал сипаттамасы.  
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ФУНКЦИИ РАСПРЕДЕЛЕНИЙ СУММ РАВНОМЕРНО РАСПРЕДЕЛЁННЫХ СЛУЧАЙНЫХ 
ЗНАЧЕНИЙ ВРЕМЕН ОБРАБОТКИ ЗАПРОСА ИНФОКОММУНИКАЦИОННОЙ СИСТЕМОЙ 

 
Аннотация. Одной из важных задач, решаемых на начальных этапах проектирования инфокоммуника-

ционных систем является оценка влияния продолжительностей отдельных этапов обработки данных на 
общую продолжительность обработки в системе. Эта задача наиболее информативно решается через расчёт 
вероятностных характеристик длительностей этапов обработки данных. Математически задачи расчёта 
времени обработки данных обычно решаются с помощью ациклического направленного стохастического 
графа. Этот же аппарат используется для расчёта сетевых графиков методом PERT. Расчётные методы PERT 
созданы для сетей большой размерности, поэтому использована центральная предельная теорема теории 
вероятности, обосновывающая применение нормального закона распределения вероятности времени 
выполнения отдельных этапов и всей сети в целом. Такой подход при небольшом числе этапов обработки 
данных в сети вызывает сложности в обосновании использования нормального закона распределения, 
который определён на интервале (-∞, +∞). На практике априорно известны минимальная продолжительность 
обработки данных на этапе, она обусловлена физическими особенностями обработки данных на этапе, а 
максимальная продолжительность определяется требованиями технического задания. Среднее значение или 
мода продолжительности этапа имеют место с малой вероятностью, поэтому расчёт на их основе имеет 
небольшую достоверность. Расчёт только наибольшего и наименьшего времени обработки данных (интер-
вальный метод) недостаточно информативен. В таких условиях целесообразно использовать вероятностный 
подход с равномерной плотностью длительностей обработки данных на этапах. При последовательном 
выполнении этапов продолжительность обработки запросов сводится к суммированию продолжительностей 
обработки на каждом из этапов, т.е. к суммированию независимых случайных величин. Функция 
распределения вероятности суммы независимых случайных величин рассчитывается через формулу свёртки 
функций распределения слагаемых. 

Топология соединений элементов обработки информации в системе может быть различной, но для 
оценки критической продолжительности обработки информации выделяют последовательную цепочку 
элементов, которая, вероятно, будет определять временные характеристики системы. Оценка продолжи-
тельности обработки информации в такой цепочке элементов, очевидно, сводится к суммированию продол-
жительностей обработки в каждом из них. Для более глубокой оценки временных характеристик необходимо 
знать функцию плотности вероятности f(t) и/или функцию распределения F(t) непрерывной случайной 
величины, и лучшим решением этой задачи является точное аналитическое описание функций распределе-
ния и плотности.  

Цель работы – совершенствование методов расчёта вероятностных характеристик инфокоммуника-
ционных систем. Объектом исследования является аналитический метод расчёта времени обработки запроса 
в системе, предметом – формулы расчёта продолжительности последовательной обработки запроса элемен-
тами системы с равномерно распределёнными независимыми случайными временами обработки. Приведены 
формулы плотности и функции вероятности для сумм двух, трёх и четырёх независимых равномерно 
распределённых случайных величин.  

Ключевые слова: плотность вероятности, функция распределения, вероятностные характеристики 
инфокоммуникационных систем. 
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